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Convergence of the Method of Moments* 


Francis R. HALPERN 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received January 13, 1958) 


A proof is given that the mth approximation of the method of moments is convergent when applied to the 


polaron problem. 


I. INTRODUCTION 


N an earlier paper the application of the method of 
moments to the polaron problem was considered.! 
Two empirical facts were observed that suggested that 
the method was convergent for this problem. It is the 
purpose of the present work to give a rigorous proof of 
the convergence. This proof is composed of two ele- 
ments. The first is a theorem that gives an upper bound 
on the rate of increase of the moments in order that they 
be in a one-to-one relationship with a distribution func- 
‘tion.? Secondly an estimate is made of the moments of 
the polaron problem. From the nature of the proof it is 
clear that the method of moments will also be conver- 
gent for a wide class of problems. 


Il. ESTIMATE OF THE POLARON MOMENTS 


The estimate of the polaron moment to be made is the 
crudest one possible. That is, all integrals are estimated 
by the maximum value of the integrand times the 
volume of the domain of integration, and all sums are 
estimated by the largest term times the number of 
terms. 

The moment H/, is the sum of the vacuum expectation 
values of the 3" possible permutations of A, B*, and B 
taken at a time. (The notation is the same as I.) The 
nonvanishing terms in this sum may be grouped ac- 
cording to the number s of pairs Bt B-. 

For any value of s the term (B-)*A"**(Bt)® is the 

* This work was supported by the Office of Naval Research and 
the U. S. Atomic Energy Commission. 

1F, R. Halpern, Phys. Rev. 109, 1836 (1958). Referred to as I. 

2 T. Carleman, Les Fonctions Quasi Analytique (Gauthier Villars, 
Paris, 1926), p. 80. 
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largest. Consider first the effect of replacing the term 
B+A in some matrix element by 4 B*. The commutator 
[A,B*] is easily evaluated and is given by 


— 2(p—k,—k.— ---—k,) - kai tk? 


[A,BY]=a+ 
2m 


The wave vectors of the phonons in the field are k; to 
k,, and the interaction B+ creates the (r+-1)st phonon. 
The B*B- pairs contribute factors /d*k|V,|? to the 
integrals defining the polaron moments, while the A’s 
contribute factors of the forms w, p’, (—p-k,), k,-k;, 
and k,. The commutator thus supplies factors which 
are not different from those supplied by the A’s in- 
cluding the signs. On general grounds of invariance, only 
expressions that are quadratic in each of the k; and p 
survive the angular integrations. That this is true may 
also be seen directly by integrating the expression 


Il ¢2; II (e-e,)*, 


i_l = i j=t 
where the e; are unit vectors. It is also true that the 
numerical factors that result from this integral are all 
positive. Thus, the integrals defining the polaron mo- 
ments have the property that if the integrands are 
expanded into a sum of monomials and the integration 
performed termwise, each term in the sum is positive. 
As the monomials originating from the commutator are 
identical with those that occur naturally, it follows that 
the integrals containing the commutator are positive 
and that the matrix elements containing A R* are larger 
than the corresponding ones containing Bt. 


Copyright © 1958 by the American Physica] Society 
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In the same way interchanging the factors B+ B~ leads 
to an increased matrix element. These two results suffice 
to construct a chain of ascending inequalities leading 
from an arbitrary term containing s pairs B+ B™ to the 
term (B-)*A™**(B*)*, Since there are certainly less 
than 3” terms containing s pairs, the following inequality 
holds: 

[in 


H,<3" > (| (B-)"A"**(B)*|¢). 


a= 


It is now necessary to evaluate the matrix element 
above. The integral for this matrix element is 


%s 


: (p—ky—---—k)? 


t=1 


There are s! possible permutations of the k’s corre- 
sponding to the different orders in which the s phonons 
are created or destroyed. All these permutations con- 
tribute equally to the matrix element. Consequently, 
only one needs to be evaluated and multiplied by s!. 
The maximum value of the integrand occurs when all s 
vectors line up and have their maximum value the 
cutoff K. If the integrand is replaced by this value, an 
upper bound for the integral is 


ee 


+s] I] @K;| Vex!?. 
i=l 


2m 


The remaining integral is easily evaluated and the 
result is 
(p+sK)* ote sak \ * 
——_—_—+-se 
Z T 


If this estimate for the integral is substituted into the 
upper bound derived above for the polaron moment, it 


becomes 
2ak\ *[ (p+sK)* — 
yey” 
T 2m 


For sufficiently large » there exists a constant C such 
that 


n) 


H,<3" > s! 


s=0) 


(p+sK)? 
+ 50<Cn". 
2m 


The factor (2aK /1)* is either less than 1 or (2aK/z)"; 
in both cases it may be grouped with the factor 3" and 
the combination is less than D". With these simplifica- 


> 
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tions, the inequality becomes 


[}n] 
H,<D* > s!\(Cn?)"-** 
s=() 
(in) 
<(CD)"n" > 


s=() 


2n+1 


ie, Wy 
( ) <(DC)"n? 
n' 
Stirling’s formula has been used and some trivial redefi- 
nitions of C. The final form of the inequality is 


H,<C*n?**!, 


III. PROOF OF CONVERGENCE 


Carleman’s theorem’ states that if the sum 
(1/H,)/e 


is divergent, then there is a unique distribution function 
F4(E) to which the moments belong. The estimate 
made above of the polaron moment leads to a divergent 
series and hence there is a unique distribution that 
generates the polaron moments. 

It remains to show that the approximating sequence 
of functions F4"(£) converge. First consider the points 
of increase of the approximate functions. They are the 
roots of the orthogonal polynomials. The ith roots form 
a decreasing sequence with respect to the index m. Since 
they are bounded from below, the sequence is con- 
vergent. Similarly, the magnitudes of the jumps at the 
points of discontinuity are monotonic functions of m 
and hence approach limits. The function Fy4"(£) is 
convergent, and from Carleman’s theorem it converges 
to the correct distribution F4(£). 


IV. DISCUSSION 


The proof of convergence is determined by three 
considerations: first the cutoff which limits the mo- 
mentum transfer in elementary interactions, secondly 
the quadratic dependence of the energy on the momen- 
tum, and finally the relatively small number of contri- 
butions to each moment. Since only the first condition 
is artificial, it appears that the present proof may be 
readily generalized to many physical systems. 

In the discussion of the polaron problem,! it was sug- 
gested that if the method of moments was convergent, 
then the perturbation series probably is not. The state- 
ment was based on the observation that the method of 
moments generated a sequence £,(a) of nonanalytic 
functions of a that converged to the correct ground- 
state energy E(a). However, it is quite possible to havea 
sequence of nonanalytic functions converge to an 
analytic one : consider, for example, E,(a) = E(a)+a!/n.* 


3 The author would like to thank H. Araki for this remark. 
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Induced and Spontaneous Emission in a Coherent Field 


I. R. SENITZKY 
United States Army Signal Engineering Laboratories, Fort Monmouth, New Jersey 


(Received March 5, 1958) ‘ 


The interaction between a coherently oscillating radiation field, such as is generally encountered in micro- 
wave experiments, and a number of similar atomic systems coupled to the field through their electric dipole 
moments is analyzed for the case of resonance between atomic system and field, with both the field and 
molecules treated quantum-mechanically. Expressions are derived for the expectation value of field strength 
and the energy, and comparison between the two makes it possible to distinguish between coherent and 
incoherent parts of the energy, the former having its counterpart in the expectation value of the field 
strength, while the latter has no such counterpart. Terms corresponding to induced and spontaneous emis- 
sion are identified, and it is shown that the latter includes both coherent and incoherent components. Special 
situations related to masers and to the coherence of spontaneous radiation are discussed. The distinction 
between the behavior of correlated and uncorrelated states is examined, and it is shown that both the co- 
herent emission from uncorrelated states and the incoherent emission from correlated states may be propor- 
tional to the square of the number of molecules. The phase of the field is predictable for the coherent emission 


but unpredictable for the incoherent emission. 


N radio-frequency and microwave spectroscopy, one 
generally deals with a coherently oscillating electro- 
magnetic field,! as contrasted with optical spectroscopy, 
for instance, where the field is incoherent. In those 
cases where the behavior of the atomic system under 
study is the only subject of interest, and the finer 
aspects of the reaction of the atomic system on the field 
are unimportant, the field is usually treated classically, 
and considered to be a prescribed perturbation of the 
atomic system. This is the method which has been used 
most widely,’ and takes proper cognizance of field co- 
herence, since it consists of adding to the Hamiltonian 
of the atomic system a sinusoidally time-varying 
potential. In the cases, however, where the details of 
behavior of the field itself, as affected by the atomic 
system, are of interest, the field must be included as 
part of the entire system under study, and treated 
quantum-mechanically. This has been done, to greater 
or lesser extent, with respect to such problems as noise in 
masers,* * and the coherence of spontaneous emission® ; 
but here, however, there has not been complete recog- 
nition of the coherence properties of the field, since the 
formalism used describes the field either by means of a 
smooth intensity function of the frequency**® or as a 
collection of independent photons.® 
The purpose of the present article is to examine some 
important aspects of the behavior of a coherently 
oscillating radiation field when it is in resonance with a 
group of similar atomic systems, no coupling existing 
between the systems themselves other than through the 
field. As a specific illustration of such a system, we may 


' By coherent oscillation we mean a sinusoidal oscillation with 
well-defined phase. 

2See, for instance, N. F. Ramsey, Molecular Beams (Oxford 
University Press, New York, 1956). 

3M. W. P. Strandberg, Phys. Rev. 106, 617 (1957). 

4R. V. Pound, Ann. Phys. 1, 24 (1957). 

5 Shimode, Takahasi, and Townes, J. Phys. Soc. Japan 12, 686 
(1957). 

6 R. H. Dicke, Phys. Rev. 93, 99 (1954). 
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think of an ammonia beam maser.’ The field is the 
radiation field in the microwave cavity, and the atomic 
systems are the ammonia molecules. The molecular 
resonance is that of the inversion spectrum, and the 
coupling to the field is due to the electric dipole moment 
of the molecule. However, the analysis is in no way 
specialized by any references to molecular structure, 
and is presented only in terms of an electric dipole 
moment. 

The questions to be examined are those relating to 
induced emission, spontaneous emission, coherence, and 
correlation effects between molecules. In part I, ex- 
pectation values for the field strength and field energy 
are derived, and the physical origin of the terms occur- 
ring in these expectation values is discussed. In part 
II, we deal with the question of coherence. In part III, 
situations associated with masers and with spontaneous 
radiation from excited groups of molecules are analyzed. 
In part IV, the distinction between correlated and un- 
correlated states is studied. 


i 


We shall consider an idealized situation so that we 
may deal only with the bare essentials of the problem 
and concentrate on the principles involved, rather than 
complicate it with details which do not affect the results 
significantly but make the computation more difficult. 
The atomic system, to which we refer henceforth as 
“molecule,” is assumed to have only two internal energy 
states with eigenvalues £; and £2, E:> E,. The motion 
of the center of mass of the molecule is assumed to be 
classical. The radiation field is contained in a resonant 
cavity which is lossless. We consider only one mode of 
the cavity, for which we assume a condition of exact 
resonance with the molecule, namely, w= (E2—F))/h. 

The field is described in the usual manner by 


E=—4rcP, H=vYxA, . 
ss A=QMulx), P= Pun), a) 
7 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955). 
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where Q and P are the quantum-mechanical variables 
of the radiation field, obeying the commutation rule 
[O,P ]=th. The initial state of the field is described by 
the wave function® (in the P representation) 


4c? i 4rc? Eo 
e(.0)=( -) exp| -——(4"-—)| (2) 
hw hw 4irc 


It is the choice of state of the field which determines 
whether one is describing a coherently oscillating field® 
(in the classical sense), and this is an essential aspect 
of the present analysis. That such is the case for the 
state described by Eq. (2) is shown in detail in refer- 
ence 8. The molecules are described initially by the 
state” (in the energy representation of the free molecule) 


N 
v= [ai(m) ¢1(m)+a2(m) go(m) ], (3) 
m=1 


where ¢:(m) and ¢2(m) are the two energy states of 
the mth free molecule, and 


| a1(m) |?+ | a2(m) |?=1. (3a) 


The electric dipole moment of the mth molecule is 
specified by y» which, in the absence of the electro- 
magnetic field, has no diagonal matrix elements (this 
means that the molecule has no permanent dipole 
moment) but only off-diagonal elements. The Hamil- 
tonian for the combined system of molecules and 
field is 


9 


N wW 
H=> Hn—-Dd Ym E(tm) +2ereP?+—O?, 


Src? 


(4) 


m=1 m 


where H,, is the Hamiltonian and r,, the position of the 
mth molecule. H,, refers only to the internal energy of 
the molecule, and not to the kinetic energy of the 
center of mass, which we ignore. The Heisenberg equa- 
tions of motion for the field variables are 


P= — (w?/4ac*)Q, 
Q=49c?P+ 4c ¥ mm: U(Tm). 


These may also be expressed as integral equations which 
contain the initial values of P and Q explicitly: 


0) =0()+4xe E f ‘dty alts 


-U(Tm) Cosw(t— ty), 


P(t)=P ()—— DI dt ym(ts) 
* ity -u(fm) sinw(t—t,), 


8]. R. Senitzky, Phys. Rev. 95, 904 (1954); 98, 875 (1955). 
A quantum-mechanical system may also be described by a 
mixture of states, in which the phase of the superposition con- 
stants is random. The choice of a pure state rather than a mixture 
is itself a step in the direction of coherence. 

1 This is an uncorrelated state. Correlated states will be dis- 
cussed in part IV. 


SE 


NITZE Y 
where 
P® (t)= P(0) coswt— (w/4mc?)O (0) sinwt, 
QO (t)=Q(0) coswt+ (42c?/w) P(0) sinwt. 
We see that P(t) and Q(t) describe the behavior of 
the field in the absence of an interaction with the mole- 
cules. For future reference, we note the expectation 
values of P(t), P (0), as well as Q(t) and 9 (4), 
which are obtained from Eq. (2)8: 

(P®)= — (Eo/4ac) sinwt, 

(P?\ = (P©\?-+-hw/8mc?, 

(0) = (Eoc/w) coswt, 

(02) = (Q)?-4 Inch eo 


(6) 


The summations on the right side of Eqs. (5) are due 
to the coupling between the molecules and field. We 
assume that the dipole moment of the molecule is 
sufficiently small so that it may be regarded as a small 
quantity of first order, and expand our dynamical 
variables in powers of the coupling constant (which is 
contained in y). 
Setting 
P() =P ()+ PO (D4+P2 (+--+, 


and using similar expansions for Q(/) and y(t), we have, 
from Eq. (5), 
t 
O™ (t)=4e ef dt, Yn" 1) (t;) ‘ul Tm) cosw(t—1?;), (7) 
"20 


t 
dt, Xn (th) ° u(Tr,,) sinw(t—t,). 
0 


@ 
P™()=--> (8) 
G m 

We make a further simplification for the purpose of 
disencumbering our analysis of complicating features 
which have no bearing on the essence of the problem. 
We will consider u(r) to be constant in the region of 
the cavity where the molecules are located. The com- 
ponent of ym along the direction of u will be designated 
by Ym, With matrix elements for ym©(0) given by Ym1z 
="Ym2i1*= Ym. We chose the phases of ¢:(m) and ¢2(m), 
respectively, so as to make 7», real. 

The expectation values of 0“ (¢) and P“(#) may be 
calculated immediately. Since the formal equation of 
motion for Ym(é) is 

th¥m(t) = Lm (1), J=Lrm(t),Hm(t) J; (9) 
the off-diagonal terms of y(t) have the time de- 
pendence of exp(Fiw/), respectively, so that 
(Ym (t)) = a1* (m)a2(m) ye~*-+- a; (m)a2* (m) ye" 

=2|a;(m)a2(m)| 7 cos(wlt+6n), (10) 


where 6,, is the difference in phase between a2(m) and 
a;(m). We thus obtain 


(P® (t))— (w/c) Xm| a1(m)ao(m) | Fut 
Xsin(wt+Om), 
(0 (t) 4a Yom| a1(m)a2(m) | Fut cos (wt+On), 


(11) 





EMISSION IN 
where, for simplicity, we have dropped terms in w 
compared to ¢. The individual terms of the summation 
are the contributions of the individual molecules to 
the field. Although the expectation values of P and Q 
are, strictly speaking, quantum-mechanical averages 
over an ensemble of similar systems, we may regard 
them, in this instance, as an averaze over similar mole- 
cules, since only molecular parameters are involved 
on the right side of Eqs. (11). We have here, in 
the first order, spontaneous emission (referring now 
only to the expectation value of the field; the energy 
will be discussed later), each molecule acting (on the 
average) as a (classical) oscillator of well defined phase, 
6, and amplitude which is proportional to | a,(m)a2(m) |. 
We see that this amplitude is a maximum when | a;(m) | 
= |a.(m)|=2~4 (that is, when the molecule is in a state 
which is a superposition of equal amounts of both 
energy states), and that the amplitude vanishes when 
the molecule is completely in either one of the energy 
states. 
In order to evaluate P“’, we need an expression for 
ym") in terms of the zero-order (uncoupled) operators. 
From Eq. (9) we have 


thy m™ (t)=[ym™ (t),H mm JALym© (0),Hm®? (OJ. (12) 


An expression for H,,“? can be obtained immediately 
from the equation of motion for H,, 


ihH »(t)= — ELH msm], 
bar t ; 
H(t) == Hm (O)-+——1¢ [ dti{ Hm (t1) ¥m(t1) P(t), 
th J 


4c 


t 
Ee, l(¢)= uf di H» _ Va” (t,) |P ” (ty). 


th 0 


We see that H,,“? contains only off-diagonal matrix 
elements (with reference to the molecule), so that the 
second term on the right side of Eq. (12) contains only 
diagonal elements. On the other hand, the first term 
on the right side of Eq. (12) contains only off-diagonal 
elements, so that the equation for Ym12 is the same as 
for Ymi2, namely Ymi2" = —iwymi2™. Since, however, 
Ym" (0) =0, we must have Y¥m12"?=0. Similarly, Ym2 
=(. The first term on the right side of Eq. (12) there- 


fore vanishes. Noting that 
[¥m (t),C¥m (t1), Hm J] sas 2hw "Im CcOsw (i— ti), 


-—1 0 
0 1 
matrix for the other molecules, we obtain 


where J,,= ( ) for the mth molecule and the unit 


“4 8rc , 
rm? (D=——aitln f dt; P (t;) sinw(t—t) (13) 
0 


GOBERENT FIELD 


and 


8rrw . 
PO) =i? f dt, PO) 


h 0 


1 
x{ 40-4) cosw(t—t,) -— sino(t—1) Im. 


2w m 


For (>w™, this becomes 
&o(2) ' 
P® (1)\2——P (t) © Im, 


2hu m 


9-9 


where &o(t)=22w’u’y*t?. Similarly, we have 


Sot 
0? (N=——0 () E In 


hw m 


We recognize immediately that this is induced radia- 
tion proportional to the zero-order field. For the ex- 
pectation values, we have 
(Ym? (t) )\=Euh 7A | a2(m) |?— 
athe Eo &o(t) 
(PO ())x—— 

8re hw 


Xsinwt >| a2(m)|*—|ai(m) |? ]. (16) 


| a1(m) |? ] coswt, 


We see that (on the average) the induced radiation of 
each molecule is in phase (emission) or 180° out of 
phase (absorption) with respect to the inducing field, 
depending upon whether the molecule is mostly in the 
upper energy state or lower energy state. 

It is worth noting that if Ey=0, that is, if there is no 
oscillating field initially in the cavity, and if the mole- 
cule enters the cavity in either the upper or lower 
energy state (but not in a superposition of both), then 
the expectation value of the field remains zero. We have 
shown this to be true up to second order, but it can be 
shown by a general theorem to be true for all orders, as 
follows: consider the Hamiltonian of Eq. (4). It is 
invariant under a unitary transformation which changes 
the sign both of Eand y. A state of the system for which 
each molecule is in a definite energy state must remain 
unchanged except for multiplication by a phase factor 
(which has no physical significance). The expectation 
value of the field should be invariant under the above 
transformation. It must therefore be zero. 

We shall now calculate the expectation value for the 
energy of the field. This will give us information not 
only about the energy itself, but also about the co- 
herence of the field. We have 


(H fe1a) = 2c? P*)+ (w?/8c?) (Q?). 
Our calculation will include terms only up to second 
order. Designating the individual terms in the sum of 
Eq. (8) by Pn“, we can write 
P= PO24 2P Pw 2P Pe) 


Yon m Pm? Pm ™, (17) 





0 5 RR 


We need not symmetrize our products since P, P™, 
and P® all commute." P®? occurs in both the first 
and third terms on the right side of Eq. (17) [see Eq. 
(15) ], and its expectation value is given in Eq. (6). 
The expectation value of PP is just the product of 
the expectation values of P“ and P®, which are given 
by Eqs. (11) and (6). To obtain the expectation value 
of the last term in Eq. (17), we must exercise a little 
care. For m¥m’', (Pm©Pm™)=(Pma™®)(Pm™). For 
m=m’', however, we must go back to Eq. (9) and note 
that 


(Ym (t1) Ym (t2)) 
= FL | a1(m) |*e + | a9(m) |%e- ee], 


t 2 
f auc sinw(t— 1) 
0 \ 


w 1 t 1 
uur Gan sinw! cosw!+— sintt) 


¢ 4 w w 


8o(2) 
2—, Dw. 


re? 


so that 
aw 
(Pp?) =e? 
CC 


Combining the above results, we obtain for the part of 
the energy due to the electric field 


2mc?{ P2) 


Eo 
° 9 
=— sin*wl 


&o(t) ; , 
1+—— ¥ [| ao(m) |2— | ay(m) |?) 


8x hw m 


+ Euoyut ¥ | a1(m)a2(m) | [cosPn 


—cos(2wt+Om) ]+3S0(t){> | a2(m) |? 


+ ¥ |a:(m)a2(m)!ay(m’)a2(m’) | [cos (On —Om’) 


mem! 


—cos(2wt+Om+Om’) |} + thw. 


Calculating (Q?) in the same manner as we did (P?), and 
adding the magnetic to the electric energy, we find 
the double-frequency terms cancel, and we have 


Ee E¢ &0(t) eS 
(Hea) =——+— —— DLL | a2(m) |?— | a1(m) |*] 


8x 8r hw m 

+ Eqoyut ¥ | a1(m)a2(m) | cosOm 

+ &o(t) © | ao(m) |? 

+ &o(t) © | a:(m)a2(m)!!a1(m')a2(m’) | 


mxm’ 


XCOS(Am—Om’)+zhw. (18) 


11 P) contains only field variables and P“) contains only 
molecular variables. 
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The physical meaning of the various terms is as follows: 
The first term is, of course, the energy of the initial 
field. The second term is induced radiation, and is, in 
the case of each molecule, emission or absorption, de- 
pending on whether the molecule is mainly in the higher 
energy state or lower energy state. The third term is the 
interaction between the (initial) oscillation of the mole- 
cule and the field which exists in the cavity. The fourth 
and fifth terms are spontaneous emission, and the last 
term is the zero-point energy of the field. Much more 
can be said about these terms, especially for special 
initial situations which are of interest, and we will 
come back to a discussion of these terms after we have 
discussed the question of coherence. 

We write down, for completeness, the entire expres- 
sion for the expectation value of the electric field 
strength (up to second order), by combining Eqs. (1), 


(11), and (16): 
(E)= Equ sinwt 


§o() tg as 
+ Eyu—— © [| ae(m) |?— | a,(m) |? ] sinwt 


2hu m 


+4arwut7 ¥ | ai(m)a2(m)| sin(wl+Om). (19) 


As has already been indicated, the first term is the 
initial cavity field, the second is an induced field, and 
the third is a spontaneously emitted field. 


II. 


By coherent oscillation, as mentioned previously, we 
mean a sinusoidal oscillation with a well-defined phase. 
By coherent radiation from a molecule, we mean radia- 


‘tion for which the field oscillates coherently, with the 


phase being determined by the state of the molecule or 
by the (coherent) field to which the molecule is coupled. 
If the state of the molecule and/or coupled field do not 
determine the phase of the radiation, then the radiation 
is incoherent and the phase is a random variable. Obvi- 
ously, only coherent radiation will contribute to an 
average of the radiation field over many similar sys- 
tems, but the incoherent radiation w7// show up in an 
average of the square of the field or (essentially) the 
energy. Thus, those terms which appear in the expecta- 
tion value of the field energy but have no counterpart 
in the expectation value of the field strength denote the 
incoherent radiation. The other terms denote the co- 
herent radiation. Another way of saying this is that the 
dispersion in field ((E*)—(E)*) is a measure of the 
incoherence. However, it is more convenient to deal 
with the energy, and we will examine the terms in 
Eq. (18) from the point of view of coherence. 

We see immediately that the first term in the ex- 
pression for the energy corresponds to the square of the 
first term in (£)(sin*’wt combines with cos*wt from the 
magnetic part of the energy), and is just the classical 
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expression for the energy of the initial field, or the 
classical energy of the field in absence of the molecules. 
It is, of course, coherent energy. The second and third 
terms in (H¢e1a) similarly correspond to terms in the 
square of (/), namely, the cross-products, and therefore 
also denote coherent energy. So far, the only term in 
the square of (EZ) (up to second order) which has not 
been accounted for in Eq. (18) is the square of the 
last term in (£), for which the corresponding term in 
the energy would be 


S(t) © ay(m)a2(m)!\ay(m')ae(m’) | Cos(Om— Om’) 


—~ 


m,m’ 


a;(m)a2(m)!!a,(m')a2(m’)| Cos(Am—4Om’) 


+¥ [| a2(m) |?—|a2(m)\4]}, (20) 


= &o(t){ a 


mam 


where use has been made of Eq. (3a). This represents part 
of the fourth term and the entire fifth term in (H¢eia), 
and thus is the coherent spontaneous emission energy. 
The remainder of the fourth term is 


S(t) Yom|a2(m) | 4, (21) 


and represents the incoherent spontaneous emission 
energy. The last term in Eq. (18) which, as has been 
noted previously, is the zero-point energy of the field, 
is independent of the molecules, and, according to our 
definition, would be classified as incoherent energy. 
However, this is energy which cannot be withdrawn 
from the field, does not consist of oscillation or fluctua- 
tion in time, cannot be detected in a classical-type 
experiment, and will be neglected for purposes of the 
present article. In sum, the incoherent part of the 
emitted radiation is given by (21); the remainder of 
the radiation energy, whether induced or spontaneous, 
is coherent, the former having its phase determined by 
the inducing field, and the latter having its phase deter- 
mined by the initial state of the molecule. 

We can gain further insight into the spontaneous 
emission, which will sharpen the differentiation between 
the coherent and incoherent parts, and make our 
definition more flexible. We note that the first-order 
part of (FZ), and the coherent part of the spontaneous 
emission energy, (which corresponds to the square of 
the former), are the field and energy, respectively, of a 
classical radiation field coupled to a classically oscillat- 
ing dipole moment, (y(/)). The incoherent part of the 
spontaneous emission energy, on the other hand, is due 
to the quantum-mechanical properties of the molecule 
and field. Thus, the coherent spontaneous emission may 
be regarded as of classical origin, while the incoherent 
spontaneous emission is of quantum-mechanical origin. 

It may happen that we do not know, or cannot 
control, the initial states of the molecules, and are 
faced with a random distribution of initial states. This 
means that the “coherent’’ radiation of each molecule 
has random phase and should more properly be called 


COHERENT 


FIELD 
“incoherent.” This is a classical type of incoherence, 
such as would result if we had an assembly of classical 
oscillators with random initial phase. As long as we are 
aware of this possibility and take it into account when 
necessary, we will not be misled by our definitions, and 
will continue to use them as defined previously. 


III. 


We return now to Eq. (18) to examine certain situa- 
tions which are of interest. Suppose, for simplicity, that 
| a;(m)a2(m) | = |a,(m’)a2(m’)| ; that is, the amplitudes 
of oscillation of all the molecules are equal. Now con- 
sider the case where half the molecules have one phase 
(Om=0, m=1, «++, 3) and the other half has opposite 
phase (0,=0+2, m=3N-+1, ---,N). Then the coherent 
spontaneous radiation [Eq. (20) for the energy or last 
term of Eq. (19) for the field strength] vanishes. On 
the other hand, if M molecules have one phase and the 
remainder have opposite phase, then the coherent spon- 
taneous emission energy is proportional to (2M@—J)?, 
and, of course, for the case in which all molecules are 
in phase, the energy is proportional to N*. This last 
situation, for the case where | a;(m)a2(m) | =4, gives the 
maximum possible coherent emission. It should be 
noted, however, that the incoherent spontaneous emis- 
sion is entirely independent of the phase of the molecule, 
and even in the case where the coherent spontaneous 
emission vanishes, there is incoherent spontaneous emis- 
sion, the energy being proportional to the total number 
of molecules, as is evident from Eq. (21). 

A situation which is of interest in connection with 
spontaneous emission is one in which the molecules are 
subjected to a strong field for a short time, after which 
the field is removed and the molecules are allowed to 
radiate by themselves. To observe the effect of the field 
on the molecules, we need consider only a single mole- 
cule, since the interaction between molecules does not 
enter in the lowest order necessary to study this effect. 
For simplicity, we assume that the molecule is in the 
ground state. From Eq. (13) we obtain 


(y)= (Eou/hw) 7? (wt coswl—sinw?), 
= (Equ/h)7*t coswt, >a. 


The expectation value of the energy absorbed by the 
molecule from the field is just the negative of the second 
term in Eq. (18), so that 
Ee? S(t) 
(H,)= E,+— ‘ 


8r hw 


When the field is removed, at time 7, say, we have a 
new set of initial conditions for the molecule, which is 
now in the state @1,¢1+42,¢2. Since the expectation 
value of the dipole moment and energy of the molecule 
suffer no discontinuity at ‘/=7, we have 


2| @1-42,| 7 cos(wr+6,) = (Eyu/h) 7?r coswr, 





en? ; EP &o(7) 
| Gir 2Ey+ do, |?E2= Ey +>— aed, 
8r hw 
Together with the equation 


| diz |2+ | de, |?= i. 


we have three equations for the determination of 
|ai,|, |@2r|, and 6,. The results are!* 


(22) 


We see that at time 7 we have an induced oscillating 
dipole moment with a well-defined phase determined by 
the phase of the inducing field. After the field is re- 
moved, this will act as an “‘initial” dipole moment which 
will give rise to “spontaneous” coherent emission. It 
can be shown easily that no matter what the initial 
state of the molecule is at the start of the pulse (except 
for the case a;=4d:), it will have an induced dipole 
moment at the end of the pulse (in addition to the 
initial dipole moment, and a small random moment due 
to spontaneous incoherent emission during the pulse), 
which oscillates with a phase determined by the induc- 
ing field and which is the same for molecules having the 
same sign of (|a2|?—|a:|*). We conclude, therefore, 
that molecules excited by a coherent rf field will subse- 
quently emit coherent spontaneous radiation, the phase 
of which is determined by the exciting field. 

Another case which is of interest is the one in which 
the molecules are all originally in the upper state. This 
is the situation in the ammonia beam maser, where 
there is selection of states before the molecules enter 
the cavity. In this case the molecules emit induced 


energy given by 


E? &o(t) 
N— 


. ’ 


(23) 
Sr hw 


and incoherent spontaneously emitted energy given by 
N6&(t). The ratio of induced, coherent, energy to 
spontaneously emitted, incoherent, energy is 


( 20° / 8a) 
nt eB 

hw 
namely, the expectation value of the energy in the 
cavity (ignoring the zero-point energy) in units of 
energy of a photon. For the case in which the initial 
state of the field is an energy state, it is well known that 


the ratio of induced emission to spontaneous emission 
is equal to the number of photons in the initial state.” 


(24) 


12 The reason we can determine the state of a system from the 
expectation values of two operators is that we are dealing here 
with a very simple system, one which has only two energy 
eigenvalues. 

18 The transition probability from a state of m photons to a 
state of n+1 photons is proportional to m+1, which may be 
regarded as a sum of two terms, the term proportional to m being 
induced emission and the remaining term being spontaneous 


emission. 
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Equation (24) is the corresponding statement for our 
classical type state which cannot be described in terms 
of an integral number of photons. 

Expression (23) for the induced emission does not 
tell the whole story, however. We see from Eq. (5) or 
Eq. (7) that the field radiated by the molecule is due to 
the oscillating dipole moment of the molecule (as is, 


- of course, physically evident). The only difference, 


essentially, between induced emission and coherent 
spontaneous emission is the manner in which the oscilla- 
tions of the dipole moment are produced. For coherent 
spontaneous emission, we assume implicitly a given 
oscillation of the dipole moment in the initial conditions. 
In induced emission, the oscillations of the dipole 
moment are produced by the field acting on the mole- 
cules. But it is evident from the formalism, as well as 
from physical considerations, that the radiated field 
should not depend on ow the molecular oscillations are 
produced, but merely on the phase and amplitude of 
these oscillations. This is indeed the case. 

First, let us look at Eq. (19) and compare the parts 
of the field due to induced and spontaneous emission, 
respectively. The field due to (coherent) spontaneous 
emission increases linearly with time. This is certainly 
to be expected for the case of a lossless cavity, an 
oscillating dipole of constant amplitude, and exact 
resonance. The induced emission field amplitude, how- 
ever, increases as the square of the time. The explana- 
tion is that the amplitude of the oscillating dipole 
induced by the field does itself increase linearly with 
the time. In fact, a comparison of the two terms shows 
that the induced radiation field of a molecule at time ¢ 
is the same as the coherent spontaneous radiation field 
of the molecule if it were, during the time 0—/, in the 
state described by ay’, ao’ and 6’, such that 6’= and 


(25) 


This is consistent with the result obtained in Eq. (22). 

We now come to a more important matter in the 
comparison of induced and coherent spontaneous emis- 
sion. The induced emission of Eq. (23) is proportional 
to the number of molecules, V. We have seen that in- 
duced radiation comes from the induced oscillation of 
the molecules which is of the same phase for all mole- 
cules. In the case of coherent spontaneous emission, on 
the other hand, when all molecules oscillate in phase, 
the energy radiated is proportional to N?. There seems 
to be thus, at first glance, a significant difference in the 
nature of the radiation. This difference is only formal, 
however. In the expression for the energy [Eq. (18) ] we 
have kept only terms up to second order in 7. In the 
case of induced oscillation of the molecule, |ay/a2’| in 
Eq. (25) is proportional to 7, so that if we wanted to 
regard the induced emission in the same manner as the 
coherent spontaneous emission, we would have a term 
of fourth order in 7. As a matter of fact, we can see 
immediately that the square of P‘ [Eq. (14) ] gives 


| @y’a2"| =} Eouyt(|a2|?—|a,|?). 
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us an induced-emission term in the energy propor- 
tional to N°. 

The present analysis, which is based on perturbation 
theory, cannot be used without significant modification 
to study quantitatively the case where higher order 
terms are larger than lower order terms. It is apparent, 
however, in a qualitative manner, that as the induced 
oscillations of the molecule become large (our perturba- 
tion theory is correct when these oscillations are small, 
and, to the first order, these oscillations increase linearly 
with the time) the term proportional to NV’, referred to 
above, will exceed the term proportional to NV. In the 
ammonia-beam maser the molecules spend a sufficiently 
long time in the cavity for this to be true. 

For the case in which there is no initial field in the 
cavity, and the molecules come into the cavity in the 
upper state, Eq. (18) tells us how the incoherent radia- 
tion energy will build up. If a molecule spends a time 7 
in the cavity, and M molecules per second enter the 
cavity, then the rate at which energy is given up to the 
cavity is M &)(r). For ammonia molecules, perturbation 
theory is entirely adequate in this case, since the time 
a molecule spends in the cavity is very much smaller 
than the lifetime of the upper state.’ 


IV. 


The initial molecular states we have considered so 
far are products of one-molecule states, and are there- 
fore uncorrelated states; that is, measurements of the 
state of each molecule are, in principle, independent of 
one another. There is, however, another class of states, 
namely, correlated states. These are linear combina- 
tions of products of one-molecule states." 

Before we discuss our \V-molecule system, it will be 
instructive to consider a system of two molecules, in 
order to examine the significance of correlated states 
from the present point of view. Let us consider the two 


14 For purposes of the present article, we define any state which 
may be expressed in the form of Eq. (3) as uncorrelated. All other 
states are correlated in varying degree. A completely correlated 
energy state is an energy state which is itself a superpositon of 
linearly independent, uncorrelated energy states (obviously 
belonging to the same eigenvalue), with superposition coefficients 
satisfying certain relationships which need not be specified—for 


present purposes—in general form, since the aim is not to discuss 
the formalism of correlation (which is similar to the angular 
momentum formalism), but, rather, to point out certain salient 
features of simple correlated states which illustrate the effect of 
correlation. The correlated states discussed specifically in the 
following text are completely correlated. In justification of the 
foregoing definition, it may be pointed out that in a correlated 
state the result of an energy measurement on some molecule 
cannot be predicted with certainty, but this uncertainty is re- 
duced as soon as an energy measurement is made on some (but 
not necessarily any) other molecule. In other words, the energy 
uncertainties for some (all, in the case of a completely correlated 
state) molecules are correlated. It goes without saying that this 
is a quantum-mechanical type of correlation and should not be 
confused with classical correlations (such as phase relationships 
between oscillating expectation values of the dipole moment, for 
instance) which may exist in an uncorrelated state. 
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possible correlated initial states'® 


' ~ Po=2-4[¢1(1) ¢2(2) + ¢o(1) ¢1(2) J, (26) 
and 


Wa= 2-4 91(1) ¢2(2) — ¢2(1) ¢1(2) ]. (27) 


Any other correlated state may be considered as a 
superposition of these two states and the states 
¢1(1) ¢1(2) and ¢2(1) ¢2(2). 

We calculate the expectation value of the electric 
field strength and of the energy for y, and Wa, just as 
we have done for the uncorrelated states. Noting that 


(yO +720 )a,s= 0, 
and that 
(i+ Io)a,6= 0, 


we see, from Eqs. (8) and (15), respectively, that 
(P®), = (P), ,=0, 


that is, the expectation value of the field strength 
vanishes. As for the energy, we obtain, by methods 
already used, the results 


of & (1) 
2 (Pa Pas : 


m,m'=| Ire 


9 


} (Pm Pat" da=0. 


m,m’ =] 


The expectation value of the other terms in Eq. (17), 
except that of (P)*, vanishes for both y, and y,. We 
thus obtain, for the field energy due to the molecules, 


(Heieia)s = 26o(t), (Héeia)a= 0. 


It is interesting to compare this with the field due to 
two molecules in the uncorrelated state, Y= ¢1(1) ¢2(2), 
for which the initial energy is the same as for the two 
correlated states we have been considering. (All three 
states are eigenstates of the energy with the same eigen- 
value.) According to Eq. (19), the field strength due to 
the molecules (both spontaneous and induced) is zero, 
and the part of the field energy due to the molecules 
[all but the first and last term of Eq. (18) ] is 


(Heid) u _ &o(t), 


just half the energy for the symmetric correlated state. 

Since the expectation value of the field strength 
vanishes in all three cases, the molecular radiation, if 
any, must be incoherent spontaneous emission. We see, 
now, the meaning of quantum-mechanical correlation: 
In the correlated states, the incoherent oscillation of 
the molecules is correlated, being equal and in phase 
for the symmeiric state, while equal and out of phase 
for the antisymmetric state. In other words, although 

'® The two correlated states being considered are symmetric 
and antisymmetric, respectively. This has no relationship, how- 
ever, to the Pauli principle, since the molecules are assumed to 
be sufficiently separated so that there is no overlap of spatial 
wave function. 
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we cannot predict the phase of oscillation of the mole- 
cules in a correlated energy state, the phase relationship 
between the molecules themselves is well defined. Here, 
again, it may be somewhat strange to label the same 
phenomenon by the words “incoherent” and “corre- 
lated,” but there will be no difficulty if one bears in 
mind our definition of incoherence, namely, that the 
phase is an unpredictable (random) variable, as one 
examines similar “‘systems.” In the case of uncorrelated 
states, the “system” is a single molecule, while in the 
case of correlated states, the “system” is the group of 
molecules which are correlated. (The word “system” 
is used here in a different sense than when setting up 
the Hamiltonian.) 

We consider now a group of NV molecules, and set up 
a correlated state with m molecules in the lower state 
and V —m in the upper state. The particular correlation 
we choose is such that the wave function is symmetric 
with respect to the internal coordinates of all the mole- 
cules, and is the generalization of the symmetric state 
for two molecules considered above. We thus have 


¥e=C Li pPe¢i(l)--- gi(m) g2(m+1)--- ¢2(N), 


where P is the permutation operator and the summation 
is over all permutations which have the effect of inter- 
changing (different) states of pairs of molecules. Since 
there are N ![m!(N—m)!}~ such permutations, 


N! Bi. 
c-(—____) , 
m!(N—m)! 


We are interested in obtaining an expression for the 
spontaneous emission, so we assume /£)=0, for sim- 
plicity. The expectation value of the field strength, then, 
vanishes, since (y“’) =0. In evaluating the expectation 
value of the energy, we note that the only contribution 
of the molecules to (P?) [see Eq. (17) ] is through the 
term >>; (P;P;™). The molecular operator in P,, 
is Ym, so that we need to calculate 


¥*LD t, ni (ti) ¥5 ©) (te) WV, 


where ¢; and ¢, are variables of integration. Those 
operators in the summation for which i=j connect 
only those terms in y, and y,* which correspond to the 
same arrangement of states. There are thus 


N! 


N—_—_——_ 
m!(N—m)! 


(28) 


(29) 


such terms in (28). The operators yiy;, i%7, con- 
nect terms in y, containing the factors ¢2(i)¢i(j) or 
¢i(t) ¢2(j) with the terms in y¥* containing the factors 
¢i*(i) g2*(7) or ¢2*(t)¢i*(j), respectively. There are 
N?—N such operators and each operator connects 


(N—2)! 
(m—1)!(N—m-—1)! 
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terms in wy and y*. There are, thus, 


(N—2)! 
2(N?— N)———_—_—————-= 2m(N—m)C 
(m—1)!(N—m—1)! 


(30) 


such terms in (31). Each one of these terms [referred 
to both in (29) and (30)] has the value Cy? 
Xexp[+iw(ti—/2) |, the sign of the exponent depending 
on 7 and 7, and being of no consequence since é; and f2 
are variables of integration. Doing a similar calculation 
for the magnetic part of the field energy, we obtain, 
as the contribution of the molecules to the energy of 
the field, 
(Héeid)s = [3NV+ m(N— m) |&o(t). 


This is a maximum when m=}3N, for which we obtain 
an energy 

(ZN?+3N) So(2). (31) 
For an uncorrelated energy state with half the molecules 
in the upper state and half in the lower state, the spon- 
taneous emission energy is, from Eq. (18), 


aN S(t). 


Both of these energies are incoherent, and we see that 
for the correlated state chosen, the energy is propor- 
tional to N°, while for the uncorrelated state it is pro- 
portional to NV. This, of course, is due to the fact, as 
brought out in the discussion of the case of two mole- 
cules, that the molecular radiation, although not having, 
in this instance, a well defined phase, has the same phase 
for all the molecules in the case of the correlated state, 
and random phase relationships between molecules in 
the case of the uncorrelated state. 

It is interesting to compare the above spontaneous 
emission energies with the spontaneous emission from 
N molecules which are oscillating coherently. Consider 
the state (3) with |a,(m)| = |a2(m)|=2-', 0,.=0. This 
means that all the molecules are oscillating with the 
same (well-defined) phase and maximum amplitude. 


’ (Actually, in this state and the last two considered, the 


expectation value of the molecular energy is the same.) 
From Eq. (18) we have for this case a total spontaneous 
emission energy 
t(N?+N) So(#). (32) 
Of this, as can be seen from Eqs. (20) and (21), the 
N? term is coherent, the electric field varying as 
sin(wi+6), and the N term is incoherent, having ran- 
dom phase. For large NV, Eqs. (32) and (31) give the 
same energy, but it is important to note the physical 
difference between the type of radiation in the two 
cases. The incoherent radiation proportional to N? is 
due to a quantum-mechanical correlation between the 
molecules, all the molecules forming part of one 
“supermolecule,” while the coherent radiation propor- 
tional to V? is the same as that coming from a collection 
of classical-type oscillators, all having the same phase. 

It should be mentioned that there are other corre- 





EMISSION 


lated states with the same number of molecules in the 
upper and lower states as the one considered above, but 
having different correlations. Some of these states 
correspond to the antisymmetric state we have con- 
sidered for the case of two molecules; that is, the corre- 
lation is such that the radiation of the various molecules 
cancels out completely. And there are intermediate 
cases. Dicke® has considered these states in detail, and 
has called y,, with m~4N, and those states which are 
almost like it, “‘super-radiant.” He calls the radiation 
from “‘super-radiant’’ states “coherent” because the 
energy is proportional to V?, but does not differentiate 
between radiation of well-defined phase and that of 
random phase. 

One might ask if it is possible to superpose correlated 
states of different energies in order to obtain coherent 
oscillation. A simple illustration, using the case of two 
molecules again, will illuminate this problem. To the 
symmetric state of Eq. (26) we add amounts of the 
and g2(1)¢2(2) in the following 


states 
manner: 


Y= A1¢i(1) ¢1(2) +A 2¢e(1) ¢2(2) 
+ A,[ ¢1(1) ¢2(2)+ ¢e2(1) ¢1(2) ]. (33) 


Now, if we choose the coefficients in such a way as to 
obtain the maximum coherence, that is, Maximum 
amplitude for the (coherently) oscillating dipole- 
moment expectation value, then it can be shown easily 
that Eq. (33) becomes a special case of Eq. (3), namely, 
an uncorrelated state. In other words, maximum co- 
herence implies zero correlation. We have already shown 
that maximum correlation implies zero coherence, or 
incoherence. (Actually, we have shown this only for 
the symmetrically correlated state, y,, but the same 
reasoning applies to any other completely correlated 
state.) Thus, coherence and correlation are mutually 
exclusive. Of course, it is a question of degree, and there 
can exist, in principle, some of both ; but it can be shown, 
generally, for V molecules, that the more we have of 
correlation, the less we have of coherence, and vice 
versa. This also follows, generally, from the uncer- 
tainty principle. 

The question now arises: in the physical situation in 
which the spontaneous emission is proportional to V’, 
which is the correct description, one in terms of uncor- 
related states or in terms of correlated states? A 
phenomenological answer to this question suggests 
itself immediately. If the phase of the spontaneous- 
emission field can be predicted, then it is the former, 
while if the phase is unpredictable, it is the latter. 
Another way of trying to answer the question is to 
examine the dynamics of the situation under considera- 
tion. One may assume initially an uncorrelated state 
(not an unreasonable assumption for a thermodynamic 
system; in the case of the ammonia beam maser, where 
there is state selection, we know exactly what to 
assume) and then let the dynamics tell us what happens. 


¢1(1) ¢1(2) 
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Actually, this is what we have done, except that we 
have not carried our analysis to high enough order to 
exhibit correlation effects. We note, for example, that 
P) [Eq. (15)] contains the operator P D>nJm. The 
fourth-order term in the energy, therefore, will contain 
the operator (P)*30m,mImJm’. This operator exhibits 
quantum-mechanical correlation effects, or correlation 
between the incoherent oscillations of the molecules, 
since ((P“)?) does not vanish for Hy)>=0, and we obtain 
cross-terms for incoherent radiation. Similarly, it can 
be shown that there are other operators in the fourth- 
and higher-order terms of the energy which exhibit 
quantum-mechanical correlation effects. There are no 
such effects in terms of lower order than the fourth. 

We apply the question posed in the last paragraph to 
the case of a large number of molecules excited by a 
strong rf pulse of short duration, a case which was 
treated earlier within the framework of uncorrelated 
states. Is the subsequent spontaneous emission coherent 
emission or incoherent correlated emission? It should 
be noted that in both instances the energy emitted and 
the instantaneous emission rate may be the same, as 
can be seen from Eqs. (31) and (32). From the above 
discussion it is clear that quantum-mechanical correla- 
tion will come about (if it does not exist initially) from 
the interaction of the molecules with one another 
through their radiation. An externally imposed field 
will not bring about such correlation directly. On the 
other hand, it wi/l generate an (oscillating) electric 
dipole moment in each molecule, the expectation value 
of which bears a definite phase relationship to the 
field. We may conclude, therefore, that the subsequent 
spontaneous emission is of the coherent type possible 
with uncorrelated states. The well-known fact that the 
spontaneous emission bears a definite phase relationship 
to the exciting field indicates that our conclusion is 
correct, and we were therefore justified in treating 
the problem by means of uncorrelated states, in part ITI. 

For the sake of simplicity we have assumed all along 
that the molecules are all exposed to the field at time 
t=0, which is also (for the initial state of the field 
which we have assumed) the time at which the phase 
of the expectation value of the field is zero. This 
assumption of special entrance phase is no limitation, 
however, since we have considered times such that 
{>>w!, and have considered only secular effects (such 
as changes in the amplitude of oscillation occurring 
during times long compared to a cycle) which are 
independent of the entrance phase, discarding terms 
which are essentially transient effects, depending on the 
entrance phase, and significant only during the first 
few cycles. 
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Annihilation of Positrons in Organic Compounds* 
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The mean life rz and the fraction J, of positrons which decay with a “long” 10~*-sec lifetime have been 
measured in several organic compounds, most of which are derivatives of benezene. For the long components 
observed in liquids rz ranges from 1.6 10~ sec to 2.5 10~ sec, whereas J, varies from 35% to 4%. A corre- 
lation between J. and certain properties of the molecules indicates a qualitative explanation of the results. 


I. INTRODUCTION 


REVIOUS investigators have found that in some 

condensed materials, positrons have a complex 
decay scheme in which part of the positrons decay with 
a lifetime of about 10~ sec and the remaining ones have 
a mean life 72 of approximately 10~* sec. Bell and 
Graham! suggested that the rz component is due to the 
formation of triplet positronium which is converted to 
the singlet state by collision. Lending further support 
to the hypothesis of positronium formation in con- 
densed media, the addition of small amounts of dipheny] 
picryl hydrazyl (DPH) to benzene was found to 


increase the two gamma coincidence counting rate” and 


also to decrease the lifetime of the 7.2 component.® 

In the earlier work,‘ a value of about 30% was 
usually reported for the fraction J, annihilating by the 
72 component. More recently, 72; has been observed to 
range from ~2% to 53% and evidence has been 
presented which indicates that the rz: component is 
largely due to decay of triplet positronium by “pickoff” 
annihilation with bound electrons.® 

The arrangement, Fig. 1, used in this work to study 
positron decay schemes, is practically the same as those 
described earlier.6 Positrons emitted from Na” are 
allowed to enter the compound which is to be studied 
and delayed coincidences are measured between the 
1.28-Mev nuclear gamma ray and one of the annihila- 
tion quanta, as a function of the artificial delay x in the 
creation channel. In order that a coincidence be re- 
corded, three pulses must arrive at the triple coincidence 
circuit within 1 usec of one another corresponding to (1) 
a fast (2X10-* sec) coincidence between any two 
limited pulses, (2) an energy loss in the 1.3-Mev 
channel scintillator of greater than 0.6 Mev and (3) an 
energy loss in the 0.5-Mev channel scintillator of 
greater than 0.2 Mev. The output of the triple coinci- 
dence circuit is fed to the scaler unless a pulse arrives 

* This research was supported in part by the U. S. Air Force 
Office of Scientific Research of the Air Research and Development 
Command. 

+ Portion of thesis comprising partial fulfillment of the require- 
ments for the Ph.D. degree in physics at the University of Texas. 

1R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

2T. A. Pond, Phys. Rev. 93, 478 (1954). 

3S. Berko and A. J. Zuchelli, Phys. Rev. 102, 724 (1956). 

4S. Berko and F. L. Hereford, Revs. Modern Phys. 28, 299 
(1956). 

5 R. E. Green and R. E. Bell, Can.'J. Phys. 35, 398 (1957). 

6 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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from the 0.5-Mev channel amplifier corresponding to an 
energy loss in excess of 0.4 Mev. The stability of the 
assembly can probably be attributed to the use of 
negative feedback throughout the apparatus and a 
wide-band amplifier before the biased diode. Calibration 
of the helical delay line was accomplished by shorting 
one end and measuring the distance between nodes of a 
standing wave. 
Il. DATA ANALYSIS 


In order to measure mean lives 7; which are short 
compared to the resolution of the fast coincidence 
arrangement, and also in order to determine the fraction 
I, which annihilates with a long mean life 7», it is neces- 
sary to know the resolution curve P(x). An approxima- 
tion to the true resolution curve was obtained by using 
the gamma rays of Coin the manner suggested by 
Gerholm.' During the experiment, a Co resolution 
curve was taken every ten days. Seven such curves 
were taken and the centroid of each curve was calcu- 
lated in order to find “zero” relative delay. Over a 
period of two months, there was no evidence of a long- 


O.S-MEV CHANNEL FAST COINCIDENCE CHANNEL |.3-MEV CHANNEL 
931 PHOT OMULTIPLIE 93) PHOTOMULT! 

Cr ven HELICAL DELAY LINE (Ceaten CA 
CLIPPER 
CATHODE FOLLOWER 
WIDE BAND AMPLIFIER 
CATHODE FOLLOWER 




















AUTOMATIC TIMER 


Fic. 1. Block diagram of the delayed coincidence arrangement 
used to study positron decay schemes in condensed materials. 


a T. R. Gerholm, Arkiv Fysik 10, 535 (1956). 





POSITRONS 


Taste I. Experimental results for positrons annihilating in organic compounds.* 
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COMPOUNDS 








Compound 11% 


Description 
of sample 


71 (10° sec) 


rz (10~® sec) 








3542 
2442 
14+2 
6+2 
4+2 


Benzene 
Fluorobenzene 
Chlorobenzene 
Bromobenzene 
Iodobenzene 


CoHe 
(CsHs)F 
(CsHs)Cl 
(CeHs)Br 
(C.Hs)I 
(CsHs)CH2C!l —_a-Chlorotoluene 
Toluene 
Ethylbenzene 
Isopropylbenzene 
Aniline 


(CeHs)CH; 

(CeHs)C2Hs 
(Cs6Hs)CsH; 
(CeHs)NH2 


Cl(C.H,)Cl 
Cl(CeH,)Cl 
NO2(C6H,)NO2 


CH;(CeH,)CHs 
CH;(CsH,)CHs 
CH;(CsH,)CHs 


p-dichlorobenzene 
o-dichlorobenzene 
p-dinitrobenzene 


p-xylene 
m-xylene 
o-xylene 


CsHis 
CCl, 


CeHis 
CeHio 


n-pentane 
Carbon tetrachloride 


Cyclohexane 
Cyclohexene 


Anthracene 
Anthracene 
Phenanthrene 


CisHio 
Ciao 


CisHy0 14+2 





term drift in centroid position. The probable error was 
computed from deviations and found to be about 
10-™ sec. 

Positrons entered the liquid samples by passing 
through 0.0002-in. aluminum foil windows. Because of 
good source geometry, it was unnecessary to correct 
for annihilation in any part of the sample holder other 
than the thin windows. The fraction r of positrons 
annihilating in the foils was determined in the way now 
described. A delayed coincidence curve /;(x) was taken 
for Teflon; next, another curve F;(x) was taken with 
the same Teflon sample covered with 0.0002-in. alumi- 
num foil. For points which lie on the exponential tails, 
F,(x)/fi(x)=1—r. From this equation r was calculated 
for ten sets of points and the error in r was computed 
from deviations. A value of r=(18.2+5.0)% was 
obtained. This result was checked by computing the 
percentage of rz component for the two samples and the 
two values of r were found to agree to one place in the 
third figure. 

As a precaution against short-term drift, two com- 
plete sets of data were obtained for each sample studied. 
Since between 9 and 12 hours were required to accumu- 
late a single curve, it generally took two days to study 
one compound. To reduce evaporation, the tanks con- 
taining the liquid samples were sealed with threaded 
Teflon plugs. For most of the liquids, about 15% 
evaporated in a period of 24 hours. This effect was not 
serious because the tanks were refilled between runs 


liquid 
liquid 
liquid 
liquid 
liquid 


2.1+0.1 
1.8+0.1 
1.6+0.1 
1.6+0.2 
1.6+0.3 
unobserved liquid 
liquid 
liquid 
liquid 
liquid 


1.9+0.1 
.2+0. 
1.9+0. 
1.7+0.1 
powder 
liquid 
powder 


unobserved 
unobserved 
unobserved 


liquid 
liquid 
liquid 
liquid 
liquid 
liquid 
liquid 
2.30.4 
2.9+0.4 


crystal 
powder 
powder 


unobserved 
unobserved 
1.2+0.1 








® 7; is the mean life of the short component; rz is the mean life of the long component; J: is the fraction of positrons which annihilate with mean life re. 


and points on the exponential tail and peak were 
usually completed. within six hours after filling. 

After normalizing the data and correcting for anni- 
hilation in the foils, the V points on an exponential tail 
were given a least squares fit. Since, in regions where® 
f(x)>P(x), 

1 dinf(x) dp(x) 


pa dx 


7m 


T2 


the procedure followed was to determine r2 and b, where 
y=—(1/r2)x+8, 

such that } [y(xn)—p(xa) ? is a minimum. This re- 
quirement leads to 

T2=—D (Xn—%0)?/D [p(xn) (Xn—40) ], 

b= (1/N) > p(x,), 
where x,= (1/N) }> x,, and the summations are carried 
out over the NV points on the exponential tail. Having 
determined 72, the normalized delayed coincidence 


curve that would have been obtained if all the positrons 
had decayed with a mean life rz can be computed’ from 


1 
h=—. 


T2 


fala) =re f etP(t)dt; 


—o 


The quantity 6’=Inf2(x,) is of interest since the 
~ 8 T. D. Newton, Phys. Rev. 78, 490 (1950). 
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Fic. 2. Delayed coincidence curves for benzene and its halogen 
derivatives, showing the reduction of J, as the size of the halogen 
is increased. 


equation 
I.= b—b’ — e> ‘fo(x») 


gives the fraction which decayed with a mean life 72. 

The mean life 7; of the short component was com- 
puted from the centroid shift for those compounds in 
which no long component was observed. The probable 
error in the measurement of 7; is much larger for liquids 
than for solids due to the uncertainty in the correction 
for annihilation in aluminum. In fact, the error in 7; 
for liquids becomes so large when a sizable long com- 
ponent must be subtracted out, that very little informa- 
tion could be obtained by calculating 7; for the two 
component curves obtained. 

The probable errors in 71, 72, and J, were computed 
from probable errors in f(x), x, and P(x). The approach 
used to calculate 72 and J, provides a convenient method 
for computing probable errors. Those errors quoted in 
Table I therefore represent calculations based on a 
statistical picture, taking into account the uncertainty 
in the correction for annihilation in the aluminum 
windows, but do not account for such systematic errors 
as, for example, the failure of Co® to give a perfect 
resolution curve or drift in the electronic equipment. It 
is felt that the errors indicated give a reliable account 
of the accuracy of one measurement relative to another ; 
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Fic. 3. Delayed coincidence curves for the xylenes. The structure 
of the molecule and the corresponding value of J is indicated. / 


however, the absolute values of.71, 72, and 72 may be off 
by as much as 2X10~™ sec, 0.5X10~* sec, and 5%, 
respectively. 

Since there were several compounds studied in which 
no long component was observed, an unrefined empirical 
approach was employed to determine the conditions on 
I, and r2 such that a long component should have been 
detected with the apparatus used. It was found that, 
at least to a fair approximation, a long component 
should have been observed if 


Te> (35%)/(22.6—20.0/1s) for 1<r2<3, 


where 72 is measured in units of 10~° sec. The smallest 
value of 7. measured for any of the liquids studied was 
1.6X10~* sec; thus, it is probable that in those liquids 
for which no long component was observed, /: is less 
than 4%. 


Ill. RESULTS 


The results obtained for positrons annihilating in 
organic compounds are summarized in Table I. The 
compounds are arranged in groups of related molecules 
and delayed coincidence curves for two of the more 
interesting families are shown in Figs. 2 and 3. 

For the halogen derivatives of benzene, 72 shows a 
remarkable dependence on the size of the halogen ion. 
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There is at least qualitative agreement with the results 
obtained by electron impact experiments (Table II) in 
which the fraction of collisions involving the removal 
of one electron was found to decrease as the size of the 
halogen was increased. In accord with this picture, there 
can be found a correlation between the observed J» and 
the force constants for carbon-halogen bond stretching. 
Carbon-halogen (C-X) stretching constants have been 
calculated for the methy] halides CH3X ; typical values 
are 5.96, 3.64, 3.13, and 2.65X10~-° dynes/cm in the 
order of increasing halogen size. This would seem to 
suggest that positronium formation is more probable in 
liquids whose molecules are less likely to rupture on 
collision with an electron. For most of the liquids 
studied, this oversimplified approach seems to give a 
surprisingly consistent correlation between /2 and the 
force constant for the weakest bond in the molecule. For 
example, it predicts that 7, goes in decreasing order for 
benzene, toluene, chlorobenzene, and a-chlorotoluene. 
There are certain exceptions to the rule, however. A 
larger 7, was measured in benzene than in fluorobenzene, 
although the force constant for carbon-fluorine bond 
stretching is greater than that of a carbon-hydrogen 
bond. Also, since the force constant for double bond 
carbon-carbon stretching is greater than that of a 
carbon-carbon single bond, cyclohexene would be ex- 
pected to give a larger /2 than cyclohexane. These two 
exceptions are alike in that each concerns the resulting 
decrease in J. when a symmetric molecule is altered in 
such a way that (1) the bonding should be stronger and 
(2) the new molecule is asymmetric. Perhaps this 
implies that the distribution of charge in the molecule 
should be considered. 

For the compounds studied, there appears to be no 
dependence of 72 on either the ionization potential or 
the dipole moment of the molecule. On the other hand, 
a concentration of negative charge might reduce J» by 
causing more positrons to annihilate with bound 
electrons. This picture can be used to explain the 
results for fluorobenzene, cyclohexene, and even the 
xylenes. 

When one of the hydrogen atoms of benzene is re- 
placed with F, Cl, Br, I, or NOs, the electron density on 
on the ring is decreased and the group added becomes 
the negative end of an electric dipole. The addition of 
CH;, CoHs, CsH:, or NHz has the effect of increasing 
the electron density on the ring; consequently, the 
group added to the ring becomes the positive end of the 
dipole. According to this picture, the addition of a 
group of the first kind would be expected to have more 
of an effect than the addition of a group of the second 
kind, because in the first case the negative charge is 
more concentrated. Similarly, o-xylene should give a 


9G. Herzberg, Molecular Spectra and Molecular Structure (D. 
Van Nostrand Company, Inc., Princeton, 1946), Vol. 2, p. 193; 
A. E. Remick, Electronic Inierpretations of Organic Chemistry 
(John Wiley and Sons, Inc., New York, 1946), p. 171. 
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TABLE II. Electron impact data reported by Momigny.* The 
compounds were bombarded with electrons of 70 ev energy and the 
fragments were analyzed with a mass spectrometer. 


Fraction of total ionization 
(CeHs)X* (CeHs)* a* 
42.12 0.66 0.05 
37.19 15.91 0.58 
31.61 24.17 1.68 
28.55 3.46 


Relative total 


Compound 
ionization 


(CeHs)2 


(CsHs)F 100 
(CsH5)Cl 96 
(CeHs)Br 91 
(CeHs)I 102 


® J. Momigny, Bull. soc. chim. Belges 64, 144 (1955) [Chem. Abstracts 
49, 13767g (1955)]. : 


smaller J, than p-xylene since the negative charge on 
the ring is more localized for o-xylene than it is for 
p-xylene. 

The above interpretation is similar to the one offered 
by Green and Bell® to explain the decrease of 72 in water 
upon the addition of NO;~ and NO; ions. Unfortu- 
nately, force constants and electron impact data are not 
available for the xylenes and so it is impossible at this 
time to say whether the data for these compounds could 
be explained in terms of the strength of the bonds 
between the CH; groups and the ring. 

A long component was detected in only one of the 
solids studied. This could be due to the fact that, in 
general, r2 seems to be shorter for solids than for 
liquids, making detection of a long component more 
difficult. Since long components have been observed in 
benzene, naphthalene, and phenanthrene, it is interest- 
ing that no long component was detected in anthracene. 
One possible explanation lies in the variation of melting 
points for these substances. It has been found that for 
ice and Teflon! r. decreases as the temperature of the 
sample is lowered. Anthracene has a much higher 
melting point than benzene, naphthalene, or phenan- 
threne and, hence, it is frozen harder at room tempera- 
ture. It is likely, therefore, that +2 for anthracene is too 
short to be observed with the present apparatus. The 
difference in 71, measured for solid anthracene in the 
powdered and crystalline forms, is attributed to the 
difference in density. 

In conclusion, it might be said that J, has been 
observed to vary over a fairly wide range for annihila- 
tion in compounds which are physically and chemically 
similar. Furthermore, correlation between /2 and vari- 
ous properties of the molecules suggest that this ap- 
proach might be used as a method for investigating 
molecular structure. _ 


ACKNOWLEDGMENTS 


The authors wish to thank Mr. John Unik for 
pointing out the electron impact data, Dr..W. W. 
Robertson and Dr. Richard Fuchs for suggesting and 
furnishing some of the compounds, Mr. John Ashe for 
his assistance in many phases of the work, and Mr. 
Felix Castillo Jiménez for discussions of the various 
interpretations of the results. 





PHYSICAL REVIEW VOLUME 


1 


11, NUMBER 1 JULY 1, 1958 


Effect of Plastic Deformation on the y-Ray Coloration of NaCl Crystals* 


A. S. Nowick 
International Business Machines Watson Laboratory at Columbia University, New York, New York 


(Received February 3, 1958) 


Measurements are made at room temperature of the growth of the F-band in NaCl crystals, under gamma 
irradiation in a Co™ source of constant intensity. Crystals of different origins, heat treatments, and states of 
deformation, are examined. While deformation has only a relatively small effect on the colorability in the 
early stage of F-band growth, the effect on the later stage is quite striking. The annealed crystals appear to 
saturate sharply at a value close to 10!’ F-centers/cm*, except for a small linear increase with time, while 
the deformed crystals continue to show a high growth rate in the later stage of irradiation. Upon optical 
bleaching, the deformed crystals show R-bands, while undeformed crystals irradiated for the same time 
show no absorption maxima in the visible range. These and other observations confirm the concept advanced 
earlier that the first stage is due to vacancies and vacancy clusters present in the crystal prior to irradiation 
(which are determined by the impurity content of the crystal) while the second stage involves the generation 


of new vacancies at dislocations. 


I. INTRODUCTION 


N a recent paper! (hereinafter referred to as I) it was 

shown that the growth of the F-band in NaCl 
crystals under x-irradiation at room temperature occurs 
in two stages. The first stage, which Gordon and 
Nowick called “rapid-type”’ coloring, was attributed by 
these authors to the generation of F-centers from 
vacancies or small vacancy clusters already present in 
the crystal prior to irradiation. The rapid-type coloring 
approaches a saturation density of F-centers of about 
10'7/cm# in the (Harshaw) crystals studied. The second 
stage, which was called “‘slow-type” coloring, involves 
a steady increase in F-center density up to values in 
excess of 10'8/cm*. Slow-type coloring is attributed to 
the generation of vacancies at dislocations and was 
found to be responsible for hardness changes in the 
crystals. 

Although the separation into two stages seemed to 
be clearly indicated by the x-ray coloration experiments 
in I, these experiments were relatively complex in the 
following ways. (1) The complete x-ray spectrum from 
a copper-target tube operated at 39 kv was employed 
to produce the coloring. Because of the presence of a 
wide range of x-ray wavelengths with varying absorp- 
tion coefficients, the crystals were not uniformly 
darkened by the radiation; rather the coloration was 
much stronger just below the surface on which the 
x-rays were incident. (2) Although the term “slow-type” 
coloration was used to describe the second stage, im- 
plying that longer irradiation times were required than 
for the first stage, this type of coloring was actually 
observed only near the surface of incidence of the 
x-radiation, where the high absorption of long wave- 
length x-rays gave a sufficient density of F-centers. 
Thus the second stage of coloration was really produced 
by different wavelength radiation from the first stage. 


* Experiments conducted at the Brookhaven National Labora- 
tory. This work was presented in part at the Color Center 
Symposium, Argonne National Laboratory, October, 1956, and 
in Bull. Am. Phys. Soc. Ser. IT, 1, 136 (1956). 

1R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 
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In view of these complexities, it was felt that the 
various experiments carried out in I should be repeated 
using radiation of sufficiently low absorption coefficient 
to color uniformly a crystal of reasonable thickness, 
yet of sufficient intensity to produce the slow-type 
coloration in reasonable times. The most satisfactory 
method for the attainment of these objectives seemed 
to be through the use of a strong Co™® gamma source. 
Such a source not only meets the above requirements 
but also gives almost monochromatic gamma radiation, 
at about 1.2 Mev. 

The program of the present work is then to carry out 
experiments on the effects of heat treatment and de- 
formation similar to those described in I but using the 
Co® source. There are several ways in which the work 
has been made more extensive, however. First, in 
contrast to the earlier work, where all specimens came 
from the same large (Harshaw) crystal, specimens used 
here are from several different crystals which came from 
two different sources. Furthermore, the present work 
sets out to look for the effects of deformation on the 
second stage or slow-type coloration. While it had been 
found in I that rapid-type coloration was not very 
sensitive to deformation, it was predicted that slow-type 
coloration should be strongly dependent on the density 
of dislocations in the crystal (based on the mechanism 
proposed by Seitz? and others, whereby vacancies are 
generated by the action of excitons at dislocations). 
This prediction had not yet been checked. Finally, in 
addition to the measurements of the rate of F-band 
growth, the present work includes an examination of the 
optical absorption spectrum of heavily irradiated crys- 
tals both directly after irradiation and after optical 
bleaching. 


II. SPECIMENS 


All of the NaCl specimens used came from synthetic 
crystals from two sources. Most of the specimens were 
cleaved from two large crystals obtained from the 


2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 





y-RAY COLORATION 
Harshaw Chemical Company. Since these two crystals 
were acquired at different times (about 18 months 
apart), it was expected that their properties were not 
necessarily the same. These crystals were consequently 
designated HAR-I and HAR-II. The other two crystals 
from which specimens were derived were prepared by 
the Crystal Branch of the U. S. Naval Research Labora- 
tory and are designated NRL-I and NRL-II. A semi- 
quantitative spectrographic analysis of specimens taken 
from all four crystals was unable to distinguish any 
significant difference in impurity content of these 
crystals. In all cases the analysis showed traces of Si 
and Ca, and only faint traces of Al and possibly of Mg. 
In general, these crystals appeared to be substantially 
purer than the commercially obtained crystals which 
were examined several years ago.’ 

The samples used, which were cleaved from these 
crystals, ranged in thickness from 1.3 to 2.0 mm. 
Samples designated “as received” were irradiated after 
they were cleaved from the parent crystal, without 
further treatment. 

All of the deformation éxperiments were carried out 
on specimens cleaved from the HAR-I crystal, and in 
fact, when no other designation is given it should be 
assumed that the specimens came from this crystal. 


Ill. EXPERIMENTAL DETAILS 


Annealing was carried out in a tubular electric 
furnace held at temperature by means of a suitable 
temperature controller. “Annealed” specimens were 
held at 600°C for 1 hr, and then either furnace-cooled 
(at a rate such that it took 90 min to reach 150°C) or 
air-cooled by removing the sample directly from the 
furnace. Low-temperature anneals after deformation 
were usually at 175°C for 1 hr. All anneals were in air. 

Plastic deformation was carried out by compressing 
a crystal, several times larger than the size required, 
in a toolmaker’s vise and then cleaving the necessary 
specimens from this deformed crystal. 

Irradiation was carried out by lowering the specimens 
into one of the Co® gamma-ray sources at the Brook- 
haven National Laboratory. Since the same source was 
used for all experiments and the crystals were always 
placed in the same central area of the source, it follows 
that the gamma-ray dose rate was a constant (191 000 
r/hr); therefore, in the presentation of the data, the 
total irradiation time is the most convenient measure 
of the total gamma-ray dose. Measurements of optical 
absorption following irradiation were made using a 
Beckman model DU spectrophotometer. All measure- 
ments were at room temperature. ‘ 

Optical bleaching of previously irradiated crystals 
was carried out by placing the crystals within about 
one foot of a mercury arc lamp for a period of about 
two hours. 


3 W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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IV. CALCULATIONS AND PRECISION 


Since the gamma radiation colors the specimen 
crystals uniformly, the optical density for a given speci- 
men thickness and the optical absorption coefficient 
(both measured at the maximum of the F-band) are 
proportional to the F-center density. Data for the 
F-band growth are reported here in terms of mu p, the 
number of F-centers/cm*. The latter quantity is calcu- 
lated from the absorption coefficient using Smakula’s 
equation‘ with an oscillator strength, f, of 0.73. This 
value of f was used because it gave the simple relation: 
nr X10-"=logio(1o/I), between nr and the optical 
density for a crystal thickness of 1.7 mm (which was 
taken as the “standard” specimen thickness in these 
experiments), and because it was not in disagreement 
with the rough value f~0.7 proposed by Seitz.® Since 
the curves in this paper were prepared, however, a 
measurement of the oscillator strength reported by 
Silsbee® gave a value f=0.87 for NaCl. In view of the 
fact that absolute values of mr are not important in 
the present paper (except in order of magnitude) the 
data were not replotted in terms of the new f-value.’ 
Instead, one may use the relation 


np (true) = 0.847 r (quoted) (1) 


to convert the values of F-center density quoted in the 
figures below to the “true” F-center density, assuming 
{=0.87 to be the true oscillator strength. Stated differ- 
ently, all values quoted herein are too high by 16%. 

For optical densities up to 2.0, the factor which limits 
the precision of the absorption coefficient is the meas- 
urement of the crystal thickness. Only those cleaved 
samples were selected for irradiation whose thickness 
was constant to 1.0, or at worst 1.5%; this condition 
was more difficult to attain in the case of the deformed 
crystals than for the undeformed ones. The irradiation 
time for each exposure could be measured to within 
1 sec, so that errors in the time measurement offered no 
problem when irradiation times greater than 2 min 
were used. 

The F-band growth curve was found to depend to 
some extent on the number of measurements made for 
a given total irradiation time, because of the slight 
thermal bleaching that took place during standing at 
room temperature. (It required a 15-min interruption 
of the irradiation in order to take a measurement.) 
Data were obtained to check the reproducibility of 
growth curves in relation to the number of interruptions 
made. As anticipated, it was found that for fewer 
interruptions a higher F-center density was obtained. 
For example, a 50-min irradiation with no interruptions 


4See K. Przibram, Jrradiation Colors and Luminescence (Per- 
gamon Press, London, 1956). 

5 F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

®R. H. Silsbee, Phys. Rev. 103, 1675 (1956). 

7 It is also by no means certain the Silsbee’s value is the correct 
one, in view of the recent measurements of C. J. Rauch and C. V. 
Heer, Phys. Rev. 105, 914 (1957), which give a value f0.7 
for NaCl. 
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Fic. 1. The F-band growth curves in the early stage as a function 
of crystal origin and heat treatment. 


gave, for the F-center density, a value which was 5% 
greater than that for an identical crystal irradiated for 
50 min with four interruptions at earlier times. This 
observation is similar to the results of Platt and 
Markham.® Such differences between growth curves 
will not play a role here, since in most cases growth 
curves are only compared when the specimens have had 
the same number of interruptions at the same set of 
values of the total irradiation time. Also, the decay of 
the F’-band will not affect the observations since 
measurements are always begun at least 8 min after 
stopping the irradiation, by which time F’-band decay 
is essentially complete.* 

On the basis of the above considerations it may be 
concluded that a difference in the F-band growth 
curves of more than 2% is to be regarded as experi- 
mentally significant. 


V. RESULTS 
A. Experiments on Undeformed Crystals 


The rate of F-band growth in the early stages was 
found to be sensitive to heat treatment. For example, 
a Harshaw crystal in the “as-received” condition — 
more slowly than an annealed and furnace-coolec 
sample, as shown by the middle two curves of Fig. 1, 
in agreement with the results reported in I. (It is now 
known’ that Harshaw crystals are cooled extremely 
slowly, i.e., over a period of several days, after a final 
high temperature anneal; therefore, relative to the 
“as-received” crystals the laboratory-annealed speci- 
mens are, in effect, quenched, since they are cooled 
about fifty times faster.) The electrical conductivity 

8 R. T. Platt, Jr., and J. J. Markham, Phys. Rev. 92, 40 (1953). 


9D. B. Fischbach and A. S. Nowick, J. Phys. Chem. Solids 2, 
226 (1957). 


of annealed as against as-received crystals shows the 
same behavior®; it has therefore been concluded! that 
the lower rate of formation of F-centers and lower 
conductivity in the as-received crystal is due to the 
precipitation of divalent (and multivalent) cation im- 
purities during the extremely slow cooling of these 
crystals. The presence of such impurities in solution is 
known to increase drastically both the colorability'® 
and the conductivity.” 

The role of impurities is further illustrated by a com- 
parison of growth curves obtained on crystals from 
different sources, shown in Fig. 1. The growth curve 
for a sample from crystal NRL-I falls above the pair 
of HAR-I curves, while that for NRL-II (not shown in 
the figure) falls only slightly below the curve for 
NRL-I. On the other hand, the curve for an annealed 
sample from the HAR-II crystal falls well below that 
for the as-received HAR-I. It was demonstrated in an 
additional run (not shown) that also for the HAR-II 
samples, the data for the as-received crystal falls well 
below that for the annealed sample (by 15%). Thus, 
regardless of heat treatment, all data from the batch of 
specimens taken from crystal HAR-I fall above data 
obtained from HAR-II samples. The results of Fig. 1 
therefore indicate that the HAR-I crystal has a higher 
impurity content than HAR-II, and that the NRL 
crystals have still more impurities. The failure of the 
spectrographic analysis to distinguish between differ- 
ences in purity of these crystals (see Sec. II) is not 
surprising, in view of the fact that it was only a semi- 
quantitative analysis. 

The ratios between F-center densities in the various 
samples for which data are given in Fig. 1 is not sub- 
stantially changed even after 20 hours of irradiation. 
The data for the early stages of F-center growth, shown 
in Fig. 1,; therefore illustrate the significant differences 
between the various undeformed crystals examined. 

One other feature is to be noted in Fig. 1. After 48 min 
of irradiation, some of the crystals were allowed to 
stand in the dark at room temperature for a period of 
two hours, during which time thermal bleaching took 
place to an extent shown in the figure as a vertical drop 
in F-center density. At the end of the two-hour period, 
irradiation was resumed. Figure 1 shows that upon re- 
irradiation the curve continues to increase at the same 
rate as before the thermal bleaching, i.e., it continues 


TABLE I. Effect of re-irradiation of an As-received crystal after 
complete optical bleaching (nr is F-center density on original 
irradiation, mr’ on re-irradiation). 





Time (min) 


wy. H. Schulman, J. Phys. Chem. 57, 749 (1953). 
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parallel to the extrapolation of the original growth 
curve. It will be useful to recall this fact later on in 
this paper. 

A preliminary experiment was also carried out on 
the effect of re-irradiation after optical bleaching of a 
HAR-I as-received crystal. This crystal was originally 
irradiated for 20 hours to a value ny=1.03X 10!" cm“ 
and was then optically bleached until it was completely 
transparent in the visible range. It was then re-irradi- 
ated in steps up to 96 min at which time a value 
npr=0.91X10" cm was attained. Table I shows the 
ratio of F-center density (7p’) on re-irradiation to the 
corresponding value (m») upon the original irradiation, 
as a function of time. It is apparent that while the 
initial rate of coloration is 40% higher on re-irradiation, 
the discrepancy between the two coloration curves 
decreases as the irradiation time increases, suggesting 
that the two growth curves would have come together 
if the second irradiation had been carried far enough. 


B. Effects of Deformation 


1. F-Band Growth 


All deformation studies were carried out on samples 
cleaved from the same large crystal (HAR-I). The early 
stage of F-band growth of an annealed crystal is not 
greatly affected by a deformation of about 4%. This is 
shown in Fig. 2, which compares the F-center growth 
curves of three samples for the first hour of irradiation. 


The data for the deformed crystal (No. 2) fall only 2 
to 3% below that for the annealed crystal (No. 1). 
Crystal No. 3 was also deformed 3.7% but was given a 
subsequent low-temperature anneal at 175°C for 1 hour. 
Figure 2 shows that the data for this sample fall dis- 
tinctly below the other two curves. These results agree 
qualitatively with those obtained with x-irradiation in I, 
except that the differences between the various curves 
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Fic. 2. Early stage of F-band growth for annealed and deformed 
crystals. Crystal No. 3 differs from No. 2 only in that the deforma- 
tion is followed by an anneal for 1 hr at 175°C. 
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. 3. The same F-band growth curves as in Fig. 2 carried out 
to a much longer irradiation time. 


were somewhat larger in the previous work. Again the 
results may be related to impurity effects. The annealed 
crystal is presumed to be cooled sufficiently rapidly that 
divalent cation impurities remain in solution. Deforma- 
tion, therefore, produces practically no effect. A low- 
temperature anneal subsequent to deformation begins 
to precipitate impurities out of solution, thus lowering 
the growth curve. The similar effect of deformation 
followed by low-temperature annealing on the ionic 
conductivity® provides further support for this inter- 
pretation. 

Figure 2 also shows the effect of re-irradiation after 
thermal bleaching, when the crystals were allowed to 
stand at room temperature for two days, after 48 min 
of irradiation. To prevent confusion, the bleaching and 
re-irradiation effect is shown only in the figure for 
crystal No. 3. Actually, in all three cases the re-irradi- 
ation followed nearly parallel to the extrapolation of 
the original growth curve, in a manner similar to Fig. 1. 
The amount of thermal bleaching that took place 
differed for the three specimens, however. Whereas the 
drop in F-center density of crystal No. 2 on standing 
was as much as that of No. 3, crystal Nq@ 1 showed a 
much larger decrease (about 1.6 times thé decrease for 
crystal No. 3). This observation indicatds that under 
the present conditions there is greater instability of 
F-centers in the annealed than in the cold-worked 
crystal, in contrast to the results that are usually 
reported.‘ 

From the foregoing description of the results of Figs. 
1 and 2, it appears that the growth curves for irradiation 
times less than 1 hour represent the first stage or 
“rapid-type”’ coloring defined in I. In order to attempt 
to obtain the second stage or “‘slow-type” coloring, 
which was predicted to be highly sensitive to the 
dislocation density, irradiation of the same crystals 
used for Fig. 2 was continued up to a total time of 
nearly 50 hours. Figure 3 shows the results of these 
long irradiations. The most striking feature of Fig. 3 is 
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Fic. 4. Early stage of F-band growth for crystals No. 4, 5, and 6. 
The dashed curve shows the approximate position of the growth 
curve of an annealed crystal. 


the distinct separation that has occurred between 
curves A and B, which in their initial stages were almost 
identical. Curve A appears to saturate sharply at a 
value close to 1.0X10"" F-centers/cm*, except for a 
small linear increase that seems to be superposed on 
the saturation value. Curves B and C, representing the 
two deformed samples, on the other hand, show no 
evidence for a saturation value for the F-center density 
below 2X 10" cm™. 

After irradiation for 44 hours, the specimens were 
partially thermally bleached by allowing them to stay 
in the dark at room temperature for two days. The 
decrease in F-center density as a result of this standing 
period is shown in Fig. 3 on each curve as a vertical 
drop. The results of re-irradiation for 3 hours after the 
standing period (the last point on all three curves of 
Fig. 3) show that a relatively short re-irradiation brings 
the F-center density to a point which lies on the 
extrapolation of the original curve. The difference 
between this result and that shown in Figs. 1 and 2, 
for the corresponding case of re-irradiation after thermal 
bleaching, is quite striking. 

A second group of three samples, including an as- 
received crystal (No. 4), a crystal deformed 4.3% 
(No. 5), and one deformed 8.5% (No. 6), were irradi- 
ated concurrently. In contrast to the case of crystals 
No. 2 and 3, which were annealed prior to deformation, 
the present crystals No. 5 and No. 6 were deformed in 
the as-received condition. Figure 4 shows the early 
stage of F-center formation. In contrast to the case of 
Fig. 2, the specimen deformed about 4% (crystal No. 5) 
has undergone a substantial increase in colorability 
(from curve A to curve B) as a result of the deformation. 
The reason for this difference becomes apparent when 
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one inserts the dashed curve, which shows the approxi- 
mate F-band growth curve for an annealed crystal, 
based on previous runs." It is to be noted that, as in 
Fig. 2, the specimen deformed about 4% gives a growth 
curve very nearly the same as that of an annealed speci- 
men. It may be concluded that deformation of this 
magnitude brings divalent and higher valency impurities 
into solution by dispersing any fine precipitate particles 
of these impurities that are present. In accordance with 
the earlier discussion, such precipitate particles must 
be present in the as-received crystals but apparently 
are not in the annealed crystals. Thus, when annealed 
crystals are deformed there is almost no change in the 
growth curve. On the other hand, deformation of an 
as-received crystal has almost the same effect on the 
growth curve as does annealing. These results and the 
interpretation advanced are in accord with I; however, 
the large difference between curves B and C of Fig. 4 is 
in contrast to I, where it was reported that a crystal 
deformed 8% showed a growth curve under x-irradiation 
indistinguishable from that of a crystal deformed 4%. 
It is also difficult to explain curve C of Fig. 4 if the 
only factor that controls colorability is the impurity 
content present in solution. This curve will therefore be 
given further consideration in the Discussion. 

Data for the later stage of F-center growth for 
crystals 4, 5, and 6 are given in Fig. 5. As in Fig. 3, 
the undeformed specimen shows a curve which may be 
interpreted as a saturation of the first stage plus a 
linear slow-type coloration, while the two deformed 
crystals show much higher rates of F-band growth for 
long times of irradiation with no tendency toward 
saturation. 
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Fic. 5. The same F-band growth curves as in Fig. 4 carried out 
to a much longer irradiation time. 


11 The exact curve for the annealed case cannot be given here 
since previous irradiations were carried out with a larger number 
of interruptions (see Sec. IV). 
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2. Absorption Spectra 


In order to obtain a more complete picture of the 
effects of gamma irradiation, it seemed desirable to 
examine the complete optical absorption spectrum, 
rather than just the height of the F-band, in typical 
cases. Accordingly the absorption spectra were studied 
in some deformed and undeformed crystals which had 
been irradiated for relatively long periods of time. 
Figure 6 compares the absorption spectra for crystals 1 
and 2 taken directly after 44 hours of irradiation plus 
1 day of standing in the dark at room temperature, i.e., 
near the end of the growth curves shown in Fig. 3. It is 
difficult to tell by means of these room-temperature 
measurements whether the F-band is broader for the 
deformed crystal; if any broadening does exist it is just 
barely outside of experimental error. The peak position 
for the F-bands of the two crystals also may be said 
to be in agreement within experimental error. It is 
interesting to note that while the F-band in the de- 
formed specimen is 1.6 times higher than that of the 
annealed specimen, the ratio of M-band heights is 
about a factor of 3. There is no evidence in Fig. 6 for 
the presence of the R-bands in either crystal, i.e., the 
absorption near 600 my (the approximate location of 
the overlapping Ri- and R2-bands at room temperature 
in NaCl) can essentially be accounted for by the sum 
of contributions due to the F- and the M-bands. 

A comparison was also made of the absorption spectra 
of deformed and undeformed crystals which were first 
irradiated for relatively long periods of time and then 
optically bleached. Figure 7 shows the results for 
crystals 4, 5, and 6 which were optically bleached after 
their growth curves (Fig. 5) were completed. There is 
no longer a maximum absorption at 465 my (the posi- 
tion of the F-band) for any of the three crystals. How- 
ever, whereas crystal No. 4 has almost regained its full 
transparency after the bleaching, the other two crystals 
show a distinct maximum near 600 my which gives them 
a characteristic blue color.‘ On the basis of a comparison 
of the present results with the bleaching experiments of 
others,® this maximum is most reasonably ascribed to 
the (unresolved) Rj- and R2-bands of NaCl. (The low- 
temperature measurements necessary to establish with 
certainty that the absorption near 600 my is really due 
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Fic. 6. Comparison of the absorption spectrum of crystals No. 1 
and No. 2 after a 44-hr irradiation plus one day of resting at room 
temperature. 
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Fic. 7. Comparison of the absorption spectrum of crystals No. 4, 
5, and 6 after optical bleaching following 44 hr of irradiation. 


to R, and R; and not to a colloidal type band were not 
carried out, however.) The most striking feature of the 
results of Fig. 7 is that the magnitude of the R-band 
which is present after optical bleaching cannot be 
correlated with the height of the F-band before bleach- 
ing (Fig. 5). The height of the F-band of crystal No. 4 
before bleaching, for example, was about.0.5 of that of 
crystal No. 5, and 0.4 of that of crystal No. 6; after 
bleaching, however, the R-band of crystal No. 4 is no 
more than 3% of that of the other two crystals. 


VI. DISCUSSION 
A. Comparison of the Two Stages 


The present results agree, qualitatively, with those 
reported in I with regard to the effect of heat treatment, 
of deformation, and of deformation followed by low- 
temperature annealing, on the colorability in the early 
stage of F-band growth. The principal new results of 
the present work are related to the second stage (or 
“slow type’) coloration, which had not been investi- 
gated systematically in I. In the light of this additional 
experimental evidence, it seems appropriate to reopen 
the question of whether or not there is a real difference 
between the two stages, which can be related to a 
difference in the mechanism of formation of F-centers. 
The present experiments show several types of evidence 
which point to the existence of a real distinction between 
the two stages. These will now be discussed in turn. 


(1) The presence of a high dislocation density after 
cold working results in a greatly increased colorability 
only in the second stage. For example, whereas the 
early stage of coloration of a crystal that had been 
deformed about 4% parallels closely that of an annealed 
crystal, the later stage shows a much stronger increase 
on the part of the deformed crystal. This statement is 
best illustrated by a comparison of the behavior of 
crystals 1 and 2 in Figs. 2 and 3. It should be noted that 
the divergence of the growth curves for these two 
crystals in Fig. 3 is not proportional to mp, since there 
was no anticipation of this divergence up to nr=0.7 
X 10!7/cm, 
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(2) Upon re-irradiation after partial thermal bleach- 
ing, a very different result is obtained in the two stages. 
In the early stage, coloration continues very nearly at 
the same rate as before bleaching (Figs. 1 and 2). In the 
later stage, the rate of coloration obtained immediately 
upon re-irradiation is much greater than the value just 
prior to bleaching, in such a way that the F-center 
density quickly rises to a value which lies on the 
extrapolation of the original growth curve (see Fig. 3). 

(3) The rate of M-band formation that accompanies 
the second stage is higher than that which occurs during 
the early stage. This fact, which is indicated by a com- 
parison of the absorption spectrum of crystals 1 and 2 
in Fig. 6 was demonstrated even more strikingly by 
Mador ef al.” In that work, unfiltered x-rays were used 
to irradiate the crystals and the slow-type coloration 
was obtained only near the surface of incidence of the 
x-rays. Mador et al. showed that the ratio of M-band 
to F-band heights was greatest just below this surface 
of incidence, where we now recognize that substantial 
second-stage coloration had taken place. 

(4) The magnitude of the R-band, developed after 
optical bleaching, does not correlate with the height of 
the F-band prior to bleaching, but rather seems to be 
related to the F-centers formed during the second stage 
only. Thus, deformed crystals, such as crystals 5 and 6, 
which show a substantial second-stage coloration in 
50 hr of irradiation, show an R-band after bleaching 
which is at least an order of magnitude stronger than 
that of crystal No. 4, which colored only very little in 
the second stage (compare Figs. 5 and 7). 


These four types of evidence, which show the differ- 
ence in character of the two stages of F-band formation, 
are not readily understood if one attempts an explana- 
tion in terms of a single mechanism of F-band formation. 
On the other hand, interpretation of the various differ- 
ences in the two stages is given readily in terms of the 
two-mechanism hypothesis proposed in I, viz., that in 
the first or rapid-type stage F-centers are being formed 
from vacancies and vacancy clusters already in the 
crystal prior to irradiation, while in the second (slow- 
type) stage high-energy photoelectrons produced by the 
radiation generate new vacancies at dislocations. Item 
(1) above is then immediately interpreted by noting 
that the dislocation density should then be important 
only in the second stage. In fact, it was the prediction 
of a strong sensitivity of stage 2 to dislocation density 
based on the mechanisms proposed in I that led to the 
present experiments. 

The interpretation of item (2) above is also straight- 
forward in terms of the two-mechanism hypothesis. 
When thermal bleaching, through standing in the dark, 
produces a decrease in the F-center concentration from 
nr, tO M2, the behavior on re-irradiation will be 
dependent on the mechanism of coloration. If coloration 


12 Mador, Wallis, Williams, and Herman, Phys. Rev. 96, 617 
(1954). 
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involves only vacancies already present in the crystal 
prior to irradiation, then upon re-irradiation it is 
expected that the same rate of F-band growth will 
obtain as when the crystal first reached the level m2 on 
the original growth curve. If, on the other hand, colora- 
tion involves the generation of new vacancies, one may 
predict on re-irradiation a very rapid growth rate from 
nro to Mr; followed by a continued gradual growth 
from there on. The latter prediction is based on the 
reasonable assumption that thermal bleaching involves 
no loss of excess vacancies from the crystal (allowing, 
however, for possible association). The data for stage 1 
most closely matches the first of these predictions while 
that for stage 2 fits the second, in agreement with the 
respective mechanisms already suggested. Specifically, 
curves A in both Figs. 3 and 5 show that it requires 
about three hours to obtain saturation of the first 
stage coloration. Accordingly, re-irradiation for a period 
of three hours after thermal bleaching in the second 
stage should restore the proper saturation value, i.e., 
return the F-center density to a value which lies on the 
extension of the original growth curve, as is actually 
observed in Fig. 3. 

The behavior after partial thermal bleaching may 
also be compared with the behavior on re-irradiation 
after complete optical bleaching of an undeformed 
crystal that had first been irradiated for 20 hours (see 
Table I). The higher rate of F-band growth upon re- 
irradiation in this case cannot be accounted for if one 
assumes that the original irradiation produces no change 
in the defect pattern in the crystal. The origin of the 
higher rate of coloration on re-irradiation may be 
sought in two directions. First, the original 20-hr 
irradiation may have introduced an appreciable con- 
centration of vacancies generated in the second stage. 
Second, it is quite unreasonable to expect that all of 
the ~10" vacancies/cm* participating in the first 
stage are in the form of free vacancies. Rather, many if 
not most of them are probably originally in the form 
of clusters which are then broken up during irradiation. 
It then follows that re-irradiation takes place more 
rapidly because of the higher concentration of free 
vacancies than that which was present initially. The 
constant ratio of 1.4, for mpr’/npr, over the first 24 
minutes (see Table I) is in striking contrast to the in- 
crease in the ultraviolet colorability of NaCl crystals 
by two orders of magnitude, as a result of a prior x-ray 
irradiation by unfiltered (soft) x-rays."* The latter 
irradiation undoubtedly involves an appreciable second- 
stage coloration. 

The interpretation of item (3) listed above, con- 
cerning M-band formation in relation to the two stages, 
is not as clear as that of (1) and (2). It seems reasonable 
to suppose, however, that near dislocations various 
complex clusters may be generated together with single 


18H. W. Etzel, Phys. Rev. 100, 1643 (1955). 
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vacancies, and that among these will be the group of 
vacancies required to produce the M-band.® 

Finally, it remains to consider item (4) which 
correlates R-band formation upon optical bleaching 
with the slow-type colorability. It might be argued, 
alternatively, inasmuch as the evidence quoted relates 
to a comparison between deformed crystals which show 
an R-band after bleaching, and annealed crystals which 
do not, that R-band formation might be related pri- 
marily to products of the deformation rather than to 
the slow-type coloration. Other evidence, however, 
clearly shows that R-band formation also takes place 
in annealed crystals which were heavily irradiated, 1.e., 
into the second stage. For example, it was reported in I 
that a blue color after optical bleaching remained only 
in the region very near the surface where the greatest 
x-ray absorption had taken place. Further evidence 
that heavily irradiated annealed crystals are left with 
R-bands after optical bleaching has been presented by 
several workers.” Especially worthy of note is an 
experiment described by Pringsheim.'’ In this experi- 
ment it was shown that the initial x-ray colorability of 
natural rock salt is much less than that of Harshaw 
NaCl. To produce the same F-band in both required 
six times as much x-ray dosage for the natural rock 
salt as for the Harshaw crystal. Upon bleaching with 
F-light, the Harshaw crystal was observed to bleach 
the more rapidly of the two, leaving no residual electron 
bands. On the other hand, the rock salt crystal bleached 
relatively slowly with the formation of R, M, and NV 
bands.'* This difference in the two crystals can be 
explained by recognizing that the natural rock salt 
crystal, which showed a lower initial colorability, had 
fewer vacancies in it prior to irradiation. Although the 
F-center density was made the same in both crystals, 
this was accomplished in the natural rock salt by the 
use of a much longer irradiation time, sufficient to 
produce a higher proportion of second-stage centers. 
The development of more complex electron centers 
upon bleaching is then in complete accord with the 
belief that these centers occur primarily following slow- 
type coloration. 

Two interpretations may be given for the fact that 
the formation of R-bands on optical bleaching is a 
second-stage phenomenon. The first is in terms of the 
same suggestion as used above to explain the enhanced 
M-band after slow type coloration, viz., the generation 
of various vacancy clusters near dislocations. (The 
R-bands also involve more than one vacancy.*®) Such 
clusters may then serve as electron traps for electrons 
freed from F-centers by the F-light. This action would 


4 E. Burstein and J. J. Oberly, Phys. Rev. 76, 1254 (1949). 

15 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 1564 
(1950). 

16 Herman, Wallis, and Wallis, Phys. Rev. 103, 87 (1956). 

17P, Pringsheim, Z. Physik 144, 31 (1956). 

18 Bleaching by white light, as in the present experiments, 
eliminates the M-band, since the M-band is readily bleached by 
M-light. 
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then be analogous to that of electron traps generated 
by plastic flow as observed in additively and electro- 
lytically colored crystals by Ueta and Kanzig.'* A second 
interpretation is the generation of more stable V-type 
centers in the second stage of coloration, which there- 
fore greatly lowers the electron-hole recombination 
probability. In this way it becomes more likely that 
electrons released from F-centers during bleaching will 
be trapped in appropriate clusters to form R-centers. 
This viewpoint is favored by Pringsheim” to explain 
the slower bleaching of his natural rock salt crystal 
relative to the Harshaw crystal. If the first interpreta- 
tion given above were correct, one would expect to find 
more rapid bleaching by F-light for the crystal in which 
R, M, and N centers form, i.e., the natural rock salt. 
Since the opposite is found it seems to favor the second 
interpretation. On the other hand, Pringsheim reports 
no evidence for a difference in the V-centers observed 
in the two crystals. His observations were, however, 
only down to 200 my. Clearly, further experiments on 
the ultraviolet absorption spectra produced by irradi- 
ation in the first and second stages are required. 

In view of the above discussion, it may be concluded 
that the present experiments support the hypothesis 
that there is a basic difference in mechanism between 
the two stages of F-band formation, as originally pro- 
posed in I. In view of this conclusion it seems desirable 
to attempt to separate out that part of the growth 
curve which is due to rapid-type coloration from the 
part due to slow-type coloration. To do this requires a 
knowledge of the saturation F-center density for the 
first stage. One method of carrying out such a separation 
is to use an appropriate theoretical or empirical equation 
for the early stage of F-center growth and to fit the 
data to this equation. There is, however, no simple 
expression that closely fits the actual growth curve of 
the F-band.‘ An alternative procedure is to assume that 
the slow-type coloration always follows a linear growth 
law which, when extrapolated to zero time, gives the 
saturation value for the rapid-type stage of coloration. 
An examination of the results shows, however, that 
such an assumption would not be reasonable for the 
deformed crystals. For example, according to this 
scheme crystal No. 2, which parallels No. 1 so closely 
in the early stage (Fig. 2), would be given a much 
higher saturation value, based on a linear extrapolation 
of the long-time data in Fig. 3. It seems, therefore, that 
the slow-type coloration of a deformed crystal does not 
obey a linear growth law. The best procedure for ob- 
taining saturation values for the rapid-type stage is 
based on the fact that practically all growth curves in 
the early stage are very nearly in a constant ratio 
(except for the most heavily deformed crystal, No. 6). 
Thus, if the saturation value for one curve is known, 
all the others may be obtained by the assumption that 
the saturation values are in proportion to the F-center 


1M. Ueta and W. Kinzig, Phys. Rev. 94, 1390 (1954); 97, 
1591 (1955). 
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TABLE II. Estimates of saturation values of the rapid-type 
coloration in various crystals. 








np after 20 min 


Crystal 
N (10!7 cm=*) 


No. Condition 


np? 
(10!7 cm=4) 





0.430 
0.412 
0.392 
0.375 
0.436 
0.540 
0.445 
0.370 


1.05 
1.01 
0.96 
0.92 
1.08 
1.34 
1.09 
0.91 


Annealed 
Def. 3.7% 
Def.+Ann. 
As rec’d 
Def. 4.3% 
Def. 8.5% 
Annealed 
As rec’d 


CNA Uk wn 


* Crystal 7 is from NRL-II. All others are from the HAR-I crystal. 


concentration at some constant irradiation time, say 20 
minutes. It also seems reasonable to obtain the satura- 
tion value for the undeformed crystals by a linear 
extrapolation of the second stage to zero time. In view 
of the low rate of growth in the second stage for the 
undeformed crystals, the error in saturation value 
obtained by this method should not be large. An esti- 
mated saturation value, n°, for the F-center density 
in the first stage, is therefore obtained by such an 
extrapolation for crystal No. 1 (Fig. 3). It is then 
assumed that the mr° values for all other crystals ex- 
amined are in proportion to the values of mr obtained 
after an irradiation of 20 minutes. In this way, the 
results of Table II are obtained. This table includes the 
six crystals of Figs. 2-5 plus two more undeformed 
crystals (No. 7 and.8) which were studied in the early 
stage and then given an additional irradiation to a total 
of 20 hr to carry them into the second stage. Figure 8 
shows a plot of m7—m,r’ vs irradiation time, where mr is 
the total F-center density and mr° the estimated satura- 
tion value.” It should be noted that the agreement 
between all four undeformed crystals is good in spite 
of the relatively wide range of r° values involved. 
Furthermore, as already indicated above, it is clear 
that the slow-type growth for the deformed crystals is 
not linear. This result is not unreasonable, since if the 
color centers are formed near dislocations, they could 
not be expected to increase in number indefinitely, due 
to interference effects (such as the formation of complex 
vacancy clusters). Whether the slow-type coloration for 
the undeformed crystals is also not linear cannot be 
determined from the present results. 

The interpretation of the F-band growth curve of the 
crystal deformed 8.5% (No. 6, Figs. 4 and 5) is still 
somewhat confused. This crystal shows values of np 
for irradiation times less than one hour that are dis- 
tinctly greater than for annealed crystals and those 
deformed by about 4%. One could conclude either that 
this crystal shows a greater vacancy concentration prior 
to irradiation due to the generation of free vacancies 
during deformation, or that at least a large part of the 


*® The quantity mr—mnr® only represents the second-stage 
coloration when the irradiation is carried out beyond saturation. 
Therefore no points are plotted in Fig. 8 for irradiation times less 
than 5 hours. 
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higher mp value is due to a much stronger second stage 
than that of the other crystals. In terms of the latter 
explanation, the slow-type coloration in crystal No. 6 
makes a substantial contribution during the first hour 
of irradiation, whereas for the other crystals the second- 
stage contribution in times less than 60 min is un- 
important. On this basis, the value of mr° given for 
crystal No. 6 in Table II may be too high, and therefore, 
the corresponding curve in Fig. 8 would require modi- 
fication. 


B. Energy to Form F-Centers 


In view of the simple conditions, such as a source of 
constant y-ray intensity and essentially monochromatic 
radiation, used in the present experiments, it seems 
worthwhile to calculate the coloration efficiencies in the 
two stages of F-band growth. As already shown, the 
rate of F-band growth depends on impurity content and 
heat treatment in the first stage and on dislocation 
density in the second stage. For purposes of calculation, 
let us take the case of an annealed HAR-I crystal; the 
energy to form F-centers at the start of irradiation and 
at the start of the second stage will be computed. The 
initial slope of the growth curve is difficult to obtain 
since there is a negative curvature even within the 
first 5 min of irradiation. Nevertheless, the curvature is 
not large, and an initial slope of 610" F-centers/cm? 
sec is obtained for crystal No. 1 (Fig. 2). For this same 
crystal, the second-stage slope is about 1.210" 
F-centers/cm’ sec, or 500 times lower than the initial 
slope. For the present gamma radiation (mean energy 
=1.2 Mev), 1 mr/hr=447 photons/cm? sec.” Also, the 
absorption coefficient for this radiation in NaCl is 
0.123 cm. Under the present conditions of irradiation 
(191 000 r/hr intensity) there are 10.5X10° photons/ 
cm sec absorbed. The initial slope then gives 300 ev as 
the energy to form an F-center [after correction using 
Eq. (1) ], while the energy for the second stage is 500 
times larger. The value of 300 ev is distinctly lower than 
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Fic. 8. Second-stage F-band growth of the various crystals 
studied, based on values of the first-stage saturation F-center 
density, mr, given in Table II. 


21R. Stephenson, Jntroductiou to Nuclear Engineering (McGraw- 
Hill Book Company, Inc., New York, 1954), p. 184. 
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the value of about 2000 ev estimated by Schneider” 
from earlier experiments of Leitner on the gamma-ray 
coloration of NaCl, but is high compared to energies 
(~20-40 ev) estimated for x-ray irradiated NaCl 
and KCl. 


C. Effect of Plastic Deformation on 
Colorability 


In 1950, Seitz* proposed the concept that plastic 
deformation of a crystal results in the generation of free 
vacancies through the movement of dislocations. He 
suggested that this concept could explain the fact, 
widely quoted in the early literature, that deformation 
enhances colorability. A brief review of the status of 
Seitz’ concept will now be presented in the light of the 
present work. There appears to be no evidence in 
support of this concept in crystals deformed up to 4% 
at room temperature. There is possibly some evidence 
in favor of the concept that free vacancies (or simple 
clusters) are generated by deformation in the case of 
crystal No. 6 (deformed 8.5%), where the apparently 
high value of 2° of this crystal (see Table II) may be 
due to this cause. On the other hand, the possibility 
that crystal No. 6 shows simply a very large second 
stage contribution has also been discussed as an alter- 
native explanation for its enhanced colorability. 

In any case, the present work and that in I establish 
two interpretations for the enhancement of colorability 
in deformed crystals other than the one proposed by 
Seitz. The first interpretation is in terms of the role of 
dislocations in greatly enhancing the slow-type color- 
ability. The second is the dispersion of finely pre- 
cipitated impurities through plastic deformation, which 


2E. E. Schneider, Photographic Sensitivity 
Scientific Publications, London, 1951), p. 13. 
% IF, Seitz, Phys. Rev. 80, 239 (1950). 
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occurs in the present experiments when an “as-received” 
crystal is deformed (see Fig. 4). This mechanism may be 
an important one for the natural rock salt crystals used 
in most of the early experiments on coloration. It is 
well known that annealing increases the colorability of 
these natural crystals, similarly to the present as- 
received crystals; it is therefore likely that deformation 
will also increase the colorability by taking precipitated 
impurities into solution. 

Unfortunately, the older literature quoted by Seitz 
usually does not give sufficient information to determine 
whether the first stage or second stage is in question. 
However, in view of these two alternate interpretations 
which account essentially for all of the deformation 
effects observed in the present experiments, one can 
only conclude that evidence from coloration experi- 
ments in support of Seitz’ concept is at present very 
meager. Chiarotti’s™ failure to find an a-band in de- 
formed alkali halides also supports this conclusion. 
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Note added in proof.—F. Seitz has pointed out to the 
writer that the concept of two stages of coloration had 
been suggested as early as 1946 (see reference 5, 
p. 403 ff.), although the role of impurities in the first 
stage and that of dislocations in the second stage were 
not recognized at that time. 


* G. Chiarotti, Phys. Rev. 107, 381 (1957). 
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Effect of Fractional X-Irradiation of NaCl Crystals on F-Center Density 


W. E. Bron anp A. S. Nowick 
International Business Machines, Watson Laboratory at Columbia University, New York, New York 
(Received February 3, 1958) 


An attempt is made to verify an effect reported by Lin whereby the F-center density in an alkali halide 
crystal irradiated over only part of its cross section is proportional to the fraction of the crystal exposed to 
the x-ray beam. These experiments fail to verify Lin’s result, and in fact show that, within experimental 
error, the F-center density produced in a crystal exposed to a given intensity of x-rays for a given time is 


independent of the fraction of the crystal irradiated. 





HE linear expansion of NaCl and KCl crystals 
resulting from x-ray irradiation has recently been 
investigated by Lin.! The results obtained indicate that 
the fractional change in length, Al/l, of a crystal 
irradiated only over part of its cross section is a function 
of the x-ray dose, but, for a given intensity and irradi- 
ation time, is independent of the fraction of the crystal 
exposed, at least in the range of F-center densities 
below 10'7/cm’. To account for this result, it was 
proposed that vacancies are generated by the irradiation 
uniformly over the entire crystal, including the un- 
irradiated portion. 

In view of this proposal, it might be expected that, 
for equal x-ray exposures, the F-center concentration in 
the irradiated part of the crystal varies in proportion to 
the fraction of the crystal irradiated. In a group of 
experiments on KC] crystals, Lin shows data which 
indicate that the F-center concentration is indeed 
almost proportional to the fraction of the cross-sectional 
area of the crystal irradiated when this fraction varies 
from 0.3 to 0.7. 

This surprising effect has already led to a proposed 
modification of the existing theories of vacancy forma- 
tion during x-ray irradiation.? Because of the importance 
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Fic. 1. Variation of absorption coefficient, ar, with total irradi- 
ation time for the large and small crystals. The vertical portions 
of the curve represent the decrease in ay when the crystals were 
maintained in the dark at room temperature for 48 hours between 
each irradiation. 


1Y. Y. Lin, Phys. Rev. 102, 968 (1956). 
2 J. J. Markham (private communication). 


of Lin’s results to the theory of color center formation, 
the authors attempted to repeat the experiment on the 
effect of fractional irradiation on color center density. 

Two specimens with dimension 8.21X8.35X0.39 mm 
and 14.62 14.41 0.40 mm were cleaved from a crystal 
of NaCl supplied by Dr. K. Korth of Kiel, Germany.’ 
The x-ray beam used for irradiation was brought 
through the central hole (3°; in. diameter) of a 2.5-inch 
long lead cylinder. The specimens were mounted at the 
end of this cylinder with their large faces perpendicular 
to the cylinder axis. In this way all but 0.494 cm? of the 
cross-sectional area of the specimen was shielded from 
irradiation. X-rays from a Cu target, operated at 40 kv 
anid 20 ma, which were filtered through a 1.72-mm thick 
crystal of NaCl, were used unless otherwise stated. The 
purpose of the filter was to remove soft radiation which 
is absorbed very heavily near the surface of incidence 
of the x-rays, and in this way to produce a nearly uni- 
form coloration of the irradiated crystal. With the 
above arrangement, the portions of the area irradiated 
for the large and small specimens were 23.4% and 
72%, respectively. These values are comparable to the 
range investigated by Lin. 

Each specimen was given consecutive x-ray exposures 
of 4, 4, and 8 hours duration. Between each irradiation 
it was maintained in the dark at room temperature for 
a period of 48 hours. The optical density at the maxi- 
mum of the F band was measured, in each case, by 
means of a Beckman model DU spectrophotometer. 

The absorption coefficient, ar, at the maximum of the 
F band, following these various irradiations are given 
in Fig. 1. It was found, as shown in Fig. 1, that over a 
range of ar values up to 16 cm” (corresponding to an 
F-center concentration up to 10'7/cm*), both crystals 
showed, to within experimental error, essentially identi- 
cal coloration for the same x-ray exposure. 

It appeared possible that the disagreement between 
this result and that reported by Lin might be due to 
the fact that Lin used unfiltered radiation, which would 
have produced more intense coloration near the surface 
of incidence. Since the intense coloration near the 
surface is believed to represent the second-stage of 
“slow-type” coloration, which involves a different 


3 This crystal showed an F-band growth curve comparable to 
that of Harshaw crystals, which were the crystals used by Lin. 
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mechanism than the first-stage coloration,’ it was 
thought necessary to make a comparison of the two 
crystals when irradiated without a filter. Accordingly, 
the two specimens used in this investigation were given 
a further irradiation without a filter for a period of 
3 hours. At the end of this irradiation the large and 
small crystals showed nonuniform coloration and optical 
densities, logio(Jo/Z), of 0.650 and 0.653, respectively. 

4R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956) ; 
A. S. Nowick, Phys. Rev. 111, 16 (1958), preceding paner. 
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These values are again in agreement to within the 
experimental error. 

In summary, the present investigation has been 
unable to verify the result reported by Lin that the 
F-center concentration in the alkali halides varies 
directly with the percentage of cross-sectional area of 
the crystal irradiated. On the contrary, it is shown that 
the F-center concentration is independent of the frac- 


tion of the crystal irradiated. 
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Electroluminescence from the Surface Layer of BaTiO;, SrTiO;, 
and Associated Materials 


GeEorRGE G. HARMAN 
Electron Devices Section, National Bureau of Standards, Washington, D. C. and University of Maryland, College Park, Maryland 
(Received February 24, 1958) 


Electroluminescence resulting from high-frequency excitation (2500 kc/sec), has been observed in 
BaTiOs;, SrTiO;, and associated materials. It is shown that the light emission is the result of a high rf field 
across a thin surface barrier. The efficiency of this emission is very low, and a tentative value of 10-*% was 
obtained. A model involving field emission from the metal electrode into the crystal surface layer is proposed 
to explain the observed phenomena. The characteristics of this surface layer are relatively insensitive to 
temperature, from at least —40°C to 300°C. The ratio of permittivity to thickness, «/Z, was found to have 
a value of <1.4 105 cm™ for the BaTiOs surface layer. 


INTRODUCTION 


HERE have been many studies of electrolumi- 
nescence (EL) reported in the literature.’ The 
majority of these have been concerned with ZnS or 
materials considered to have similar excitation and 
emission mechanisms. However, “recombination”’ radi- 
ation has been observed when semiconductors are biased 
in the forward direction.2* More recently Newman‘ 
reported visible light emitted from a reverse-biased 
silicon p-n junction and proposed that it might result 
from avalanche breakdown. This was confirmed and 
extended by Chynoweth and McKay? who later found 
a somewhat different effect which resulted from high- 
field emission in silicon p-# junctions.6 Recently the 
author reported electroluminescence in BaTiO3.7 
The surface layer on BaTiO; has been studied by a 
number of investigators.*? Reported values of the 


1 For a summary of this work see, for instance, G. Destriau and 
H. F. Ivey, Proc. Inst. Radio Engrs. 43, 1911 (1955). 
2K. Lehovec et al., Phys. Rev. 83, 603 (1951). 
3 J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 
4R,. Newman, Phys. Rev. 100, 700 (1955). 
5 A. G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
(1956). 
6A. G. Chynoweth and K. G. McKay, Phys. Rev. 106, 418 
(1957). 
7G. G. Harman, Bull. Am. Phys. Soc. Ser. IT, 1, 112 (1956). 
8 M. Anliker et al., Helv. Phys. Acta 27, 99 (1954). 
9 W. Kanzig, Phys. Rev. 98, 549 (1955). 
10 P, H. Fang, Bull. Am. Phys. Soc. Ser. IT, 1, 38 (1956). 
ul A. G. Chynoweth, Phys. Rev. 102, 705 (1956). 
12 W. J. Merz, J. Appl. Phys. 27, 938 (1956). ° 


thickness and dielectric constant of the surface layer 
have varied widely depending on the method of meas- 
urement. 

It is the purpose of this paper (1) to present experi- 
mental data on electroluminescence from BaTiO; and 


SrTiO;, (2) to establish the most probable mechanism 
of this light emission, and (3) to use these data to 
determine the ratio of the permittivity to thickness of 
the surface layer. The experimental apparatus has been 
described elsewhere."* Therefore, only recent modifica- 
tions will be included in this paper. 


EXPERIMENTAL RESULTS 
(a) General Observations 


EL has been observed from barium titanate, stron- 
tium titanate, and associated materials, when they were 
excited with rf voltages. The optimum output was 
achieved when the electrodes were applied in a concentric 
configuration as previously described.” This arrange- 
ment produced a high field around the small center 
electrode. All of the light was observed to originate from 
this region, apparently coming from the electrode- 
crystal interface. Most of the light was emitted with 
uniform intensity around the perimeter, or at times 
over the entire area of the small electrode. However, 
there were generally a few tiny spots that were more 
intense than the surrounding emission. 


8G. G. Harman, Rev. Sci. Instr. 28, 127 (1957). 
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The light intensity is low and the brightest emission 
thus far obtained is visible only in a darkened room. 
The intensity associated with most of the following 
measurements could be seen only after dark-accom- 
-modating the eyes and was studied with the aid of a 
low-noise photomultiplier. 

The EL is dependent on the electrode material and 
to some extent on the method of application. Fired-on 
silver (750°C) gives extremely poor results, probably 
because it diffuses into the crystal surface layer. Air- 
drying silver paint, however, is reasonably good. The 
EL resulting from this electrode is somewhat erratic 
due to the crudeness and irregularity of its contact with 
the crystal surface. The optimum electrode consists of 
indium-gallium™ which is rubbed on the acid-cleaned 
and alcohol-dried crystal surface. This electrode results 
in stable light emission and has been used over the 
range of —40°C to 300°C. Another satisfactory elec- 
trode consists of evaporated silver, soldered with 
indium. In general, evaporated metals are useful only 
when they have been soldered with indium or similar 
materials. The reason for this is not apparent, particu- 
larly since the EL characteristics are primarily those 
of the evaporated film. The electrodes that produce the 
best EL results also appear to be reasonably ohmic 
when used on conductive BaTiO;.!° The problem of 
contacts could well become an investigation unto itself, 
the EL being used as a convenient means of determining 
the electrode characteristics. 

The present EL measurements have been made with 
high-frequency excitation (2500 kc/sec) and low aver- 
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Fic. 1. Integrated light emission from BaTiO; at constant 
voltage vs temperature in the vicinity of the Curie point, frequency 
= 10 Mc/sec. Heating due to dielectric loss causes some error near 
the Curie point. 


4S. S. Flashen and L. G. Van Uitert, J. Appl. Phys. 27, 190 
(1956). 
15 G. G. Harman, Phys. Rev. 106, 1358 (1957). 
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age field strengths (<1000 v/cm). There is another EL 
effect at low frequencies (<50 kc/sec) and high fields 
(> 1000 v/cm). This effect, which almost disappears at 
the Curie point, is most pronounced with symmetrical 
electrodes and is a function of the switching-current 
spikes. It will be reported later.'® 


(b) Temperature Characteristics 


Figure 1 shows the change in capacitance and in light 
emission intensity (as recorded by a photomultiplier) 
vs temperature at constant rf voltage, for a single- 
crystal of BaTiO;. Figure 2 gives the voltage required 
to produce the threshold of EL" at the 0°C and 120°C 
transitions. The EL persists far above the Curie point, 
to at least 300°C, and thus is not a direct manifestation 
of ferroelectricity in the bulk crystal. 

The dramatic rise in EL at the Curie point can be 
explained by assuming that the light is emitted from a 
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Fic. 2. The capacity and the EL threshold voltage vs temperature, 
for a BaTiO; crystal, frequency = 10 Mc/sec. 


surface layer with a low permittivity which remains 
approximately constant in this temperature range. 
When the bulk dielectric constant increases, more of 
the total rf voltage appears across the surface layer and 
the EL increases according to Eq. (1). The equivalent 
circuit for the system consists of three capacitors in 
series as discussed by Chynoweth." The rf impedances 
are low, so that the dc shunt resistances of the barrier 
zones and the body may be neglected. Calculations 
based on this simple model are in good agreement with 
the increase in the EL at the Curie point, shown in 
Fig. 1. 

Strontium titanate has no crystallographic transition 
in the temperature region shown in Fig. 3 and thus 
displayed a continual decrease of EL with increasing 
temperature, corresponding to the decrease in bulk 
permittivity. At 300°C the dc resistance of the sample 

16 G. G. Harman and R. L. Raybold (to be published). 

17 The voltage threshold of electroluminescence is here defined 
as the applied crystal voltage, at a given frequency, that results 
in the minimum reproducible current output from a selected 1P21 


photomultiplier. This current is in the order of 10~* to 10 amp 
and is held constant during a given experiment. 
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had decreased to a few hundred thousand ohms. EL was 
observed upon application of a reverse dc bias.!* The 
light was emitted primarily from tiny spots distributed 
uniformly over the area of the small electrode. At this 
temperature there was a front to back resistance ratio 
of about 15 to 1 and the EL threshold was 20 volts. 
A long time-constant was associated with this rectifi- 
cation and the barrier required 20 or 30 seconds to 
build up. There was no EL at the moment of application 
of the reverse bias. Subsequently the EL increased and 
reached a peak slightly before the current stabilized at 
its minimum value. Only a negligible amount of EL was 
observed when voltage was applied in the forward 
direction. These observations are indicative of the 
avalanche breakdown mechanism as described by 
Chynoweth and McKay.® Similar dc tests were per- 
formed on BaTiO, with similar results. Unfortunately 
the high-temperature dc-induced EL was never intense 
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Fic. 3. Integrated light emission at constant voltage vs tempera- 
ture, for a single crystal of SrTiO;, frequency =30 Mc/sec. 


enough for a spectral emission test, so this characteristic 
could not be compared with the rf induced emission. 
No dc-induced EL has been observed at room tem- 
perature, even with very high voltages. 


(c) Frequency and Voltage Characteristics 


Measurements of the permittivity as a function of 
frequency, on single crystals of BaTiO;, show peaks 
when various piezoelectric modes are excited. Light 
emission from these crystals, as a function of frequency, 
also displays such resonances (Fig. 4). Measurements of 
Q indicate increased capacitance and loss at the major 
peaks. Thus the EL increases at these resonances for 


18 As described in reference 13, the electrodes are placed con- 
centrically on the sample so that the large outside contact has 
an area about 10 times that of the small center contact. If the 
electrodes are rectifying with respect to the semiconductor or 
insulator to which they are applied, it is well known that an asym- 
metrical geometry will result in a forward and a reverse direction 
to dc, whose polarity is determined by the sign of the carriers in 
the same manner as for a point-contact diode. 
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Fic. 4. Integrated light emission at constant voltage vs frequency, 
for a BaTiO; single crystal at room temperature. 


the same reason that it does at the Curie point. Stron- 
tium titanate does not show any EL peaks as the 
frequency is increased, but instead shows a continuous 
rise. This is primarily due to the increase in the value 
of 6 in Eq. (1) below. 

The voltage dependence of EL intensity was meas- 
ured at various frequencies. Neither the usual expo- 
nential-type EL equations' nor the similar Fowler- 
Nordheim equation “‘rectified” these data. Except for 
the very-low-intensity region, the best approximation is 
obtained with the following relation: 


I=e)*, (1) 


where J is the EL intensity, a and } are constants, and V 
is the peak applied voltage. Values of 6 range from 
about four to six. There appear to be many complicating 
factors in the voltage characteristics. For example both 
a and 6 are dependent on the electrode material. Data, 
shown on a log-log plot, are given for BaTiO; and SrTiO; 
in Fig. 5. Curves A and B demonstrate the effect of 
changing the bulk dielectric constant. The measured 
threshold voltage is definitely lowered as more of the 
total voltage is applied across the surface barrier. Some 
heating effects are apparent at higher voltages in 
Curve A, but the exponent is the same as that for 
Curve B. Curves C and D show that the exponent, 3, 
changes with frequency. In general, all measurements 
were made at very low intensity in order to best 
isolate a particular variable. For instance, the EL 
threshold voltage changes very slowly with frequency 
but the frequency dependence is greatly magnified when 
the measurement is made at high intensities. 


(d) X-Ray and Other Irradiation Tests 


Most electroluminescent materials can be excited 
with energetic electrons, x-rays, and appropriate ultra- 
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violet radiation. In order to determine the present 
mechanism of EL, the latter two tests were performed. 

High-intensity x-rays (500 r at 50 kv max) were used 
on several specimens each of SrTiO;, BaTiO;3, TiOs, and 
KNbOs3. No luminescence was observed above the back- 
ground created by x-rays scattered into the photo- 
multiplier (in contrast, the luminescent intensity from 
a ZnS crystal was several orders of magnitude above 
this background). Barium titanate and SrTiO; were 
intensely irradiated with various wavelengths of ultra- 
violet and visible light, but no luminescence was ob- 
served. This irradiation did not result in any inter- 
action with the EL. The above experiments eliminate 
the probability of an impact-type mechanism, such as 
that of ZnS. 


(e) Emission Spectra and Efficiency 


The EL emission spectra have been recorded for 
most materials studied. Measurements were made with 
a modified Bausch and Lomb 250-mm, //4.4, grating 
monochromator. A specially selected low-noise 1P21 
photomultiplier was employed so that in general no 
cooling was necessary to detect the weak light emission. 
It became evident that significantly different spectral 
emissions resulted from different electrode materials. 
This spectral dependence was strikingly demonstrated 
by one experiment in which the light was observed with 
the dark-accommodated eye. The small electrode on a 


SrTiO; single crystal was made of evaporated silver 
soldered with indium. The light that was emitted around 
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Fic. 5. Integrated light output vs voltage for a BaTiO; and a 
SrTiO; single crystal, In-Ga electrodes. Curve A, BaTiO; at the 
Curie point, frequency=10 Mc/sec; B, same as A except taken 
at room temperature; C, SrTiO; at 30 Mc/sec, room temperature; 
D, same as C, except taken at 15 Mc/sec. 
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the perimeter of this electrode was yellow, except in one 
spot where it appeared greenish. Later, a microscopic 
examination of the electrode revealed that indium had 
flowed over the edge of the silver in this spot. 

A comparison of the spectral emission from a pure 
BaTiO; ceramic sample,” taken with two different 
electrodes, is given in Fig. 6. The emission was measured 
from a special mount that collected the light which 
“leaked out” around the edges of the small electrode. 
The optical absorption edge of the crystal is about 
4000 A (3.1 ev). At longer wavelengths internal reflec- 
tions contributed somewhat to the total light collected, 
but on the short-wavelength side the only contribution 
was from the light that directly “leaked out.” Photon 
emission, with the In-Ga electrode, was observed con- 
tinuously to 3000 A (4.1 ev) which was the limit of the 
photomultiplier. This is considerably beyond the optical 
absorption edge of the crystal! Curve A of Fig. 6 is a 
typical emission spectrum for SrTiO with In-Ga elec- 
trodes. The spectral emission from KNbO; and TiO, 
resembles that of BaTiO;. The spectra are identical for 
ceramics and single crystals. 

The differences in spectral emission with different 
electrodes can hardly be ascribed to ‘“‘doping” of the 
surface layer since silver, as air drying paint, can be 
removed with solvent and replaced with In-Ga. The 
spectrum then changes as shown in Fig. 6, Curves B 
and C. No heat was applied during the process and 
there were no residual effects of the removed electrode, 
as Diemer found for ZnS.” 

The measured voltage threshold of EL was generally 
related to the work function of the electrode. This 
voltage was twice as high for platinum as for indium. 
The threshold voltages for intermediate work function 
materials, such as silver, nickel, etc., were within those 
voltage limits but were not as nicely distributed. The 
important thing is that different metals gave repro- 
ducibly different thresholds. 

The efficiency of the EL was measured in the mega- 
cycle frequency region. Power input was calculated, 
using the voltage measured at the crystal holder and 
the Q of the crystal. The light emission power was 
measured with the calibrated monochromator-photo- 
multiplier combination. Unfortunately this combination 
could not be used for measurements of wavelengths 
longer than about 6500 A, so the total efficiency is 
probably higher than reported below, depending on the 
amount of red and infrared actually emitted. A value 
of efficiency for BaTiO; of 10~’ to 10-*% was obtained. 
This value is somewhat increased above the Curie 
temperature of BaTiO; and also for SrTiO; at room 
temperature, because of the reduced dielectric loss. 
These values are similar to those obtained for avalanche 
breakdown in silicon.® 


19W. S. Clabaugh ef al., J. Research Natl. Bur. Standards 56, 
289 (1956). 
2” G. Diemer, Philips Research Repts. 10, 194 (1955). 





ELECTROLUMINESCENCE 


FROM 


THE SURFACE LAYER 





Fic. 6. Spectral 
emission character- 
istics. (A) SrTiO; 
single crystal, In-Ga 
electrodes; (B) 
BaTiO; ceramic, 
In-Ga _ electrodes; 
(C) same _ ceramic 
sample as in (B), 
silver electrodes. The 
dotted lines indicate 
uncertainty due to 
the large correction 
factor for the photo 
multiplier, mono- 
chromator combina 
tion. The curves are 
normalized at 2.07 
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(f) Influence of the Ambient Atmosphere 
on the EL 


The EL from BaTiO; was found to be similar in a 
vacuum to that found in dry air at atmospheric pressure. 
This ruled out the possibility of a gas discharge pro- 
ducing some or all of the light. 

In order to establish definitely that the light emission 
was a surface-state phenomenon, as indicated by the 
previously mentioned observations, the EL was studied 
under various ambient atmospheres. A nickel pressure- 
contact was employed in order to allow gas diffusion 
under the electrode. The techniques were similar to 
those used by Anderson.” Both dry oxygen and helium 
were similar to dry air and produced no change in EL. 
The EL threshold voltage for SrTiO; was raised from 
25 v rms at 30 Mc/sec in dry oxygen to 50 v rms in 
water vapor saturated oxygen. This effect was com- 
pletely reversible. Dry ammonia was tested and resulted 
in an even greater threshold increase. However, this 
was not reversible. These results indicate that the EL is 
primarily a surface phenomenon since the gases could 
not diffuse into the body of the crystal at room tem- 
perature during a one-hour exposure. In addition, 
volume EL in an insulator should be dependent on the 
field strength and not on a slight change in the electrode 
or crystal surface. For instance, ZnS type materials 
emit light in strong ac fields without contacting the 
electrode at all, and this has never been observed in 
the titanates. 


~ 21 J, R. Anderson et al., J. Appl. Phys. 26, 1387 (1955). 
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(g) EL of Some Associated Compounds 


Many compounds, in addition to those described 
above, were tested for high-frequency induced EL. 
A list of these is shown in Table I, where the EL 
threshold voltages are qualitatively presented relative 
to the threshold voltage of SrTiO;. The voltage required 


TABLE I. Various materials tested for high-frequency induced 
electroluminescence (relative to SrTiQs). 


Voltage necessary 
to produce EL 


Single crystal 

(s.c.) or 
Material ceramic 
BaTiO; 


KNbOs 


s.c. and cer, 


CaTiOs 
PBZrO; 
TiO: 
ZnS 


s.c, and cer, 


Rochelle salts 


KDP 
ADP 
GASH 
KCI: Tl 


Si 


threshold at 30 
Mc/sec, relative 
to SrTiOs 


Lower 


Somewhat higher 


About the same 
About the same 
Much higher 


Higher at this 
frequency 





Comments 


Weak room temp. 
de EL noted (simi- 
lar to 300°C EL in 
SrTiOs) 


No EL observed 
at highest voltage 
available (~100 v 


rms at 30 Mc/sec) 


De avalanche break- 
down was measured 
with an unformed 
metal point-contact 
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to produce the threshold of EL in SrTiO; is about 
20 v-30 v at 30 Mc/sec and varies somewhat with 
contact configuration and the type of electrode em- 
ployed. It can be assumed that other high permittivity 
compounds, particularly in the ABO; class, will electro- 
luminesce similarly under high-frequency rf excitation. 

Impurities that did not significantly influence the 
conductivity of BaTiO;, such as small percentages of 
iron or silver, did not affect the EL emission spectrum 
or intensity. No differences have been observed for 
crystals made in different laboratories. However, tri- 
valent and other elements that decreased the resistivity 
to a few hundred ohm-cm” changed the nature of the 
EL, apparently resulting in weak “recombination radi- 
ation,” generally in the red or yellow spectral region. 
No fine structure was observed, as has been reported 
for cathodoluminescent emission in samarium-doped 
BaTiO;.” 

DISCUSSION 


(a) Proposed Mechanism of Light Emission 


The failure of high-intensity x-rays and ultraviolet 
light to excite luminescence, and of the latter to in- 
fluence the EL intensity in these materials, rules out 
the possibility of an activator system of the ZnS type. 
There is no typical “recombination radiation’® emission 
pattern around the optical absorption edge; in fact the 
emission generally shows a decrease in that region. 

The EL processes that can best account for the 
continuous radiation observed at energies considerably 
above the optical absorption edge are the avalanche 
breakdown? or the field emission® mechanisms; visual 
observations indicate a mixture of these. Both of these 
require a thin barrier region in which a high electric 
field must exist. In the case of an insulator excited by rf, 
the barrier must be dielectric in nature (i.e., permittivity 
of the barrierpermittivity of the bulk). Evidence for 
this was shown by the measurements at the Curie 
point. 

The dependence of the EL threshold voltage on the 
type of metallic electrode can be explained by assuming 
field emission from the electrode into the crystal surface 
layer. The origin of the EL in the surface layer was 
further demonstrated by the significant influence of the 
ambient atmosphere on the EL threshold voltage. 

The following model is proposed to account for the 
observed phenomena. Barium titanate contains a small 
number of oxygen vacancies. These centers should 
serve as electron traps and would be ionized by the 
high rf fields that exist in the electrode-crystal interface 
region. The resulting free electrons would then be 
accelerated sufficiently to produce energetic electron- 
hole pairs by collision. The remaining ionized centers 
would be isolated point charges. When located within 
a few atomic diameters of the surface, these charges 


2 P. W. Haaijman et al., German patent No. 929 350. 
%3 Keichi Oshima ef al., J. Chem. Phys. 24, 903 (1956). 
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would produce field emission from the electrode, as 
proposed by Geller.** These additional electrons would 
continue the “pair” production process. Intraband and 
interband radiative transitions would produce the ob- 
served light in the manner described by Chynoweth 
and McKay.®® Some of the initial electrons, then, 
would be supplied by the electrode (on the negative 
cycle) and other electrons would come from the material 
itself, depending upon the concentration of oxygen 
vacancies in the surface layer. The lifetime of the free 
electrons is perturbed by the rapid polarity change of 
the rf field. It is possible, considering the extremely low 
efficiency of EL, that some of the light results from 
electrons that receive additional energy from the field 
on successive cycles, or are at least left in the conduction 
band and can be accelerated over the next entire half 
cycle. This effect should become more apparent as the 
frequency is increased and explains why the threshold 
voltage decreases somewhat with increasing frequency. 
Another factor would be introduced by the magnitude 
and direction of the space-charge potential in the surface 
layer. Since BaTiO; is an insulator, the field-emitted 
electrons would have to return to the electrode in order 
to maintain electrical neutrality of the material. On the 
average, this should occur during the second half of the 
ac cycle in which they were emitted. 

The point charges near the crystal surface and the 
surface properties of the electrode would be influenced 
by the ambient atmosphere, this would account for 
the effect of the atmosphere on the EL, as observed. 
Electrodes with lower effective work functions should 
result in lower observable EL voltage thresholds. It is 
not obvious why the spectral emission should depend 
on the electrodes. However, the contact potential would 
change with the electrodes and this could influence the 
band structure within the thin surface layer. 


(b) Surface Layer Characteristics 


Isolated (nonoverlapping) point charges, as required 
for the above model, are not probable in a medium of 
high permittivity such as e~ 200, suggested by Kanzig*® 
for the BaTiO; surface layer. Merz,’* however, assumed 
a dielectric constant of ~5 for the surface layer and 
this value would meet the requirements of the proposed 
model. 

In order to determine the characteristics of the 
barrier layer, a BaTiO, single crystal (0.04 cm thick) 
was cut into a cylindrical geometry with an S. S. White 
Industrial Airbrasive Unit. The outside diameter was 
0.5 cm and the diameter of the hole through the center 
was 0.075 cm. Both the inside and outside surfaces were 
coated with In-Ga as the electrodes. The measured 
capacity was 20 uuf, thus the bulk permittivity €2~ 2000. 
The observed threshold voltage was 18 v peak at 30 
Mc/sec. The following assumptions were made in order 
to analyze this data: (1) C2 is the body (or bulk) 


* M. Geller, Phys. Rev. 101, 1685 (1956). 
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capacity and it is computed as that of a cylindrical 
capacitor (fringing may be neglected due to the ex- 
tremely high permittivity of BaTiO;). The capacity of 
the inner barrier C; and that of the outer, C3, are com- 
puted as flat plate capacitors with C;=RCi, from the 
geometry. (2) Assuming that the threshold for electron- 
hole ‘“‘pair production,” £,, is slightly under twice the 
energy gap” or 5 ev, it is evident that this is about the 
minimum amount of the total voltage that can be 
applied across the barrier in order to produce enough 
light for a practical measurement. The following 
definitions will be used: ¢:= permittivity of the barrier; 
R=ratio C;/C,; L= thickness of the barrier; a= diam- 
eter of small electrode ; £7 = measured threshold voltage. 

For the impedances we have, according to these 
assumptions : 


Xc3= (1 R)X. ly 
r “p . a 
Xce\> (Xco+Xcs3). 
Er—E, 


Substituting and solving for e,/L, we obtain 


€: (Er—E,)R-E,/ 2 (Er—- 
sch, 
L ER alnR E> 


and «/L<7.4X10' cm! for BaTiO;. Since a_per- 
mittivity of 5 is about the lowest reasonable value 
(equal to the optical dielectric constant), the barrier 
thickness is ~ 10~* cm or larger. 

This thickness would be decreased if /, were sig- 
nificantly lower (not very probable) or if the space 
charge potential of the surface layer is about 1 or 2 v. 
Then £, in the equations would be replaced by £, minus 
the space charge, assuming that they are additive on 
one-half of the cycle. Considering the large change in 
characteristics from the bulk to the surface layer, a 
space charge potentia! of 2 v is reasonable. Computed 
on this basis ¢,/2< 1.4 10° cm~; with the permittivity 
of the barrier layer taken to be 5. A barrier thickness of 
3.5X10-* cm is obtained which is in agreement with 
Chynoweth."' Using the value «=5 rather than, for 

5 P. A. Wolff, Phys. Rev. 95, 1415 (1954). This threshold, E,, 
is difficult to ascertain in any material, and no known measure- 
ments of this type have been made on the surface layer of BaTiO3. 
However, the simplest momentum considerations would indicate 
a value of at least 1.5 times the gap width and the present material 
is surely more complex than that. In the absence of any informa- 
tion on the band structure of the surface layer we assume the 
value E,=5 ev, which is consistent with work done on other 
materials. 


E,) 2€s 
alnR’ 


(4) 
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instance, ¢:= 200 is justified since the latter results in 
L>1.4X10- cm. However, work on crystals of about 
this thickness (see Merz'? or Chynoweth," for example) 
does not indicate surface layer domination of the 
characteristics. 

The treatment has also been applied to SrTiOs. 
Using the above conditions, with e,<=300, Er=30 v 
peak, a2=0.095 cm, R=6.1; 4 /L<3.3X10' cm” for a 
single-crystal cylindrical specimen. This implies that 


' the surface layer is about 4 times as wide as that region 


for BaTiOs. 

Measurements made on several BaTiO; and SrTiO; 
crystals have resulted in a factor of 2 spread in the 
«:/L ratio of each material. It is not known whether 
this spread is due to an actual difference in surface 
properties or inaccuracies in the measurements. The 
latter is most probable since the measured threshold 
voltage is slightly dependent on the crystal thickness, 
which does not appear in Eq. (4). The low value for the 
dielectric constant of the surface layer appears reason- 
able when one considers that to obtain a significant 
fraction of the applied voltage across a very thin di- 
electric barrier, its permittivity must be considerably 
less than that of the bulk material. 

As indicated in Table I, no EL has been observed 
from the O—H bond type ferroelectrics at room tem- 
perature. This could be for one or more of the following 
reasons: (1) they possess no significant surface layer; 
(2) any surface layer that they do possess has a dielectric 
constant very near that of the base material; (3) light 
could be emitted in spectral regions not detectable with 
available equipment; (4) the band structure of these 
materials is such as to reduce the already low proba- 
bility for a radiative transition. There is some experi- 
mental evidence on KH2PO, to support the first.”® 
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The phenomenological magnetoconductance coefficients of a cubic crystal, which were introduced by 
Seitz, are expressed in terms of the phenomenological magnetoconductance constants of a single valley for 
energy bands consisting of [111] valleys and of [100] valleys. It is found that the so-called “symmetry 
conditions” on the magnetoconductance depend on the vanishing in the principal axis directions of the 
longitudinal magnetoconductance coefficients of a single valley. Combinations of the magnetoconductance 
coefficients are also found which constitute approximate measures of the transverse magnetoconductivity 


and the anisotropy of a single valley. 


I. INTRODUCTION 


N the cubic crystals germanium and silicon the 

energy minima of the conduction band occur at 
points on the [111] and [100] axes, respectively. Be- 
cause these axes are axes of three- or four-fold rota- 
tional symmetry, the surfaces of constant energy in the 
vicinity of the minima are ellipsoids of rotation. 
Detailed theories of the galvanomagnetic effects in 
these two structures have been given.' These theories 
have been based on simple models of the scattering 
processes, i.e., they have used a relaxation time which 
is a function of the energy or a “‘relaxation-time tensor” 
to describe the effects of scattering. The application of 
the theories to experiment has proved quite useful in 
determining the symmetry properties of the valleys, 
and thus their location in & space, and in measuring 
the anisotropy of the conductivity tensor of an indi- 
vidual valley. 

The relaxation-time theories appear to provide an 
adequate description of the galvanomagnetic effects in 
cases where the electrons are scattered primarily by the 
lattice vibrations.! However, in germanium containing 
high densities of impurities, considerable deviations of 
the galvanomagnetic effects from the predictions of the 
relaxation-time theories have been observed.” 

Theoretical calculations’ also indicate that for some 
scattering mechanisms, in particular for scattering by 
ionized impurities, the relaxation-time approximation is 
a poor description of the scattering process. Therefore, 
in this paper we wish to consider the problem of the 
low-field magnetoconductivity of Ge and Si from a 
phenomenological point of view, which makes no 
assumptions about the scattering process. 

Since recent work has shown that the band structure 
of highly doped germanium is essentially the same as 
that of the pure material,‘ we regard the band structures 


1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954); G. L. 
Pearson and C. Herring, Physica 20, 975 (1954); M. Shibuya, 
Physica 20, 971 (1954); C. Herring and E. Vogt, Phys. Rev. 101, 
944 (1956); C. Goldberg and R. E. Davis, Phys. Rev. 102, 1254 
(1956). 

2M. Glicksman, Phys. Rev. 108, 264 (1957); C. Goldberg, 
Phys. Rev. 109, 331 (1958); C. Goldberg and W. E. Howard 
(to be published). 

3 C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

4M. Pollak (to be published); R. Bowers, Phys. Rev. 108, 683 
(1957). 
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as well established. We assume that the energy minima 
are located on either a [111] (Ge) or [100] (Si) axis in 
k space, and that the valleys have rotational symmetry 
about the axes on which they are located. The phe- 
nomenological coefficients which describe the low-field 
magnetoconductivity of a single valley will be intro- 
duced. The phenomenological magnetoconductivity con- 
stants of a cubic crystal, which have been given by 
Seitz,® will then be expressed in terms of the single- 
valley coefficients. 


II. MAGNETOCONDUCTIVITY TENSOR OF A 
SINGLE VALLEY 


The coefficients which describe the dependence of 
the conductivity tensor on terms of second order in the 
magnetic field (the low-field magnetoconductivity coeffi- 
cients) form a fourth-rank tensor. We will display 
these tensors as 6X6 matrices, in which the subscripts 
have the significance 1=«x, 2=yy, 3=22, 4= 2, 5=2x, 
6=xy. The magnetoconductivity tensor, Q, relates the 
change in conductivity due to the magnetic field, Ao, 
to the magnetic field dyadic BB by the equations 


Ao p= Dog 2pq( BB), (1) 


Now we place on Q the conditions that it have an 
axis of rotational symmetry and a plane of reflection 
through this axis. The most general tensor which 
satisfies these conditions is, in a coordinate system in 
which the z axis is the axis of rotation, 


Qy; Q; 0 0 
)Qie Q:; O 0 
_ [Qa Q; 0 
a QO Qa 

0 0 
0 0 


g=1, --:, 6. 


Q 


0 


| 0 Qy;—-Qye 


Ill. COMPLETE MAGNETOCONDUCTIVITY 
TENSORS OF Ge AND Si 


In this section the total magnetoconductivity tensors 
of the band structures being considered will be calcu- 
lated by adding the Q’s for all of the valleys in the 
band. The total magnetoconductivity tensor will be 
designated by I’, and must have cubic symmetry. This 


5 F. Seitz, Phys. Rev. 79, 372 (1950). 
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symmetry requires that it have the form 


Tn Tre Te O 0 
Ts Tu Tx 0 0 
Ts Te Tu 0 0 
10 0 O Tu 0 
‘ie 0 © @ Ta 
Co a a 


r= 


Seitz® has presented this result in a different form, and 
the relation between his. notation and the present one 
is given in the Appendix. 

The aim of the present calculation is to express the 
components of I, Eq. (3), in terms of the components 
of Q, Eq. (2). The sum of the Q’s over all valleys is 
most conveniently computed by transforming the Q’s 
from the form (2) to the cubic crystallographic axes. 


The transformations are straightforward, but the de- ; 


tails differ for Ge and Si. We consider first Ge and 


then Si. 


A. Germanium 


When the Q of (2) is transformed so that a [111] 
axis is the axis of rotation, and the transformed tensors 
are added over all the [111] axes, it is found that the 
relation between the components of I and those of Q is 


ry= ees dis +31) +33 ], (4) 
Ty2=$N(Qu+ 3Q19+ 2 (Q13 +031) +03; s— 2044], (5) 

bh 44> 9 LN [5Qu— 3Q12 "ae 2(Qi3 +231) + 2033 + +2044 |, (6) 
where N is the number of minima. 

The tensor , which is the quantity measured in the 
magnetoconductivity experiments, contains only three 
independent coefficients, whereas Q contains six con- 
stants. Thus Q is not completely determined by the 
low-field magnetoresistance data, but three linear com- 
binations of the 2,, can be found. Instead of the com- 
binations given by (4)-(6), we wish to consider later 
the combinations 


Pye tT g4= 3 (2011 +933), (7) 
Pu tl i2—Paa= FN (Q12+ 2134251), (8) 
Pui —Pie—Tag= (2/9) N (2244-21 — 233+ 213+Q31). (9) 


B. Silicon 


For silicon, the results corresponding to (4), (5), 


and (6) are 

DP yy’ = 3.N (20114933), 

Pye! =$N (Que +013 +231), 
NV (2M 44 4+211—-Qy2). 


(10) 
(11) 
My’ =3 (12) 
The combinations (10) and (11) are analogous to (7) 
and (8). We form also the combination 


i/— l,)’— Ty’= = 4N (244-241 — 33 +213+031). (13) 


FIViDyY 


IN n-TYPE Ge AND Si 


IV. DISCUSSION 


The significance of the expression (202:,+Q33) in (7) 
and (10) is that it ts the sum of the longitudinal nator 
conductance coefficients along the principal axes of a valley. 
It is well known that in the relaxation-time approxi- 
mation these coefficients vanish. In fact, the vanishing 
of (7) or of (10) is often used as a criterion for testing 
whether the energy minima are located on the [111] or 
[100] axis, respectively, and is sometimes called a 
“symmetry condition.” We see here that these criteria 
are not valid in general, but depend on assumptions 
about the scattering process. From our point of view, 
which regards the band structures as established, the 
nonvanishing of (7) for Ge or (10) for Si implies that at 
least one of hie" safe: valley longitudinal magneto- 
conductance coefficients, 21; and Q33, is different from 
zero. 

The combination (2044—Q1,;—Q233+213+231) in (9) 
and (13) is a measure of the anisotropy of a valley. 
It vanishes if Q is isotropic, and contains a factor 
(2—K—K™~') in the relaxation-time approximation, 
where K is the ratio of transverse to longitudinal 
effective mass. There is no unique measure of the 
anisotropy of a tensor such as (2), so that (9) and (13) 
are only rough indications of the anisotropy, and it is . 
possible that the values of the 2,, will be such that (9) 
and (13) will be small even for highly anisotropic 
valleys. The vanishing of the combination of I’,,’s, 
(Ti1—T'i2—T'a4), is, of course, the condition that the 
tensor I be isotropic. 

The combination (Q)2+2:3;+23:) which appears in 
(8) and (11) isa sum of transverse magnetoconduftivity 
coefficients. It can be different from zero even if the 
valleys are isotropic and the relaxation-time assumption 
is valid. 


APPENDIX. RELATION TO THE NOTATION OF SEITZ 


In our notation the phenomenological form for the 
low-field magnetoresistance of a cubic tie is given 
by Eq. (1) with Q replaced by I, Eq. (3). The notation 
introduced by Seitz,° in which the cacneienina is 
described by constants 8, y, and 4, is customarily used. 
Seitz writes, instead of (1) 


Ao=8B*1+7BB+6M, (Al) 


where M is a second-rank tensor: 


IBZ, O 01 
M=|0 B, 0 
|O O B 


(A2) 


The relation between the constants of (Al) and the 
ee 
B=T pp, 
y=T4s, 


6=Py—-Te—-T 4. 


(A3) 
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Phonon-Drag Thermomagnetic Effects in n-Type Germanium. 
I. General Survey 


C. Herrinc, T. H. GEBALLE, AND J. E. KuUNZLER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received March 3, 1958) 


In a magnetic field H and a thermal! gradient V7, a conductor 
develops a Nernst field —BHXVT and its thermoelectric power 
Q depends on H. These two effects have been measured for a 
number of single-crystal six-armed samples of high-purity n-type 
germanium, with various orientations, at fields up to 18 000 
gauss and at a number of temperatures from the liquid-hydrogen 
range to the onset of intrinsic conduction; the most detailed meas- 
urements were made near liquid air temperature. Both the Nernst 
coefficient B and the quantity AQ=Q(H)—Q(0) are compounded 
additively out of terms arising from diffusion of the electrons and 
terms arising from their anisotropic scattering by the phonons 
moving from hot to cold. The latter “phonon-drag” terms are 
strongly predominant at low temperatures. They give rise to a 
positive contribution B, to the low-field B which outweighs the 
negative electron-diffusion contribution for 7<175°K, and which 
can be expressed in terms of Hall mobility u4 and phonon-drag 


1. INTRODUCTION 


U' was discovered a few years ago’ that the thermo- 
electric powers of semiconductors are often enor- 
mously augmented at low temperatures by what has 
come to be known as the phonon-drag effect, a pushing 
of the charge carriers from hot to cold by the asym- 
metrical distribution of phonon motions which the 
thermal gradient produces. The effect is proportional 
to the strength of the electron-phonon coupling and to 
the relaxation time for randomization of the motions 
of the long-wavelength phonons with which the carriers 
interact. It therefore provides an opportunity to learn 
things about electron-phonon interactions which are 
not revealed by the study of purely electrical transport, 
and to get information on phonon-phonon interactions 
in a region of the vibrational spectrum different from 
that which determines the thermal] conductivity. 
Although study of the Seebeck effect has already 
yielded useful insight into these topics,’* one would 
like to get more detailed and quantitative information. 
In this present paper and its sequel® we shall show that 
such information can be obtained from measurements of 
the transverse emf in a magnetic field and a thermal 
gradient, and of the change of thermoelectric power in 
a magnetic field. The many orientations and field 
strengths which one can use for such measurements 
provide a great wealth of data. These data satisfy 
fairly accurately not only the relations required by the 


1H. P. R. Frederikse, Phys. Rev. 91, 491 (1953) ; 92, 248 (1953). 

2 T. H. Geballe, Phys. Rev. 92, 857 (1953); T. H. Geballe and 
G. W. Hull, Phys. Rev. 84, 1134 (1954). 

3 A review of experiment and theory on phonon-drag effects has 
been given by C. Herring, in Halbleiterprobleme, edited by W. 
Schottky, (Friedrich Vieweg und Sohn, Braunschweig, 1958), 
Vol. 4. 

4C. Herring, Phys. Rev. 96, 1163 (1954). 

5 Herring, Geballe, and Kunzler (to be published). 
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thermoelectric power Q, by B,={p|Qp|ua/c with ¢,~0.25 over 
most of the range. Theoretically and experimentally, BH — 0 as 
H— «. As expected, AQ(H) resembles the magnetoresistance 
both in its anisotropy and in its variation with H. All the results 
are understandable theoretically in terms of a model which 
assigns to each ellipsoidal energy shell in crystal-momentum 
space an anisotropic phonon-drag Peltier tensor with principal 
components II,;; in the high-mass direction, I,, in the low-mass 
direction. The data show that I1,1/Il,,.>1 but < the mass- 
relaxation-time anisotropy my*ri/mi*r;,~17. The effective 
average of II,;; and IT,, increases slightly with decreasing energy 
of the shell, as it should if the relaxation times of the phonons 
vary with wave number g at a rate between g™! and g™*. A more 
quantitative analysis is possible and will be given in a forthcoming 
paper. 


macroscopic symmetry of the crystal, but also several 
further identities predicted by a transport theory based 
on approximations previously used for conduction and 
galvanomagnetic effects.* In addition, one can obtain, 
usually by several independent means, values of a 
number of constants relating to the anisotropy of 
electron-phonon interactions’ and the magnitudes and 
frequency dependences of the relaxation times of the 
phonons. Leaving for future publications the task of 
comparing these results in detail with the predictions 
of deformation-potential theory and lattice-vibration 
theory, we shall be content, here and in our forthcoming 
paper,’ to report observations, develop the relevant 
phenomenological and transport theory, and make a 
few comments on the general reasonableness of the 
values obtained for the atomistic parameters. 

The most interesting of the conclusions to be drawn 
from the data will be that the phonons depart ap- 
preciably from the “ideal” behavior predicted for 
phonon-phonon collisions in the limit of low frequencies. 
This departure has already been foreshadowed*:* by 
the results of experiments*** on the effect of the 
diameter of the specimen on the thermal conductivity 
and thermoelectric power of germanium at tempera- 
tures up to that of liquid air. 

A few words are in order regarding the relationship 
of the present study to other thermomagnetic measure- 
ments in the literature, and our reasons for choosing, 
as the first object for our detailed study, n-type ger- 
manium of high purity and the range of temperatures 


6 C. Herring and k. Vogt, Phys. Rev. 101, 944 (1956). 

7C. Herring, Phys. Rev. 95, 954 (1954). 

8 T. H. Geballe and C. Herring (to be published). 

®°T. H. Geballe and G. W. Hull, Conférence de Physique des 
Basses Temperatures (Union Internationale de Physique Pure et 
Appliquée—Institut International du Froid, 1956), p. 460. 
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near that of liquid air. The emf transverse to H and to 
VT, when these vectors are not parallel, is variously 
known as the “Nernst” or the “transverse Nernst- 
Ettingshausen”’ field; we shall use the shorter term. 
The modification AQ which a magnetic field produces 
in the thermoelectric power has been termed the 
“longitudinal Nernst-Ettingshausen effect’? or the 
‘‘magneto-Seebeck effect’’; we shall call it simply the 
“AO effect.” Most previous experimental studies” of 
these effects in semiconductors have been at tempera- 
tures above the range where phonon drag is important ; 
the interesting effects which theory!” associates with 
the competition of electrons and holes in intrinsic 
conduction have received more attention. We have 
reported** preliminary measurements of the Nernst 
effect for n- and p-type germanium in the region (10° 
175°K) where phonon-drag effects are predominant, 
and of the AQ effect for n-type germanium. Steele'* has 
also reported measurements of the latter quantity at 
78°K. More recently, Mochan, Obraztsov, and 
Krylova’® have published independent measurements 
of the Nernst effect in p-type germanium down to 
liquid air temperature which strikingly resemble ours. 
Most of the theoretical literature'®'’ has dealt only 
with the electron-diffusion mechanism of thermal emf’s, 
but recently the probable importance of phonon drag 
has been pointed out,” and elementary discussions of it 
have been given.’'!* Except for reference 3, all treat- 
ments have assumed an isotropic band structure. 

From this perspective it is clear that the next step 
is a careful quantitative study of phonon-drag thermo- 
magnetic effects. Since these depend on everything that 
affects the conduction process and on other details of 


10 Some of the more recent of these are: Fukuroi, Tanuma, and 
Tobisawa, Sci. Repts. Research Inst. Tohoku Univ. A2, 233 (1950) 
(Te); I. V. Mochan, J. Tech. Phys. (U.S.S.R.) 25, 1003 (1955) 
(Te); E. H. Putley, Proc. Phys. Soc. (London) B68, 35 (1955) 
(PbSe, PbTe); T. V. Krylova and I. V. Mochan, J. Tech. Phys. 
(U.S.S.R.) 25, 2119 (1955) (Ge); R. I. Bashirov and I. M. 
Tsidil’kovski, J. Tech. Phys. (U.S.S.R.) 26, 2195 (1956) (Ge); 
I. M. Tsidil’kovski, J. Tech. Phys. (U.S.S.R.) 27, 12 (1957) 
(HgSe), 27, 1744 (1957) (HgTe). 

4V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 73, 1257 
(1948); R. G. Chambers, Proc. Phys. Soc. (London) A65, 903 
(1952); Yu. N. Obraztsov, J. Tech. Phys. (U.S.S.R.) 25, 995 
(1955); E. H. Putley, Proc. Phys. Soc. (London) B68, 35 (1955). 

2P. J. Price, Phys. Rev. 102, 1245 (1956). 

13C, Herring and T. H. Geballe, Bull. Am. Phys. Soc. Ser. IT, 
1, 117 (1956). 

4M. C. Steele, Bull. Am. Phys. Soc. Ser. II, 1, 225 (1956). 

18 Mochan, Obraztsov, and Krylova, J. Tech. Phys. (U.S.S.R.) 
27, 242 (1957). 

16 Nernst effect in extrinsic material: M. Bronstein, Physik. Z. 
Sowjetunion 2, 28 (1932); B. I. Davydov and I. M. Smushkevich, 
Progr. Phys. Sci. (U.S.S.R.) 24, 21 (1940); R. W. Wright, Proc. 
Phys. Soc. (London) A64, 984 (1951); K. B. Tolpygo, Proc. Inst. 
Physics, Ukrainian S.S.R. 3, 52 (1952); O. Madelung, Z. 
Naturforsch. 9a, 667 (1954); F. G. Bass and I. M. Tsidil’kovski, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 672 (1956) [translation : 
Soviet Phys. JETP 4, 565 (1957) ]; see also references 11 and 12. 

17 Theory of AQ: M. Rodot, Compt. rend. 243, 129 (1956); see 
also the papers of Tolpygo and of Bass and Tsidil’kovski, refer- 
ence 16. 

18V. L. Gurevich and Yu. N. Obraztsov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 390 (1957) [translation: Soviet Phys. JETP 
5, 307 (1957) ]. 
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electron-phonon and phonon-phonon interactions be- 
sides, the proper place to begin the decipherment is 
with a material for which as much as possible is known 
about the scattering laws and transport statistics of 
the electronic carriers. For n-type germanium both 
transport theory®!".° and deformation-potential theory® 
are well-advanced and successful. We have therefore 
concentrated on this material, in the temperature range 
low enough for phonon drag to be of major importance, 
but high enough for impurity scattering in the best 
specimens to be slight. 

The full analysis of the thermomagnetic data to be 
presented naturally requires rather detailed theoretical 
derivations and the: experimental and_ theoretical 
tracking down of many side issues. To avoid obscuring 
the main features of the phenomena by the mass of 
detail, we have selected to present in this first paper 
the basic ideas of the theory, the central experimental 
results, and, accepting these at face value, the quali- 
tative conclusions which can be drawn with little or 
no mathematics. These conclusions are enumerated and 
italicized in Sec. 4. In a subsequent paper detailed 
formulas for the various effects will be derived and 
fitted to the data, with allowance, when necessary, for 
various minor perturbing influences. 


2. BASIC THEORETICAL CONCEPTS 


Definitions and Consequences of 
Crystal Symmetry 


In a conducting medium in isothermal equilibrium, 
the Fermi level or electrochemical potential er of the 
electrons is everywhere constant. If the temperature 
T varies with position, thermoelectric emf’s will be set 
up; if the medium is homogeneous and VT is constant 
these can be compensated, at least to the first order 
in V7, by a suitable electrostatic field.2! We can there- 
fore define a thermoelectric-power tensor Q by 


Vier/e)=Q-VT_ when the current 3=0. (1) 


For a medium of cubic symmetry, Q is a multiple of the 
unit tensor in the absence of a magnetic field, but in 
the presence of such a field H it becomes anisotropic. 
In particular, it acquires an antisymmetric part, which 
gives rise to an emf normal to V7 and to H. The 
Nernst coefficient B is usually defined by writing the 
transverse field Ey (for j=0) in the form 


Ey=— BHXVT. (2) 


(This definition gives the so-called “isothermal” Nernst 
coefficient, whereas most experimental arrangements 


9B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954); M. 
Shibuya, Phys. Rev. 95, 1385 (1954). 

” C. Herring, Bell System Tech. J. 32, 237 (1955). 

*1 Tt can be shown that in an anisotropic medium a temperature 
distribution with nonconstant yT in general leads to circulating 
currents which cannot be annulled by an electric field satisfying 
Vv XE=0. See, for example, C. Herring, Phys. Rev. 59, 889 (1941). 
However, such situations are of no concern to us here. 
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measure the “adiabatic” coefficient. For high-purity 
semiconductors, where lattice thermal conduction far 
outweighs electronic, the difference between the two 
types of coefficient is completely negligible.) In the 
low-field limit, the B of a cubic crystal is isotropic, and 
in general, if V7 is in the x direction, H in the z 
direction, 

BH=—(Q,:z. (3) 


Care is sometimes needed in using relations like (3), 
in that the symmetry properties of the Q tensor are not 
the same as those of the conductivity or resistivity 
tensor ; for example, calculations® show that —Qy:~Qzy 
when the z direction is along a twofold symmetry axis. 
This difference, which is discussed in Appendix A, 
originates from the fact that whereas the conductivity 
tensor o(H) is related to o(—H) both by crystal 
symmetry and by the Onsager relations, only the former 
relates Q(H) and Q(—H), since the Onsager relations 
connect Q with the Peltier tensor rather than with 
itself [see Eq. (5) below ]. However, the requirements 
of crystal symmetry alone, as worked out in Appendix 
A, suffice to restrict Q., and Q,, to be odd functions 
of H, and Q.., Qy,, and Q.2 to be even functions, 
whenever the z direction (||H) and the x direction are 
along symmetry axes of a crystal with hoiohedral cubic 
symmetry. This case includes all the experimental 
arrangements we have used. 

When the field H is small, the thermoelectric power 
in the a direction varies quadratically with H, in a way 
which for a cubic crystal is describable by three pa- 
rameters gs, g-, ga analogous to the three magneto- 
resistance constants,” or to the elastic constants: 


AQaa=Qaa(H)—Qaa(0)=grH?+9-(H-u)? 
+ga_ AH? (u,P+H}(uy@)P+H? (us)? ], (4) 


where u™ is the unit vector in the a direction, and the 
x, y, 3 axes are the cube-edge directions in the crystal. 


Kelvin Relation 


Whatever may be the atomic mechanisms responsible 
for the thermoelectric and thermomagnetic effects, they 
must always, according to irreversible thermody- 
namics,” satisfy the generalized Kelvin relation 


Qsa(H) =T.s(—H)/T, (5) 


where II is the generalized Peltier tensor defined in 
terms of the heat flux F in an isothermal conduction 
process. If j is the current density and F is understood 
as the energy flux when the zero of energy for each 
electron is at the electrochemical potential er, the 
defining equation is 


F=n-j, (vT=0). (6) 


2 F. Seitz, Phys. Rev. 79, 376 (1950); G. L. Pearson and H. 
Suhl, Phys. Rev. 83, 768 (1951). 
% Fieschi, de Groot, and Mazur, Physica 20, 67 (1954). 
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As was pointed out long ago by Wagner,™ the 
Kelvin relation (5) often greatly simplifies the con- 
struction of an atomistic theory of thermoelectric 
effects, since II can be calculated from the solution of 
an isothermal transport equation, while the direct 
calculation of Q requires simultaneous consideration of 
electrical and thermal gradients. This advantage is 
conspicuous in the case of phonon-drag effects** and 
in this paper we shall calculate the Nernst and AQ 
effects by calculating the antisymmetrical and sym- 
metrical parts of II and using (5). With this approach, 
the Nernst coefficient measures the heat flux normal to 
j and H, and its ratio to the thermoelectric power 
measures the difference between the Hall angle of the 
heat flux and that of the electric current.” 

The utility of computing Q from MI should not 
prevent us, of course, from thinking at each stage about 
what happens physically in a thermal gradient, and we 
shall point this out qualitatively from time to time. 
Both the Q and II problems can be valuable aids to 
physical insight. 

All the equations we have written are based on the 
assumption that relations such as (1) and (6) are point 
relations, i.e., that the thermoelectric potential gradient 
at a point depends on the thermal gradient at the same 
point. This can fail if VT is inhomogeneous”! or if the 
medium is inhomogeneous, or if the dimensions of the 
specimen are comparable with the mean free paths of 
the phonons whose drag contributes to Q. In such cases 
a Kelvin relation still holds if it is formulated in terms 
of the voltages and heat fluxes at specific electrodes, 
rather than in terms of Q’s and Il’s of a medium; 
however, its form is less convenient for treating things 
like the Nernst effect.* This difficulty need not concern 
us here, as the quantitative correlation of theory and 
experiment in the present paper will be restricted to a 
temperature range high enough for the mean free paths 
of the phonons to be very short compared with the 
diameters of the specimens. 


Electron-Group Concept 


We must now turn to atomistic theory. In all kinds 
of conduction processes, it is a great help to our insight 
to be able to say, for some given set of driving fields, 
“the high-energy electrons do this, the low-energy 
electrons do that,” or “electrons of the first valley do 
this, electrons of the second valley do that,” etc. 
Fortunately, transport processes in a multivalley 
semiconductor like n-type germanium can be described 
to a rather high degree of accuracy by a mathematical 
approximation which corresponds exactly to this 
instinctive way of thinking. This is what we shall call 
the “electron-group approximation.” Consider the 
group g of states lying in a particular energy range e to 
e+de in a particular valley i, i.e., in the neighborhood 
of the ith one of the four distinct band-edge points of 


* C. Wagner, Z. physik. Chem. B22, 195 (1933). 
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the Brillouin zone. Let j, be the contribution which the 
carriers in this group of states make to the current 
density. For most ordinary conditions each such j, is, 
to a good approximation, determined by the applied 
fields and the scattering law for group g, independently 
of the behavior of other such groups.* Conduction and 
galvanomagnetic problems can therefore be solved by 
the simple prescription: first, determine the j,’s in the 
given fields; second, add up to get j=)o, Jy. As the 
distribution function over any one of these energy-shell 
groups is to a good approximation determined by its 
j, alone, we can solve other transport problems (e.g., 
the determination of the Peltier tensor) by evaluating 
other sums of the form }-, f(j,) 

This convenient way of solving transport problems 
can be applied not only to multivalley semiconductors, 
but also, though perhaps with less accuracy, to the 
calculation of effects arising from the interplay of 
electrons and holes, of light and heavy holes, etc. Its 
validity depends on the fulfillment of two assumptions: 
(i) that it be possible to divide the possible states of 
the carriers into a number of groups g, in such a way 
that the distribution function for the states in group 
g is always very nearly the same for a given value of the 
current j, due to this group, regardless of what com- 
bination of electric and magnetic fields or thermal 
gradients has been used to produce this current; and 
(ii), that each j, be determined by the applied fields in 
a manner independent of the j,’’s of other groups g’. 
For the energy-shell groups described in the preceding 
paragraph, (i) is satisfied to the extent that the dis- 
tribution function over each shell can be approximated 
by a linear function of the three components of crystal 
momentum, since to this approximation the number of 
degrees of freedom of the possible distributions (three) 
does not exceed the number of components of jy. The 
criterion (ii) is satisfied if all the scattering processes 
are one-carrier processes which either lead to final states 
in the same shell or else randomize the velocity.*” In our 
forthcoming paper® we shall give a rough quantitative 
analysis of the adequacy of the approximations for 
n-type germanium; the conclusions are quite favorable. 

If we adopt the electron-group picture just outlined, 
the heat flux in an isothermal conduction process is 
just the sum of the contributions of all the groups of 
carriers, and the contribution of each group g is a linear 
function of the components of the current contribution 
from that group. Thus 


M(H)-j=>, M1, -j,, (7) 


where the partial Peltier coefficients II, are independent 
of the magnetic field. With 9 the total resistivity tensor 
and o, the partial conductivity tensor of group g (both 
will have antisymmetric parts in a magnetic field), we 
have therefore 


m(H)=>°, 1,-0,(H)-o(H). (8) 
Here the dependence of #, on H is determined by the 
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transport equation for group g, and of course 


o= (Lees). 

When the groups g are ellipsoidal shells of states in 
crystal-momentum space, the tensor II, must by 
symmetry be diagonal in the principal-axis system of 
the valley i to which g belongs. When the valley has an 
axis of three- or four-fold symmetry, as is the case for 
n-type germanium and n-type silicon, I, has only two 
principal components, II\;(€) along this axis and II,(e) 
normal to it; these depend on the energy of the shell 
forming group g, but are independent of the valley 2, 
of external fields, and of impurity scattering. The whole 
theoretical problem of these papers will therefore be to 
relate the observed thermoelectric and thermomagnetic 
phenomena to the two functions II);(e) and Iy(e), and 
to relate these in turn to deformation potentials and the 
laws of phonon-phonon scattering. 


Separation of Electron-Diffusion and 
Phonon-Drag Terms 


Since the heat flux can be divided unambiguously into 
energy carried by the electronic carriers and energy 
carried by the phonon system, it follows that IT);, Tu, 
and all quantities derived from them (Q, B, etc.) can 
be divided into electronic and phonon-drag parts. At 
the low carrier concentrations we are concerned with 
in this paper, these two parts can be computed inde- 
pendently of each other, in the sense that the modi- 
fication of the phonon distribution by the motion of the 
carriers is so slight that the scattering law for the 
carriers remains practically the same as if the phonons 
were in equilibrium. At high carrier concentrations the 
motion of the carriers modifies the phonon distribution 
more seriously; the “saturation effect’ reduces the 
phonon-drag part of the thermoelectric power, and will 
modify the thermomagnetic effects correspondingly. 
However, we can still distinguish the parts of II\,, M,, 
etc., due to electronic and phonon fluxes, even though 
the electronic part is now modified by the phonon-drag 
phenomenon. (Because impurity scattering is usually 
important at high enough carrier concentrations to pro- 
duce saturation, the latter modification is usually rather 
slight. 3,25, 26) 

We shall therefore write, using the subecripte e for 
electronic and p for phonon-drag, 


N=O.+H,, Wy=Wej+Mp, Mi=Wat+ pi, 
Q.=1./T, Q,=H, T, (9) 


B=B,+B,, etc. 
Here 
(10) 


II); = a= — (e’—er)/e, 


where ¢’ is the energy of negative electrons in the shell 
and er is the Fermi level. For the phonon-drag part, 


25B. Goodman, 
(unpublished). 
26 J. E. Parrott, Proc. Phys. Soc. (London) B67, 587 (1954). 


thesis, University of Pennsylvania, 1954 
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however, II,); and II,; may be very different, and one 
can argue that the anisotropy of II,, will, except under 
extreme circumstances, resemble that of the effective- 
mass tensor m*. For currents j\;, j, in the different 
principal directions of a valley involve crystal momenta 
proportional to m)\*j\;, m.*j:, respectively. They 
therefore feed crystal momenta into the phonon system 
at rates proportional to mj\*j\\/7\;, mu*ji/71, respec- 
tively, where 7), 7, are the relaxation times,® for 
acoustic scattering, for currents in the two directions. 
If the phonons involved in the two cases have com- 
parable relaxation times, as will usually be the case, 
this means that II,),/II,, will be of the order of 
m)\*7,/m,*7)). 


Low-Field Nernst Coefficient 


As we have remarked in our discussion of the Kelvin 
relation above, the ratio of the low-field Nernst coeff- 
cient B to the thermoelectric power Q measures the 
difference between the Hall angles of the heat flux F 
and the current j in a weak magnetic field. Different 
carrier groups give different contributions F,, j,, to F 
and j, respectively, and one can say crudely that B will 
be positive if larger-than-average II,’s correlate with 
larger-than-average Hall angles among the j,’s, negative 
if the reverse. In Appendix B we give a precise ex- 
pression for B (or B, or B,) in the form of a correlation 
between departures of the tensor II,’s from their mean 
and departures of the Hall currents from their mean; 
a slightly different derivation has been given in refer- 
ence 3, Eq. (46). Here, however, we shall merely show 
schematically how this principle works out for B, and 
B,. 

Consider first the electronic part B,. We use (10), 
noting however that for nondegenerate statistics the 
major part of (10) involves the distance of the band 
edge from the Fermi level, a quantity which is the same 
for all groups g. Now any scalar term of this sort in II, 
contributes to the heat flux F=}_, I1,-j, a term parallel 
to the total current j, hence nothing to the part of F 
perpendicular to j, to which B is related by (3) and (5). 
So for the calculation of B, we can replace the er in 
(10) by the band-edge energy or any other arbitrary 
constant. Let us choose the band-edge energy ¢» for 
simplicity, and set, for each electron group g, 


AIl.g= — (e— €») e, AF .,=F .o+j(es—€r) /e. (11) 


For pure acoustic scattering we then have the situation 
shown in Fig. 1(a), which is schematized to show only 
two groups, high-energy electrons (1) and low-energy 
ones (2). The latter have the larger Hall angle, but the 
former have the larger contribution to — AF,. Therefore 
the Hall angle of the heat flow is less than that of the 
current, and F., or AF,, has a negative component 
perpendicular to j. This corresponds to the negative 
B, which is known to occur for this case.!® If sufficient 
impurity scattering is present to make the low-energy 
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electrons have smaller Hall angles than the high-energy 
ones, B, becomes > 0. 

The phonon-drag part B, of B differs from the elec- 
tronic in that the II,,’s may be quite anisotropic, in 
contrast to (10), ie., I[p1I],:. Therefore two effects 
contribute to By, namely, the variation of the I,’s 
with energy, and the interplay of the anisotropy of the 
II,9’s with that of the partial conductivities o,. More- 
over, both effects apply to all of I1,, whereas the major 
contribution to II, for nondegenerate material, namely, 
the difference (e€r—e,)/e, was the same for all groups 
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Fic. 1. Schematic behavior of the contributions of two carrier 
groups to the current density j (small-headed arrows) and to the 
heat flux F (large-headed arrows). For negative carriers F and j 
have opposite signs, but the angles are the same for either sign. 
The sign of a contribution B, or B, to the Nernst coefficient is 
determined in each case by the sign of the difference 0r—6; of the 
Hall angles. Case (a) depicts the AF, vectors, defined by Eq. (11), 
for carriers of two different energy ranges, and shows how the 
sign of B, depends on whether low- or high-energy carriers have 
the longer relaxation time. Cases (b) and (c) show how the sign 
of B, is influenced by the variation of II,, with energy and by its 
anisotropy, respectively. The arbitrary scale of the F vectors 
relative to the j vectors has been chosen in the way that seemed 
most convenient for each case. 
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TABLE I. Guides to the behavior of the Nernst coefficient and of the change of thermoelectric power with magnetic field. It is assumed 
that mji*r1/my*7\,>1. In the top half of the table the entries not in square brackets apply in the neighborhood of what we believe to 


be the normal situation for pure n-type Ge. 


Thermomagnetic quantity 


(all >0 in the standard situation) 


Effect of : 
Increasing I )i;/I ps 
Increasing II,(low ¢)/II,(high e€) 
when 71;,1(low €)>[< Jr. (high e) 
Decreasing 71,1 (low €)/ri, 1 (high e) 
when II,(low «)>[< JI,(high e 


decreases 


Special value for any H, if: 
IT ,11=I1p1 and indep. of « 


Hpu,1=Ami,1* Tia, A indep. of € 


T1,4 indep. of € 


hence did not contribute to B,. Thus, whereas | B,| is 
of the order of wy/c times k/e, where uy is the Hall 
mobility, |B,| may be expected to be of the order of 
un/c times |Q,|, and hence should become >| B, 
when |Q,| has grown to only a fraction of |Q,|. 

The energy effect for B, is illustrated in Fig. 1(b), 
which would be representative of B, in a semiconductor 
with isotropic effective mass. For such a case, B, will 
be > 0 if electron groups with large Hall angles (slow 
electrons, for acoustic scattering) have larger-than- 
average II,,’s; this will occur if the relaxation time of 
the phonons increases sufficiently rapidly with de- 
creasing wave number, since the average wave number 
for phonons which scatter slow electrons is smaller than 
for those which scatter fast ones. The anisotropy con- 
tribution is illustrated in Fig. 1(c) for a model for which 
the principal axes of the valleys are along the coordinate 
directions and for which m,,*>m,*. Let E be in the x 
direction, H in the < direction. Since for each valley /, 
jz «1/m,*™, the major contribution to it wiJl come 
from those valleys for which the x direction is a’small- 
mass direction, i.e., |. On the other hand, j,‘) «1 
(mz*'m,*) receives equal contributions from valleys 
for which x is L and y |, and those with x ||, y 1. Now 
suppose that |II,,,>/II,,| and that both are inde- 
pendent of energy, so that each valley can be treated 
as a unit. Then F,./j,: will be determined more by 
IT,. and less by II,;; than Fy,/ j»,. This means that the 
Hall angle of F, will be greater than that of j, so that 
B,>0. This is the type of anisotropy we expect for 
silicon. Germanium should behave similarly; the 
oblique orientations of its valleys do not really modify 
the conclusions. If for any such model I1,,, and II,1 
are equal (and independent of energy), the F, and j 
vectors of each valley will be parallel, their ratio being 
the same for all valleys; the total F,, will be parallel to 
the total j, and B, will vanish. A negative B, will 
result, finally, if for m),*>m,* we have |ITp1|<|I,u |. 

The conclusions we have reached are summarized 
in the columns B,, B, of the upper part of Table 1; 
they are given quantitative expression by formulas of 


Bp 


AlQ. 


increases increases 


increases [decreases ] decreases [increases ] 


decreases [increases ] decreases decreases [increases ] 


0 


Q,(0) |= x )—R(H | 


Cc R(O) 


our forthcoming paper.® It should be noted through- 
out that for similar band structures and scattering 
laws the sign of B is the same for electrons as for holes, 
since both the Hall angles and the Peltier coefficients 
of the carrier groups reverse sign with change of sign 
of the carriers. 


Vanishing of BH as H— =< 


As the magnetic field H becomes infinite, the Hall 
angle of every group of carriers must approach 7/2. 
If the partial conductivities and Peltier coefficients of 
the different groups were isotropic, the current con- 
tributions j, and the heat-flux contributions F, would 
all approach the direction of EXH, and so the com- 
ponent of F normal to j would go to zero, i.e., BH — 0. 
When the groups are anisotropic the different F,’s do 
not all approach the same direction; however, one can 
show, even without using the electron-group approxi- 
mation, that the total F approaches parallelism to 7. 
Swanson*’ has shown, in fact, that for given total 
current j the distribution function of the carriers must 
always approach a definite limiting form as H— ~, 
whatever the band structure or the scattering law, 
provided only that the use of a transport equation in 
crystal-momentum space remains valid. This limiting 
distribution function is the same for —H as for H. 
Consequently for given j the heat flux F will approach 
a definite limit F,, the same for H as —H. Therefore 
if the Nernst voltage BH is defined as that part of the 
transverse voltage which is odd in H, a definition 
agreeing with (2) and (3) for all the orientations we 
shall use, we must have BH — 0 as H > ~. The plot 
of Nernst voltage against H must thus rise linearly at 
small H, pass through a maximum, and fall off to a zero 
asymptote. Figure 9 in Sec. 4 shows that this is indeed 
the case. 

This conclusion does not need to hold when the 
effects of quantization of the electronic orbits in the 
magnetic field become important. Whereas transport 


27 J. A. Swanson, Phys. Rev. 99, 1799 (1955). 
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theory in a continuous crystal-momentum space 
predicts a saturation of the magnetoresistance at high 
fields, calculations for the case where the spacing of 
the cyclotron levels is >&T have shown a continuing 
change of resistance with H. For acoustic scattering, 
for example, the resistance parallel to H is proportional 
to H,** and that perpendicular to H is roughly 
proportional” to H®. Thus in the transverse case the 
angle of j to E does not in general approach 7/2 as 
H — o. Since this angle will have different values for 
carriers belonging, say, to different valleys, and since 
the Peltier coefficients of the different valleys will also 
differ, there is no reason why the angle between the 
heat flux F and the current j should go to zero. However, 
this angle will normally attain very small values, of the 
order of a fraction of the minimum value of the ratio 
p/RH of the resistivity in the current direction to the 
Hall resistivity. In the temperature range of interest 
to us here, the above reasoning means that as H — « 
the minimum value of BH should be less than a percent 
or so of its maximum value. 


Change of Thermoelectric Power with H 


This effect can be broken down into the changes 
AQ., AQ», in the electronic and phonon-drag terms, 
respectively. The symmetry arguments given in Ap- 
pendix A show that, for all the orientations we shall 
consider, each of these is an even function of H. More- 


over, each must approach a finite saturation value as 
H— ~, as long as the transport equation remains 
valid, because for a given current the distribution 
function of the carriers approaches a limiting form; 
this makes the Peltier heat approach a limiting value. 

The value of |AQ,| cannot become greater than k/e 
times a factor of order unity, since the magnetic field 
can only affect the transport term in Q,, the position of 
the Fermi level remaining essentially unchanged as long 
as kT >> the cyclotron spacing, as we shall assume here. 
On the other hand, AQ, can become of the same order 
as (, itself. To see this, we note that II, is proportional 


28 P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956). 

2 J. Appel, Z. Naturforsch. lla, 892 (1956). 

% An ingenious approach to the problem of transverse magneto- 
resistance in high fields has recently been elaborated by M. I. 
Klinger, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1055 (1956) 
(translation: Soviet Phys. JETP 4, 831 (1957)]; M. I. Klinger 
and P. I. Voronyuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 77 
(1957) [translation: Soviet Phys. JETP 6, 59 (1958)]. The 
analysis given in the latter paper really applies, however, only 
when the ratio of the cyclotron hw, spacing to kT greatly exceeds 
the square of the ratio 6/c of the mean electronic velocity to the 
speed of sound. Under these conditions (millions of gauss for 
germanium at hydrogen temperatures) the magnetoresistance can 
again saturate. When hw.>>kT but «kT (6/c)*, a simple homology 
argument based on the ideas of Klinger and Voronyuk shows that 
the acoustic-scattering magnetoresistance goes almost as H?. 

Note added in proof.—Since this was written, an alternative 
approach to the problem of transverse magnetoresistance has 
been given by P. N. Argyres, Phys. Rev. 109, 1115 (1958), and 
P. A. Wolff (unpublished). This approach predicts a high-field 
resistivity proportional to H for acoustic scattering, rather than 
H?. The remarks in the text apply for either behavior, the im- 
portant feature being that the Hall angle does not go to 7/2. 
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to the rate at which crystal momentum is fed to the 
phonon system from the charge carriers, and to the 
mean relaxation time of the phonons.‘ For pure acoustic 
scattering the rate of transfer of crystal momentum, 
for given current, is proportional to the force which the 
external fields have to exert on the carriers to maintain 
this current. The longitudinal part of this force is due 
to the electric field only, the magnetic field making no 
contribution. The electric field required for a given 
current is proportional to the resistivity. We know that 
a large magnetic field can sometimes increase the 
resistivity several fold. A comparable increase in Q, is 
thus to be expected, except in the unlikely event that 
the change in the mean relaxation time of the phonons, 
due to the altered distribution of their wave numbers, 
happens to be such as to compensate it. 

In our forthcoming paper we shall derive expressions 
for AQ, and AQ, in terms of the functions IT,,(€), II, (e) 
of the electron-group picture, for both small and large 
magnetic fields. The effects can be described quali- 
tatively as follows, for the case of nondegenerate 
statistics and acoustic scattering : 

For H=0, the current is carried more by the slow 
electrons than by the fast ones, since the relaxation 
time 7 increases with decreasing energy. As H— ~, 
the distribution of current over the energy groups 
approaches that which would obtain at H=0 if + were 
independent of energy. Therefore AQ,., which depends 
only on the variation of the current contributions with 
the energies of the groups, will approach a value equal 
to the difference between the Q, values for 7= constant 
and 7 « €~4. Specifically, Q., which is + or — depending 
on the sign of the carriers, will increase in absolute value, 
as H > «~, by k/2e=43 uv/deg. 

The value of AQ, is affected both by the just- 
mentioned change in the relative current contributions 
of groups of different energy, and by the change in the 
directions of the currents of the different groups. For 
acoustic scattering the former effect gives a positive 
contribution to A|Q,| if Ipu(e) and II,(e) increase 
with increasing energy, and a negative one if they 
decrease. As for the directions of the current contri- 
butions j,, these tend to prefer low-mass directions in 
each valley when H=0. If H is normal to the total 
current j, the projection of each j, normal to H must 
as H — ~ approach parallelism to EXH, hence to j. 
(Because of the inertial anisotropy, the j,’s will in 
general have components along H of the same order 
as the normal components; these cancel out on sum- 
ming on g.) If H is parallel to j, each j, approaches 
parallelism to H, hence again to j. In either case, 
therefore, as H increases the Peltier heat is determined 
more by II, and less by Ii,; if I1p:;>>II,:, as we have 
argued above is to be expected, a positive contribution 
to A|Q,| will result. 

The same type of reasoning enables us to predict 
the qualitative effects of impurity and other kinds of 
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scattering. Ionized-impurity scattering increases |Q,| 
at H=0, but does not affect the limit of 0, as H—> ~ ; 
thus it decreases A|Q,|, and can even reverse its sign. 
The energy effect on AQ, is similar; normally a little 
impurity scattering will make the energy effect less 
pronounced, and a lot of impurity scattering will 
reverse it. The anisotropy contribution to AQ, (nor- 
mally the dominant one) will also be altered by impurity 
scattering, since it is known that impurity scattering 
alters the anisotropy of the relaxation time.”! 

The last columns of the top part of Table I sum- 
marize the conclusions we have reached. 


A Special Case 


There is a simple theorem, included of course in the 
detailed results to be published later,’ which provides 
a rough quantitative guide for the interpretation of the 
data. One can show’ that in the electron-group approxi- 
mation each energy-shell group is describable by a 
relaxation-time tensor +, with components 7), 71, and 
that the magnetoresistance and other static-field 
transport properties depend only on the tensor m*<7!, 
If for each such group the partial Peltier tensor II,, 
were proportional to the tensor m**~', with a factor 
independent of energy, then the sum }°, II,,:j, would 
be proportional to the total force exerted by the ex- 
ternal fields on the carriers. In line with what has been 
said above, this means that 4Q,/Q, would be exactly 
equal to the relative resistance change Ap/po, for 
arbitrary value of the magnetic field H. 

To compute the Nernst coefficient for this special 
case we merely need, by (3), (5), and the above, to 
compute the total transverse force exerted on the 
carriers by the magnetic field and the Hall field. The 
ratio of HB,(H) to Q,(0) is just the ratio of this total 
force to the longitudinal force exerted by the electric 
field at H=0, and an easy calculation gives 


B,(H)= |Q,(0) 


un(O)f R( ~)—R(H) 
: |: | (12) 
R(0) 


C 


where R(H) is the Hall constant, uw, the Hall mobility. 
This equation holds at any H. When H is in a symmetry 
direction, R is independent of the direction of the 
current normal to H, so the B, of (12) also has circular 
symmetry about H. For more general models this 
symmetry is not present when H is large and along a 
twofold axis, as is shown by Appendix A and by the 
calculations of our forthcoming paper.° 

The bottom half of Table I summarizes the results 
just derived, together with those for other special cases 
considered earlier. 

The present result is quite distinct from that of 
Gurevich and Obraztsov,'* who showed that for the 
simple model with isotropic effective mass the assump- 


31 F. S. Ham, Phys. Rev. 100, 1251 (1955); M. Glicksman, Phys. 
Rev. 108, 264 (1957); C. Goldberg, Phys. Rev. 109, 331 (1958). 
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tion II,,«7 leads to B,(H)«Ap/po’, Q,(H)« R(#). 
Our result is more useful for » germanium than theirs 
because the anisotropy of II,, is more important than 
its variation with energy. 


Q Approach 


So far our-discussion of thermomagnetic effects has 
been entirely in terms of what may be called the II 
approach, i.e., calculating MI and using (5). This is 
usually simpler than the direct calculation of Q; how- 
ever, a few words about the physical processes in a 
thermal gradient will be helpful to round out the 
intuitive appeal of the theory. 

In the absence of electric and magnetic fields, a 
thermal gradient will produce a current j, in each group 
of states. By the basic assumption of the electron-group 
picture the distribution function within group g will be 
nearly the same as if the identical current j, were 
produced isothermally by an electric field. Thus as far 
as group g is concerned, any VT is equivalent in its 
effect to some electric field E,, and we may define a 
partial thermoelectric power tensor Q, for the group by 


E,=—Q,-VT. (13) 


In the presence of electric and magnetic fields the effects 
of these and VT on the distribution function are addi- 
tive. to the first order, so that j,’s in any situation are 
determined by a transport equation of the usual type 
Eq. (13) or (15) of reference 6—but with E replaced 
by E+E,. The quantities Q, are related to the I,’s 
used earlier in this section by the analog of (5); since 
they are independent of H, we have simply 


QOgas=Vo8a= Lhges ie ( 14) 


For zero total current the thermoelectric E balances 
E, on the average, but for some groups g the difference 
E—E, will point one way, for others a different way. 
Thus in a thermal gradient there will be counter 
currents. If the different groups have different ratios 
of Hall conductivity to longitundinal conductivity, 
application of a magnetic field will require a transverse 
electric field to keep the total current zero. Thus all 
our conclusions on the Nernst effect can be understood 
from this viewpoint; it is an amusing exercise to verify 
the other results of this section in a similar way. 


3. EXPERIMENTAL PROCEDURE 
Objectives 


The theoretical considerations just presented make 
it clear that the objectives for this first detailed study 
of thermomagnetic effects in n-type germanium should 
be to check the applicability of the electron-group 
picture and the theory of the electron-diffusion con- 
tributions B,, AQ,, and then to obtain as much in- 
formation as possible on the values and energy de- 


pendences of the phonon-drag Peltier coefficients 
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TABLE II. Characteristics of samples used. 


Orientation 
(vT,Au) 


[110] 


Cut from 
crystal No. 


576, 576A VIII-532 
577 VITI-532 
591 IV-194 
594 ZL815B18 
595 ZLO98B 11 
596 [V-194 
601 VITI-532 
603 Z-138A 
604 Z-138A 
606 VIII-129 


Sample No. 


II ,u(€), Ipi(¢) of the different energy shells. Since we 
did not wish to rely on any existing theory of impurity 
scattering, we decided to make the measurements both 
on the purest specimens obtainable and on specimens 
of slightly lesser purity, in the hope of being able to 
extrapolate the results to the limit of zero impurity 
scattering. As was mentioned in the introduction, the 
main measurements were planned for a temperature 
high enough for impurity scattering to be slight, but 
low enough to allow a sizable phonon-drag effect; the 
region around 90°K was chosen. To check on the 
electron-diffusion contributions, some measurements 
were taken up to the temperature of intrinsic conduc- 
tion; and, to check on boundary-scattering of phonons 
and orbital quantization, a few measurements were 
made down to hydrogen temperatures. All quantities 
were investigated in a number of orientations and at 
high and low magnetic fields, since the high-field results 
depend more on the behavior of the II,’s of high-energy 
shells, while the low-field results depend on those of 
low-energy shells. The interpretation of the results 
depends on the mobility and scattering laws of the 
electrons, and since there can be variations of as much 
as 10% in the mobility of high-purity germanium, 
arrangements were made to take complete Hall and 


CURRENT 


Fic. 2. Six-armed sample showing dimensions and lead wires. 
The transverse voltages were normally read across VN,’ and the 
longitudinal across $,S2. S;’ and S2’ were used with S; and S: for 
checking homogeneity. 


(Hi) 


[001 } Sb 10 
(not simple) 


Majority 
impurity 


if known Np X107%, in cm™ Na X107%, in cm= 


Sb 10 
As 180 
1.6 
0.3+Na4 
As 180 
Sb 26 
2.0 
2.0 
1.0 


magnetoresistance data for each sample. In most cases 
this was done in the thermal gradient along with the 
thermomagnetic data. This means that the low and 
high magnetic field behavior of the following six proper- 
ties was investigated: Hall effect, R; Nernst effect, B; 
transverse AQ and magnetoresistance Ap; and longi- 
tudinal AQ and Ap. To obtain a clear picture of the 
variation of these quantities with temperature and 
orientation and of their reproducibility and dependence 
on purity, the measurements were made at selected 
temperatures from 14°K to the intrinsic 
conduction. 


onset of 


Samples 


The shape and dimensions of the six-armed ger- 
manium samples are shown in Fig. 2. They were 
prepared from high-purity single-crystal germanium 
by the methods introduced by Pearson and Bond and 
described previously.” A complete list of the samples 
and their electrical and thermomagnetic properties is 
given in our forthcoming paper’; their orientations, and 
impurity contents determined from analysis of low- 
temperature Hall data, are given in Table II. The 
samples were oriented to within one degree using 
optical methods, and, in some cases to within a few 
minutes using an x-ray goniometer modified for that 
purpose by W. L. Bond. Eight electrical contacts that 
were of reasonably low resistance and ohmic in char- 
acter were made to the sample extremities, as indicated 
in Fig. 2, by alloying 0.008-cm diameter gold wires 
containing 0.01% antimony. The sample surfaces were 
sand-blasted with 600-mesh silicon carbide powder. In 
some cases a “‘superoxol”’ etch was subsequently used 
to investigate surface effects. 


Apparatus 


During the course of this investigation two different 
types of experimental apparatus were used. Some of 
the results were obtained in the more general-purpose 
thermoelectric apparatus shown in Fig. 3, but most 
were obtained in the special-purpose apparatus shown 
in Figs. 4 and 5. The general-purpose apparatus was 


% P, P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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used initially. When it became apparent that both 
high-field and longitudinal results were important to 
our program, the special-purpose apparatus was 
developed. In this section we shall briefly mention 
some features of each which could not be shown clearly 
in the figures. 

The encapsulated germanium resistance thermome- 
ters shown in Fig. 3 have been previously described. 
These thermometers, along with copper-constantan 
thermocouples were brought into thermal contact with 
the arms S,S»2 (Fig. 2) by means of the liquid gallium 
wells. These wells were soldered over the electrical 
contact on the arm and so arranged that the thermome- 
ters slid into them as the sample was inserted into the 
radiation shield. This convenient method of assembly 
meant that the thermometers did not have to be 
removed from the apparatus or disconnected electrically 
while changing samples. This apparatus was useful 
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Fic. 3. General purpose apparatus used initially and for 


obtaining the data of Table IT. 


33 Kunzler, Geballe, and Hull, Rev. Sci. Instr. 28, 96 (1957). 
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Fic. 4. Specialized apparatus for investigations in longitudinal 
as well as transverse low and high magnetic fields. 

continuous temperature range below room 
temperature with a wide choice of temperature gradient 
along the sample. The thermal path to the bath through 
the radiation shield and reflux chamber could be made 
to vary widely in resistance by controlling the amount 
of Ne, He, or He used as refluxing liquid. The Dewar 
and an electromagnet capable of producing transverse 
magnetic fields up to 5000 gauss outside the sample 
chamber are not shown. 

The second, more specialized apparatus is shown in 
Figs. 4 and 5. The Dewar was centered in a 4.4-cm gap 
between the pole pieces of the magnet, allowing fields 
of 18 000 gauss to be reached in both transverse and 
longitudinal positions. The radial tolerances were close; 
the 1.5-cm long samples could be fitted inside the 1.9- 
cm diameter holder which in turn just cleared the lower 
brass section of the inner wall of the three-walled 
Dewar. The construction of this Dewar will be described 
elsewhere.** Desired temperatures were reached by 
using either liquid Oo, Ne, He, He or a vacuum in the 
Dewar and either N2 or CO, in the cup at the top of 
the Dewar. Furthermore the heat input to the sample 
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4 J. E. Kunzler (to be published). 
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Fic. 5. Enlargment of sample chamber, Fig. 4, showing details 
of sample mounting and lead wires. 


could be widely varied and thus the sample could be 
kept close to bath temperature or heated considerably 
above. 

The samples were mounted as indicated in Fig. 5 by 
soldering the heater to one end and the copper link to 
the other. (The rather intricate shape of the copper 
link gives the option—not used in this investigation 
of putting the axis of the sample in the vertical position 
without resoldering.) The copper link was placed in 
thermal contact with the bath by means of a spring- 
loaded screw. In order to minimize radiation corrections 
at the higher temperatures and to operate without a 
permanent vacuum line, the inside of the container was 
filled with Al,O; powder of ~3X10-° cm average 
particle size before soldering on the cover. This served 
to give good thermal isolation of the sample except 
through the copper link. The container was pumped 
out to ~10-* mm, checked with a helium leak detector, 
and sealed off with the high-vacuum valve at the top 
of the apparatus (Fig. 4). 


Measurements 


In this section we shall describe briefly how the 
measurements were made. Since only those measure- 
ments involving average temperature and temperature 
gradient differed significantly in the two types of 
apparatus, only those will be described separately. In 
the general-purpose apparatus, Fig. 3, average tem- 
perature and temperature gradient were determined 
by using calibrated encapsulated germanium thermome- 
ters below 25°K and copper-constantan thermocouples 
above. 

The sample itself was used for measuring average 
temperature and temperature gradient in the special- 
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purpose apparatus primarily for the purpose of con- 
serving size. This was possible by making use of both 
the electrical resistivity-temperature and thermoelectric 
properties of the germanium sample. The resistivity is 
a rapidly-varying function of temperature with two 
extrema between 10 and 300°K.*® The temperature- 
resistance curve of each sample was determined simply 
in a separate experiment and with reasonable care the 
average sample temperature JT could be unambiguously 
determined from this curve. Temperature differences 
were found by comparing the Seebeck voltage measured 
across the arms $,S_ to the thermoelectric power Q 
calculated for T. This Q which one obtains from the 
sum of 0.+(Q, could be calculated since (, is a property 
of bulk germanium. Table III lists the best values of 
Q, at different temperatures as determined in the gen- 
eral-purpose apparatus. Q, was calculated from the 
limiting low-field Hall constant Ro by using the equation 


0.= — 198.6 [logi0(8.3X 10 *Ro) 


+3 logioT—0.43]—172, (15) 


which is valid whenever the acoustic scattering relation 
T1,1 € is obeyed*; the cyclotron masses*® m,,*=1.58m, 
m,*=(0.082m were assumed. Thus, the temperature 
difference AT between the arms S;S» was obtained by 
dividing the measured voltage Vs;s2 by the calculated 
sum Q,+(Q,. [Departures from the assumptions used 
in (15) will affect the entries in Table ITI, but will cancel 
out in the determination of AT. } 

Except for a few Nernst measurements at high tem- 
peratures with the sample slowly cooling, the measure- 
ments were made under steady-state conditions with 
no temperature drift. The Nernst coefficient, 


B=1.80V yy-/ATH volts deg“! gauss“!, —_ (16) 


TABLE III. Values of Q, for high-purity n-type germanium 
determined by subtracting Q,, Eq. (15), from the measured Q 
relative to copper (the absolute thermoelectric power of copper 
is <2 wv/deg throughout the range shown). The values are 
believed to be correct to the larger of 30 uv or 3% of Qp», plus any 
error in Eq. (15). Below 80°K there is a small dependence on 
cross-sectional dimension, and below 50°K there are variations 
from sample to sample, which may get as large as 20% or so at 
20°K, due to differences in orientation and variations in the 
amount of impurity scattering. The values quoted are for the 
cross-sectional dimensions (Fig. 2) of the samples used and for 
VT in a [100] direction. 


Op (uv/deg) Op (uv /deg) 


107 1040 
125 1450 
150 2040 
188 
248 4300 
359 
469 
590 
770 


36 See, for example, Debye and Conwell, reference 32. 
36 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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was read as a function of about twelve different values 
of H in the “normal” transverse direction from 100 to 
18 000 gauss and repeated in the same fields with H in 
the “reverse’”’ direction. Then, upon passing an electric 
current through the sample, the Hall voltage was 
determined by subtracting the previously measured 
Nernst voltage in field H from the measured Hall plus 
Nernst voltage in the same field H. In a similar manner, 
the transverse AQ and Ap effects were determined by 
reading voltages V s,s in the same twelve magnetic 
fields without and with the passage of electric current. 
The sample was then rotated 90° and the longitudinal 
AQ and Ap effects measured similarly. Electric currents 
of the order of 10-* amp were generally used in the 
saturation (20-250°K) range. A simple, convenient 
germanium Hall probe,*’ Fig. 4, was used with a 12-in. 
Varian magnet and regulated power supply to reach 
the desired fields from 0 to 18 000 gauss quickly and 
accurately. 


Experimental Sources of Error 


In this section we shall evaluate the experimental 
sources of error. Those that are subject to fairly open 
scrutiny have been minimized to the extent that they 
do not seriously limit the analysis and interpretation 
of the data. However, it is possible for more subtle 
errors to creep into the experiment, and for this reason 
we have tried to cross check our results. 

The known sources of error in the experimental 
parameters, namely, the average sample temperature, 
the temperature gradient, and the electric and magnetic 
fields, are relatively straightforward. The average 
sample temperature is not required with any great 
absolute accuracy; however, the estimate from the 
previously determined resistance-temperature curve 
(in which a copper-constantan thermocouple was used), 
or from resistivity calibrations at bath temperature 
should be good to +1°. Of course, since the resistivity 
measurements were made to 0.01%, the relative tem- 
peratures in any one series of measurements are known 
to ~0.01% (except near the conductivity maximum 
around 20-25°K). The temperature gradient was 
believed to be known to within +2°% near 77°K, 
increasing to +5% below 20°K and at the onset of 
intrinsic conduction, since this is the spread of the values 
of 0.+(Q, for the several samples used to determine Q, 
in Table III. As stated previously, any incorrect 
apportionment of the measured Q between Q., Eq. 
(15), and Q, will result in errors in the values of Table 
II, but will automatically compensate in the measure- 
ment of the temperature gradient. The magnetic fields 
were measured to within (10-°4+1) gauss*’; thus 
errors due to magnetic field uncertainties are negligible. 
Voltages were observed to ~ 10~* volt (somewhat better 
for low-field Nernst and AQ), noise being the limiting 
factor. Noise thus placed a lower limit on the magnitude 


37 T, H. Geballe and J. E. Kunzler (to be published). 
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of the magnetic fields that could be used; the smallest 
Hall angles that could be determined with sufficient 
precision were of the order of a few degrees. The 
method of extrapolating to zero field by plotting 
against H? gives added weight to the higher-field results 
where the errors due to noise become negligible; the 
details of the extrapolations for obtaining the limiting 
values for both high and low fields will be described 
more fully in our forthcoming paper® in connection with 
the quantitative comparison with theory. Errors due 
to dimensional uncertainties are also negligible since 
all of the six-armed samples were prepared with the aid 
of a steel die having tolerances of +0.003 cm. The 
actual location of the lead wire on the arm, far away 
from the body of the sample, varies somewhat, but of 
course is unimportant. The conclusion of this rather 
lengthy paragraph is that estimated uncertainties in 
determining the experimental parameters should cause 
errors less than +5% in the final results and that cross 
comparisons at given resistivities are considerably 
better. 

Considerable cross-checking was done to eliminate 
other more subtle errors that might otherwise be over- 
looked. All measurements in the special-purpose 
apparatus depend on the assumption that the tempera- 
ture gradient along the axis of the sample, VT is 
independent of magnetic field. This rests on strong 
theoretical grounds. The heat transport is by lattice 
conduction for which there should be no magneto- 
thermal effects (the few mobile charge carriers present 
in the high-purity material can be responsible for only 
a negligible fraction of the heat transport). Experi- 
mentally, within the limits of detection (~0.1% in a 
field of 5000 gauss) which is much coarser than the 
anticipated magnitude, this is true. However, there 
conceivably could be magnetothermal-resistive effects 
in the copper and solder thermal path between the 
sample and the bath which would cause the average 
sample temperature to change during magnetization. 
This was investigated by comparison of the Hall 
voltage measured under isothermal conditions when 
the sample and bath both were at 13.9°K, the triple 
point of hydrogen, with the Hall voltage measured in a 
gradient when the average sample temperature was at 
13.9°K and the bath was at the boiling point of helium. 
Any change in sample temperature upon magnetization 
from 0 to 18 000 gauss was less than 0.04°K. While 
similar checks could not be made at higher tempera- 
tures, where such effects would be expected to be 
smaller, because the Hall effect is no longer a sensitive 
function of temperature (saturation range), it was 
possible to compare the results obtained with different 
V7’s and bath temperatures for the same average 
sample temperature. The most stringent of such tests 
was made when the average sample temperature was 
77°K and the bath was either at the triple point of 
nitrogen, 63.1°K, or at the boiling point of hydrogen, 
20.4°K. The results for B, AQ, Ap, and R all agreed to 
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better than 3%, a value consistent with the estimated 
sources of error considered in the preceding paragraph. 

In general the sample homogeneity was good; the 
Hall constant was the same within 1% when measured 
across arms S,S;’, NiNj’, or S252’. The high-field 
magnetoresistance did not always saturate as well as 
expected and the higher purity samples exhibited a 
smal] first-order dependence on H which increased at 
low temperatures. This is assumed to be taken care of 
by the normal procedure of reversing the magnetic 
field. Unusual cases will be discussed specifically in our 
forthcoming paper® when necessary. The Nernst 
voltage occasionally failed to reverse with field in the 
purer samples at high magnetic fields. In some cases it 
is believed a small amount of surface conduction can 
be contributing to the Nernst voltage at the higher 
temperatures; this will be discussed more fully in Sec. 
4, 

End effects and side-arm effects can be important 
sources of error if an unfavorable geometry is used.**” 
However, the former are negligible for magneto- 
resistance® when the distance from the current leads 
to the potential arms is 2 twice the width of the 
specimen, as it is here; their effect on thermomagnetic 
measurements should be even less. When the magnetic 
field is parallel to the side-arms their presence can 
seriously modify the magnetoresistance by shorting the 
Hall voltage”; this effect, which should be much less 
serious for thermomagnetic effects, was avoided by 
using only magnetic fields in the horizontal plane of 
Fig. 5. Even so, some distortion of the electrical and 
thermal current lines will take place near the side-arms. 
It is easily shown that when the axes of the specimen 
are of the [100] type and H is normal to the plane of 
the specimen, all electrical and thermomagnetic quanti- 
ties are measured with no errors due to side-arms. 
This has been confirmed experimentally by measure- 
ments in a specimen with the middle side-arms removed. 
For other cases, e.g., for the [100] longitudinal mag- 
netoresistance, a small error is introduced by the 
current distortions. Half this error disappears when the 
middle side-arms are removed, and so the total error 
can be determined. This correction (at most a few %) 
has been ignored in the graphs below, but is included 
in the analysis of our forthcoming paper.° 


4. PRINCIPAL EXPERIMENTAL RESULTS 


In this section we shall present, in graphical form, 
typical samples of the data taken, and shall show that 
even without use of any more detailed theory than that 
already presented in Sec. 2, these lead to a number of 
qualitative and semiquantitative conclusions. We shall 
discuss the Nernst and the high- and low-field AQ 
results in turn. 


38 R. F. Wick, J. Appl. Phys. 25, 748 (1956). 

3 J. R. Drabble and R. Wolfe, J. Electronics 3, 259 (1957). 

4H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1136 
(1957). 
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Nernst Effect 


The values of the low-field Nernst coefficient B for 
the purer specimens seem to agree fairly well with one 
another; they are plotted against temperature in Figs. 
6 and 7. From these plots we note: 


(a) The electron-diffusion B, predominates at high T, 
the phonon-drag B, at low. The theoretical discussion 
of Sec. 2 leads us to expect B,<0O and of order (k/e) 
(un/c)—the actual value for acoustic scattering" is 
—43 uv/deg—and B,>0 and of the order of a sizable 
fraction of Q, (u/c). Since Q, varies rapidly with 
temperature we should expect B, to dominate B, at 
low T, the reverse at high 7. This expectation seems 
to be confirmed by the fact that B decreases rapidly 
with increasing 7 and becomes negative for some 
specimens above about 175°K. The lack of repro- 
ducibility from one specimen to another in the range 
175°-250° seems to indicate the presence of a com- 
peting conduction mechanism, such as dislocations or 
surface conduction. The Nernst coefficient is enor- 
mously more sensitive to such competition than are 
the results of purely electrical measurements, and to 
suppress the expected region of negative B would only 


1000 
800 


600 


N-Ge; SAMPLES 576,577 
Np = 1.0x10'4 Sb ATOMS/CC 
Na ™t.0xto!3 


400 - 


B IN 1078 voLTS 
PER DEG PER GAUSS 


QP iN 
102 uv 
PER DEG 


ze 
OF 
t 
10 20 40 60 100 200 
TEMPERATURE IN DEGREES KELVIN 


400 


Fic. 6. Typical plot (samples 576 and 577) of the low-field 
Nernst coefficient B against temperature, in the low-temperature 
range where B, is dominant. Also shown are the Hall mobility 
wu and the phonon-drag part of the thermoelectric power 
Q,=Q(meas.)—Q,(theor.). 


‘I See the literature cited in reference 17, or our forthcoming 
paper.® 
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require that about 2% of the current be carried by the 
competing mechanisms. Previous observers® have 
failed altogether to find the expected negative B’s. The 
behavior of our specimens 576, 596, 601, and 603 after 
some sort of aging process, however, encourages the 
belief that they are normal, and that specimens which 
do not go negative or go positive again before the onset 
of intrinsic conduction, such as 594, are imperfect. For 
one thing, of all our specimens, 601 is the one for which 
a negative B is most to be expected, since its high carrier 
concentration would be more likely to swamp out 
competing mechanisms than would those of the purer 
specimens, while it is not yet sufficiently highly doped 
for impurity scattering to drive B, positive. Secondly, 
the values observed for this specimen agree fairly well 
with the theoretically-expected resultant of B,, Bp, 
and the effect of intrinsic carriers, as shown by the 
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Fic. 7. Plot of the low-field Nernst coefficient B against tem- 
perature, for the high-temperature range where B, becomes 
dominant. The effect of what are presumed to be changes in 
surface conduction is manifest in the difference between the two 
sets of points for sample 603, taken about a month apart. The 
dashed curve is the behavior which would be expected (including 
the effects of intrinsic carriers) for sample 601 if B, had the value 
for ideal lattice scattering and B, were given by Eq. (17) with 
f,=0.24. 


“ Krylova and Mochan, reference 10; Steele, reference 15. 
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Fic. 8. Values of the dimensionless coefficient ¢, defined by 

Eq. (17), as computed using the acoustic-scattering value of B,. 

The vertical lines above 100°K represent the uncertainty caused 

by the estimated uncertainty of +15 wv in Q,. Specimen 591 
shows the effect of impurity scattering 


dashed curve in Fig. 7. Finally, this specimen showed a 
transverse AQ H? ratio which decreased at a reasonable 
rate with increasing temperature below the intrinsic 
range. Sample 594, for example, actually showed a 
slight increase in this ratio, a phenomenon hard to 
understand on the basis of transport in the conduction 
band only. All these anomalies deserve further 
investigation. 

(b) The ratio of B, to Q»y un/c is nearly constant. The 
interpretation of the low-temperature B as predomi- 
nantly due to phonon drag receives added confirmation 
both from the large magnitude of B and from its tem- 
perature dependence. Figure 6 shows, along with B, 
typical values of the Hall mobility wu, and of the phonon- 
drag contribution Q, to the thermoelectric power. Over 
most of the temperature range the slope of B is roughly 
equal to the sum of the slopes of uz and Q,, as it should 
be if the square bracket in the expression (B.4) of 
Appendix B for B, is insensitive to 7; this in turn is to be 
expected if the scattering mechanisms vary but little 
with 7. If we define a dimensionless coefficient ¢, by 


B,=B-—B,.={p oe MH, C, (17) 


and use for B, the theoretical value —}(k/e)(un/c) 
for pure acoustic scattering, we find the values of ¢, 
shown in Fig. 8. These are in fact nearly constant with 
temperature near liquid air temperature and above, 
and the magnitude is of the order of that expected 
theoretically; a more quantitative interpretation will 
be given in our forthcoming paper.° 

(c) Boundary scattering of the phonons modifies B, 
at the lowest temperatures. Below about 20°K the curve 
of Q, in Fig. 6 levels off, because of the transition from 
phonon-phonon to boundary scattering as the dominant 
mechanism of equilibration of the phonons. Corre- 
spondingly, the curve of B shows a lessening of slope, 
but continues to rise with decrease of 7, because ny 
continues to increase. The values of ¢, are rather 
higher in this region that at higher temperatures, a 
fact which need not be surprising since the altered 





HERRING, 


GESALLE, 


AND KUNZLER 





@ © 


| 


PER GAUSS ( 
fo] 


w 


CM? PER COULOMB (==--==—) 


TS PER DEGREE (——— =e) 


s 


Vol 


‘6 
5 


Ww 


B IN 1078 VOLTS PER DEG 
N 


BH IN 10 


Roo-RxH IN 104 


$$$ 


~\BH FOR ache | 606 
= 


fy 


ee 


+ 


00 -Ry)F OR SAMPL 





























fe en 








9 10 "! 12 13 


H IN KILOGAUSS 


Fic. 9. Comparison of the dependence of the Nernst coefficient B on magnetic field H (full curves) with that of the Hall coefficient R 


(dashed curves). For sample 606, H was along [001 


J, VT along [ 


100]; for 603, H was along [110], VT along [110]. The dot-dash 


curve shows the behavior of the product BH for 606. All data were taken at 77.4°K. 


scattering mechanism for the phonons must alter both 
the anisotropy and the energy dependence of the partial 
Peltier coefficients or thermoelectric powers of the 
different groups of carriers. A more detailed discussion 
will be given elsewhere.* 

A typical plot of the variation of Nernst coefficient 
with magnetic field is shown in Fig. 9 for two orien- 
tations. Since the discussion of Sec. 2 leading to (12) 
suggests that the curve of B, against H may be quali- 
tatively similar to the inverted curve of Hall coefficient 
R against H, the latter curve is also shown for the same 
two specimens. We note: 

(d) As H becomes very large, BH becomes very small. 
This agrees with the prediction of Sec. 2 

a The similarity of the curves for B= and 
R(«)—R(H) suggests that 11p:,>>T1,:. When H is in a 
[1 10) direction, the curve of R(x )—R(#) at first rises 
with increasing H, then falls off, while when H is in a 
[100] direction the initial rise is much weaker and the 
ultimate approach to zero is much more rapid. All these 
features are predicted by theory“ as consequences of 
the valley structure and the anisotropy of m*<~'. The 
curves of B(H) behave in just the same way, except 
that the initial rise is less pronounced for the [110] 
case and is absent for the [100] case. This behavior, 
combined with the fact that the ¢,’s of Fig. 8 are two 
or more times larger than the value of the square 
bracket in (12), suggests that the II,, have an ani- 
sotropy similar to that assumed in (12), but less marked. 


* T. H. Geballe and C. Herring (to be published). 
“W. M. Bullis and W. E. Krag, Phys. Rev. 101, 580 (1956). 


We shall see in a moment that this conclusion is more 
directly apparent in the anisotropy of AQ. 


AQ at Large Magnetic Fields 


Figures 10 and 11 are typical plots of the variation 
of AQ with H, for H, respectively, parallel and normal 
to VT; for comparison, the corresponding magneto- 
resistance curves are also shown. At liquid-air tempera- 
ture the AQ curves show a very good approach to 
saturation for the longitudinal effect and a fair approach 
The saturation of the magneto- 
can draw the 


for the transverse effect. 
resistance curves is slightly poorer. We 
following conclusions: 

(f) The high-field AQ is dominated by AQ, near liquid- 
air temperature. As shown in Sec. 2, as H— ™, the 
transverse —AQ, approaches 43 yuv/deg for acoustic 
scattering. The observed —AQ’s in Figs. 10 and 11 
range from hundreds to thousands of uv/deg, the 
largest effect being when H and V7 are both in the 
same [100] direction. 

(g) The anisotropy of AQ shows that 11,),/Mp: ts >1 
but <m)\*r,/m,*7;,. The large magnitude of AQ, and 
its great anisotropy must arise from an anisotropy of 
the partial Peltier coefficients I1,, of the energy shells 
in different valleys. For if the I,, were isotropic the 
change of Q,, or equivalently of j-}> M,,-j,/7?, with 
H, would have to be entirely due to the change of the 
distribution of current among groups of different energy 
e, combined with whatever variation of II,, with « 
might be present. This would give no anisotropy of the 
transverse AQ, at infinite field, and unless I,, increased 
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Fic. 10. Typical curves of longitudinal AQ and longitudinal magnetoresistance, for three orientations. The values indicated for infinite 
magnetic field are obtained by a parabolic extrapolation of the high-field data against H~? 


enormously with increasing energy, it could not give 
as large an effect as is observed. If, on the other hand, 


II,;;/IIp, were equal to m)\*r,/m,*7,,, and II,);, Ips 


were both proportional to e!, the theorem of Sec. 2 
says that AQ,/Q, would equal Ap/p in every orien- 
tation and magnetic field. For the longitudinal cases 
at infinite field, this equality is unchanged by any 
alteration in the energy dependence of II,),; and II,., 
as long as their ratio has the value just specified; this 
is because the distribution of the j,’s in energy is the 
same at H=0 and « when E and H are parallel.” For 
the conditions of Fig. 10, 0/0,~3, so AQp/Q»= #Ap/p; 
thus we conclude that IT,),/II,, is much greater than 1 
but appreciably less than m))*7,/m,*7\,, which latter 
quantity is about 17 for the specimens shown. For the 
transverse cases, a comparison of Fig. 11 with Fig. 10 
shows that AQ/Ap is smaller than for the longitudinal ; 
this can be correlated® with the fact to be brought out 
in item (i) below, that the energy dependence of II,,; 
and II,, differs from that assumed in the theorem of 


Sec. 2. 


AQ at Small Magnetic Fields 


Figure 12 shows the low-field limit of (c/uyH)?AQ 
for two orientations at various temperatures. In the 
electron-group approximation the values for these two 
orientations should determine the values for all other 
orientations, since according to (4) all low-field AQ’s 
are expressible in terms of the three constants g», ge, Ga 
and since for electron-group conduction in [111] 
valleys it can be shown (Appendix C) that g.=—gq., a 
relation analogous to the more familiar one®”° for 
the magnetoresistance constants 6, c, d. Figure 13 
shows, for the single temperature 94°K, how well the 
values of (¢/u#H)*AQ and of (c/unH)*(Ap/p) measured 
on different samples obey the expected symmetry 
relations. The departures from the latter, which are 
nearly the same at all the temperatures studied, are 
fairly small, and are of similar magnitude for both AQ 
and Ap. The data might have been fitted a trifle better 
with go+q.-<0, 6+c¢<0. But as the latter unequality, 
according to Appendix C, is impossible in pure material, 
we prefer to regard the discrepancies as due to de- 





HERRING, GE 


PALE, 


AND KUNZLE 












































H IN KILOGAUSS 


Fic. 11. Typical curves of transverse AQ and transverse magnetoresistance, for three orientations. The values indicated for infinite 
magnetic field are obtained by a parabolic extrapolation of the high-field data against /~°. 


partures from ideal experimental conditions, rather 
than from g,+¢-=6+c=0. 

The data of Fig. 12 confirm, at least roughly, the 
general conclusions we have already drawn from the 
Nernst and high-field data, and we shall show that 
they lead to an additional conclusion in regard to the 
energy variation of the partial Peltier coefficient of an 
energy shell. Specifically, we note: 

(h) Conclusions (f) and (g) above are reaffirmed. The 
magnitude and temperature variation of AQ/H? indi- 
cate a large contribution from AQ, near liquid-air 
temperature. Whereas (c/unH)?AQ, should be inde- 
pendent of 7, at least in the lattice-scattering range, 
the observed values of (c/u#H)?AQ increase more and 
more rapidly with decreasing 7, eventually about as 
fast as Q,. The anisotropy of AQ/H? again resembles 
that of the magnetoresistance (longitudinal [100] 
effect the highest, etc.) but is somewhat less marked. 
As before, this suggests that II,))/II,.>>1 but <m)*r, 
m,*r)). 
(i) The significant average of I1,\; and II,, decreases 
slightly with increasing electron energy. This conclusion 
can be drawn, assuming nothing more than the electron- 
group picture, from the data for H||[001], V7||[100]. 


Although we shall put the analysis into quantitative 
form in our forthcoming paper,® it will be worthwhile 
to show here how the conclusion can be obtained 
qualitatively with a minimum of equations and 
assumptions. 

Consider the empirically measurable 


AQ =AQi00 = By 00H Ry 00H (p100%) ; 


=AQio0°"'+ BH (unH/c) for low fields, n-type 


material. (18) 
Some values of this AQ divided by the square of the 
Hall angle are plotted in Fig. 14. It is easily shown 
(Appendix D) that AQ represents the change in the 
thermoelectric emf Q per unit temperature difference 
between two infinite plane-parallel electrodes normal 
to the [100] direction, i.e., in the thermoelectric power 
measured under the condition VT and E! [100], j.=0, 
jy unconstrained. We shall show that AQ depends on 
the variation of the T1,’s of the different shells with 
energy, but not, for given Q,, on their anistropy. 

The first step in the argument is to show that if by 
analogy to (13) we define Q, to be the partial thermo- 
electric power which any energy-shell group g of 
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electrons would possess under the conditions just 
stated (V7 and E/|[100], 7,,=0), then 


Q,(H)+Q,(—H) (19) 


is independent of H when H is normal to V7. The 
proof of this, although almost nonmathematical, 
involves details which might distract the reader, and 
we have therefore relegated it to Appendix D. The 
second step is to note that for [111] valleys and the 
orientation assumed, the quantity (19) is the same for 
shells of a given energy in each of the four valleys. The 
third step is to note that for four such shells in parallel, 
each of energy ¢ to e+de, the total thermoelectric power 
Q.(H) is even in H, hence equal to half of the common 
value of (19), which we have just seen to be independent 
of H. The final conclusion follows from the fact that 
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Fic. 12. Temperature variation of the low-field (¢/uH)?AQ 
for H and v7 both || [001] and for H|001), v7!/[100]. For 
comparison, the dashed curve shows the variation of Q,. If the 
wave-number dependence of the electronic and phonon scattering 
laws is the same at all temperatures, (c/un//)*AQ, should be 
constant and (c/u#H)*AQ, should be proportional to Q>. 


the Q of the entire medium is an average of the Q, with 
weights proportional to the contributions of the 
different energy ranges to the conductivity in the x 
direction. Namely, this average Q will be independent 
of H if Q. is independent of energy, and it will be un- 
affected by changes in the anisotropy of the Q, which 
do not alter the Q,. These statements hold for any H, 
large or small. 

Since for lattice scattering the application of a 
magnetic field reduces the fraction of the current which 
is carried by the low-energy electrons, we expect the 
sign of the phonon-drag part of (18) to be the same as 
(opposite to) that of Q, if |II,,,| and (II,,| increase 
(decrease) with increasing electron energy. Figure 14 
shows how the AQ of (18) varies with temperature. At 
high temperatures AQ has the same sign as ( (negative), 
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Fic. 13. Typical comparison of low-field AQ and magnetore- 
sistance data with predictions based on crystal symmetry. In the 
top iy pe the diagonally-striped bars represent the predictions 
of Eq. (4) with the ratios of g, (= —g.) and ga to (ua/c)* chosen 
equal hy 130 and 540 uv/deg, respectively; the speckled bars 
represent observed values of —(¢/ux#/H/)?AQ at 94°K measured 
on three specimens in various orientations. In the lower diagram 
is the corresponding comparison for magnetoresistance at this 
temperature, AQaa in (4) being replaced by Ap/p and gp, g-, g1 by 
b, c, d, respectively. The striped bars are drawn assuming the 
ratios of b (=—c) and d to 0.43 and 1.08, 
respectively. 


(un/C 2 to be 


as one would expect if the electron-diffusion contri- 
bution predominates. Near liquid-air temperature it is 
starting to go positive, and this shows not only that 
the phonon-drag contribution is becoming dominant, 
but that the appropriate average of II,);| and II, 

decreases with increasing electron energy. This is the. 
direction of variation which is to be expected if the 
relaxation times tpn(qg) of the phonons increase suffi- 
ciently rapidly with decreasing wave number. However, 
AQ is only starting to go positive in a temperature range 
where the phonon-drag part of most of the thermo- 
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Fic. 14. Temperature variation of the low-field AQ, Eq. (18), 
ie., of the change in thermoelectric power which would be ob- 
observed with plane-parallel electrodes normal to [100], for 
H||[001 J. 
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magnetic quantities is greatly predominant over the 
electronic part. One can conclude that the dependence 
of II,,; and IT,, on energy is rather slight, i.e., slower 
than the first-power dependence of II,, in something 
like the ratio of k/e to 0, at the temperature where AQ 
goes through zero. This ratio is of the order of 0.1. Our 
present qualitative conclusion is confirmed and refined 
by the detailed analysis of the following paper. 


Significance of the Results 


Beyond the general confirmation of the theory and 
the verification of the expected importance of phonon- 
drag effects, our principal conclusions are that IT,);/Tp: 
is of the order of, but less than, the ratio m))*7,/m,*7)), 
which is known to be about 17 near liquid-air tempera- 
ture,>*! and that the significant average of II,); and 
II,, decreases slowly with increasing energy. Let us 
consider the latter conclusion first. 

The interest of the energy variation of II,,, and II,, 
is of course in what it tells us about the phonon-phonon 
scattering. It is not hard to show that if the relaxation 
time 7pn(q) of a mode of wave number q were of the 
form g"X (function of direction), then for ideal lattice 
scattering we would have II,)),,« «'+!". For the heat 
flux in the low-frequency phonon system is proportional 
to the crystal momentum in this system,** hence to 
the product of an average 7), with the rate of loss of 
crystal momentum by the electrons to the phonons. 
The contribution to the heat flux from an energy-shell 
group g of energy e is thus, for any given orientation, 


ev ga [2(e) F*-m*-jorpn (9) x eb *j,, (20) 


since the effective phonon wave number @« e!, while 
Tle) X€ s 

Now it has been shown’ that if three-phonon col- 
lisions are the dominant source of relaxation, then in 
the limit g > 0 


Tpn(q) < g~ for longitudinal modes 


(21) 


q' for transverse modes 
«gq! for transverse mod 


provided the dispersion of the longitudinal modes is 
normal, i.e., highest group velocity at long wavelengths. 
If the g’s of the modes which scatter the electrons are 
smal] enough to make (21) a good approximation but 
not so small that four-phonon, relaxation, or other 
effects dominate the scattering, then II,, should be 
dominated by longitudinal modes, and should go as 
et. The observed behavior is not consistent with as 
rapid a variation as this, and indicates either that the 
relaxation times of the transverse modes are at least 
as long as those of the longitudinal ones, or that for 
some reason the longitudinal modes do not approximate 
the “ideal” behavior (21) very well. The same con- 
clusion has been reached from an analysis of the tem- 
perature variation of (, combined with the temperature 
variation of the effects of specimen diameter on Q, 
and on the thermal conductivity*:*; the present analysis 


GEBALLE,, 


AND KUNZLER 

is cleaner in that it is based on data taken at a single 
temperature. In our forthcoming paper® we shall 
separate out the energy variations of II,,, and II, 
and in later publications we shall correlate these with 
the deformation-potential theory of electron-phonon 
interaction. 

Now let us consider the anisotropy of I,,. When we 
introduced II,, in Sec. 2, we showed that if 7), were 
the same for all modes, II,),/TI,: would equal m))*r,/ 
m,*r\,. According to deformation-potential theory® for 
n-type germanium 7; is principally determined by 
longitudinal modes of large g, 7, by transverse modes 
of small g. Thus the fact that the anisotropy of II,, is 
less than that of «'-m* may be due in part to the 
increase of 7p, with decreasing g, in part to the difference 
between the 7),’s of the longitudinal and transverse 
branches, and in part to anisotropy of the 7,,’s within 
any one branch. In the sequel® and later papers we 
shall try to disentangle these factors. 
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APPENDIX A. CONSEQUENCES OF 
CRYSTAL SYMMETRY 


Let H be along a 2-, 3-, or 4-fold symmetry axis. If 
this axis is chosen as the x direction, then the axial 
symmetry alone requires the thermoelectric-power 
tensor to have the form 


Ou Qn 0 
—QOy Qu 0 
a2 * 


On Or O 
Qn Qs 0 
0 0 Oss 


If now there is present a reflection plane through the 
symmetry axis, then Qi, Q22, and Q33; must be even 
functions of H, Q12 and Q»; odd functions, provided 
that, in the twofold case, the x or y direction is taken 
normal to the reflection plane. All the experiments 
reported in the present pair of papers have H in such 
symmetry directions, so (A.1) and (A.2) will always 
apply. It is worth noting that, in the expression (A.2), 
Qi is in general different from —(Q2:, though to the 
first order in H it is not.*® This behavior differs from 
that of the conductivity tensor, for which the Onsager 
relations require the part odd in H to be antisymmetric. 
It leads to the interesting prediction that when H and 


(A.1) 


(3- or 4-fold axis), 


(2-fold axis). 


4 This lack of symmetry has been noticed before: J. Meixner, 
Ann. Physik 40, 165 (1941); M. Kohler, Ann. Physik 40, 601 
(1941). 
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VT are not in symmetry directions the thermoelectric 
power measured along V7 should be slightly different 
for H and —H.** 

The relations just derived, combined with (1) and 
(2), show that if H is along a 3- or 4-fold symmetry 
axis, or for any direction of V7 in a cubic crystal if 
H is infinitesimal, 


Osa= B ; H bya, 


where the a@ direction is along VT and 6,3a=+1 if 
78a is an even (odd) permutation of 123, zero otherwise. 
Except in the limit H — 0, B depends on the magnitude 
and direction of H; B is an even function of H, whenever 
H is along a 3- or 4-fold axis, or if V7_LH is in a sym- 
metry direction when H is along a 2-fold axis. These 
cases cover all the arrangements used in the present 
experiments. For more general orientations one must 
(just as for the Hall coefficient) either modify the 
definition (3) or allow B to contain odd powers of H. 


(A.3) 


APPENDIX B. THE LOW-FIELD NERNST COEFFICIENT 

The low-field Nernst coefficient is related, by (3) 
and (5), to the part of II that is antisymmetric and of 
the first order in H. By (8) the first-order part of II is 


WO => 0 W,: (eo, -0+e,- 9) 
=> ,(1,—M)- (¢,-9+e,-o0), (B.1) 


since the sum on g of the second factor is zero by the 
definition of @ (any constant could have been used in 
place of II). Now for cubic material 


Pas? = —R poe bear y, (B.2) 


where R is the Hall constant. For extrinsic material we 
can set R/p =Fyun/c, where wy is the Hall mobility 
and the upper sign is for ” type, the lower for p. If we 
choose the z direction along H and define the tensor 
Q by 2,,= —2,.=1, other components=0, we have 


Izy Il, o,'? 
pate anf (™-){ 
H go \IT@ Ho 


o,°:-QuH 
a2 ——)]. (B3) 
ry 


go C 
Since 1% = |Q | T 
material, 


KH Il, oy) 
B=|90|—15(—-1).(—**__ 
clo \TT© F (un /c)o 
a, -Q 
~—)| . (B.4) 
zy 


‘6 This difference seems actually to have been observed: E. 
Griineisen and J. Gielessen, Ann. Physik 27, 243 (1936) (Bi); 
E. Griineisen and H. D. Erfling, Ann. Physik 36, 357 (1939) (Be). 


we have finally, for extrinsic 
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This equation is essentially the same as Eq. (46) of 
reference 3. It has the form of a correlation between 
fluctuations of the Tf, about II 1 and fluctuations of 
the o,“” about the reference values * (uyH/c)o,-Q. 
The expression applies to B, or B, as well as to the total 
B, if O®, M,, I are given the appropriate subscript. 
Note that the vanishing of the sum of the second factor 
in (B.4) is the definition of 4, and the vanishing of the 
sum of the first factor times ¢,\° is the definition of II. 
Therefore either the —1 in the first factor of the sum 
or the o,°°-Q/o in the second factor (but not both) 
may be omitted without changing the value of (B.4). 


APPENDIX C. SYMMETRY RELATIONS AMONG 4q, 
qc) Gaz, OR AMONG THE MAGNETORESISTANCE 
CONSTANTS 


We have introduced, in (4), three constants q», 9, Ga 
which describe the low-field AQ in a cubic crystal. The 
familiar magnetoresistance constants” 6, c, and d are 
defined by an equation of identical form for Apaa/p. It 
is well known®".”° that b, c, and d satisfy a symmetry 
relation derivable from the valley structure. Here we 
shall show that, to the accuracy of the electron-group 
approximation using energy shells, the g’s have a like 
symmetry, 


b+c=0, gstq-=0 for [111] valleys, (C.1) 


b+c+d=0, gotge+qa=0 for [100] valleys, (C.2 


and that regardless of the validity of this approximation 


b+c>0 for [111] valleys, (C.3) 


b+c+d>0 for [100] valleys, (C.4) 


for sufficiently pure material. The relation (C.4) is 
well known, as it expresses the non-negativity of the 
longitudinal [100] magnetoresistance; (C.3) does not 
seem to have been pointed out before. No such general 
inequalities hold for the q’s. 

The assumption basic to all parts of our argument 
is that in isothermal conduction the current and heat 
flux are each a sum of contributions f-om carriers in 
the different valleys, the relation of each such con- 
tribution to the electric and magnetic field strengths 
being governed by the symmetry of the valley. This 
can fail only if the scattering of carriers in one valley 
is affected by the current in another valley, e.g., in the 
presence of electron-electron scattering or saturation® 
of the phonon-drag effect. At low carrier densities the 
assumption must always be valid. 

It will be convenient to express go, qe, 
terms of components of a fourth-rank tensor. If we 


and gq in 


write (4) in the form 


Qas” =>) 8 QasysH Hs, (C5) 


‘7 R. W. Keyes, J. Phys. Chem. Solids (to be published). 
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then for a¥8 along cube-edge directions, 

(C.6) 
(C.7) 
(C.8) 


Jo= Jaagp, 

de= 2da8as; 

Got Get a= Qaaaa- 

Note that gasys is symmetrical in the first two and in 
the last two suffixes, even though for a general finite H 


the tensor Qas(H)+(Q.3(—H) need not be symmetrical. 


Let us write for the contribution of valley 7 to the 


heat flux 
F,(H)=G,(H)-E, 
so that 


m(H}=>°,; G,(H)-o. (C.10) 


The part of this which is of the second order in H is 


WM? = (>>; G;)- 0+ (X; G,) - 9 
+(0: G)-9®. 


Here 0 can be expressed in terms of the zeroth-, first-, 
and second-order parts of the conductivity tensor 
o=) :9¢;: 


“ni Vi 


(C.11) 


9 


0? = —[e®/ (6)? ]+[e® -a/(6)3]. (C.12) 


The expression which results when (C.12) is inserted 
into (C.11) contains two terms with superscript 1’s; 
the a8 component of either of these contains 


Dp bap y5,9,H,=HaHs—H%os,  (C.13) 


and it is easy to show that these terms satisfy (C.1) 
and (C.2). The remaining two terms in II® each have 
the form of a multiple of the unit tensor times a sum 
of G;™ or ;. So we need now only prove that such 
sums satisfy (C.1) or (C.2). In doing this we need 
consider only the symmetrical part of G;, since all 
the other terms in (C.11) are symmetrical. 

We are thus led to consider the properties of the 
fourth-rank tensor Gas+s whose inner product with 
HH; gives the symmetrical part of the G, of a valley. 
For a valley whose symmetry group contains a three- 
or four-fold axis and reflection planes through the axis, 
the symmetry of G.s,s in each pair of suffixes and the 
symmetry of the coordinate directions 1 and 2 suffice 
to reduce the number of independent components to 
seven. If direction 3 is along the symmetry axis, these 
are the components (1111), (3333), (1122), (1133), 
(3311), (1212), and (1313). The symmetry with regard 
to axial rotations gives the further relation 


Guan=Geut22Gine. (C.14) 


For six [100] valleys the validity of (C.2) depends, 
according to (C.8), on the vanishing of 


[> G: Jea= 2G 3333+ 2Gi111 J. 


(C.15) 


e 
} 
“OH? 
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For four [111] valleys (C.6) and (C.7) ‘show that to 
prove (C.1) we must prove the vanishing of 


foe : 
LX: Gi? Jas, 
0H ..OH3 


a quantity for which a short calculation, using (C.14), 
gives the expression 


$(G3333+- 2G1111 }. (C.16) 


Now in the electron-group approximation the longi- 
tudinal magnetoconductivity of any energy-shell group 
vanishes along each of its principal axes, so (C.15) or 
(C.16) will vanish when oe; is substituted for G;@. 
These expressions vanish equally well for the G;° 
themselves, since the contribution of any energy shell 
g to G;® is just M,-e,, and M1, is diagonal in our 
coordinate system. Therefore (C.1) or (C.2) holds in 
this approximation. If the electron-group approximation 
is abandoned, the expression obtained from (C.15) or 
(C.16) by substituting @’s for G’s is always <0, since 
the longitudinal magnetoconductivity of a valley is 
always <0. This establishes (C.3) or (C.4). 


APPENDIX D. PROPERTIES OF THE 0 OF (18) 


For an open circuit between plane-parallel electrodes 
normal to the x direction we have, if V7 is in this 
direction and H is in the z direction, 


0= j,=or2{ E2—Qzr2(dT/dx) ]—0,0,2(dT/dx), (D1) 


O(dT /dx) = E,=[Oret (1y/022)Qy2 (dT /dx). 


) 
‘ (D.2) 
We are interested in the case where the x, y, and 2 
directions are cube-edge directions; for this case, 
— pr,/Prx and so 


Q= O00" —7 R 00°" B 100°"? Pi yr"! P 


Oxry/ Cra = 


(D.3) 


in agreement with (18). 

For any energy-shell group g, let Q, be defined as 
the ratio of E, to dT/dx which makes j,:=0 for 
E,=E,=0. Our first task is to prove that when H is 
in the z direction, i.e., normal to V7, 


0, (H)+Q,(—H) =2Q,(0). (D.4) 


We shall first prove this to the second order in H, and 
then sketch briefly how it can be proved for arbitrary 
H. Suppose E to be such that the electron group in 
question gives j,,=0 at H=0, j,, and j,: being in 
general ~0. Application of a magnetic field will subject 
this group to a Lorentz force arising from j,,. This 
will give a first-order contribution 6,j, to the current 
of the group, with, in general, components in all three 
coordinate directions. The currents 6;j,2 and 6;jg, will 
in turn have Lorentz forces exerted on them, which will 
produce a second-order current 6sj,. But it is easily 
verified that the contributions to 6.j,, arising from 
5i:jy2 and from 6;j,, just cancel, so since 6;j,2 is odd in 
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H, the total j,.(H)+j,-(—H) remains zero to at least 
the second order in H. This is easily shown to be 
equivalent to saying that Q,(H)+Q,(—H) is un- 
changed to this order. 

The result (D.4) can be proved to arbitrary order by 
subjecting all vectors to a linear transformation which 
projects the tensor ¢~'-m* into a multiple of the unit 
tensor. Let us use primes to denote transformed vectors. 
In the transformation, E and the E, of (13) behave as 
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covariant vectors, H and j, as contravariant vectors. 
The relation of j,’ to E’ and H’ becomes isotropic. 
For a fixed E’+E,’, therefore, j,’(H)+j,’/(—H) must 
by symmetry be coplanar with j,’(0) and H’. Since all 
the latter vectors transform in the same manner, 
j,(H)+j,(—H) will be coplanar with j,(0) and H. If 
E+E, is such as to make j,;(0)=0, the same E+E, 
will make j,,(H)+j,.(—H)=0. As before, this is 
easily shown to imply (D.4). 
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Precipitation of Cu in Ge. II. Supersaturation Effects 


A. G. TWEET 
General Electric Research Laboratory, Schenectady, New York 


(Received February 27, 


27, 1958) 


Studies have been made on the precipitation kinetics of Cu from supersaturated solid solution in Ge 
crystals with dislocation densities <1Q0/cm?. We found that the precipitation rates are very strongly 
dependent upon the degree of supersation. We believe this is evidence for the nucleation of the precipitate 
particles upon a single type of nucleation site, whose identity has not been established. An attempt is made to 
fit the experimental data to the simple theory of nucleation in which o, the surface tension in the phase 
boundary between precipitate and host lattice, and Z,, the structure-sensitive increase in strain energy in the 
crystal upon formation of the precipitate, are parameters. We find that the data can be fit by ¢~500+50 
ergs/cm’, and E, ~(1+1)X10~" erg/atom, assuming spherical precipitates. No other information about 
these quantities is available for comparison. An appendix gives a simplified treatment of Ham’s derivation 
of the kinetic law for diffusion-limited precipitation upon spherical precipitate particles, which relates the 
observed precipitation rate to the number of precipitate particles. Theory and experiment are in reasonable 


agreement. 


I. INTRODUCTION 


ECENTLY, the author! has studied the kinetics 
of precipitation of Cu from solid solution in Ge. 
It was found that the precipitation rate was strongly 
dependent upon the dislocation density in the, samples, 
and that it was possible to distinguish a temperature 
interval and range of dislocation densities (see Fig. 6 
for numerical values) in which the rate-limiting step 
in the precipitation is believed to be the diffusion of 
Cu atoms to dislocations. The diffusion very probably 
occurs by a dissociative mechanism, which has been 
described by Frank and Turnbull.? Another range of 
temperature and dislocation-densities was discernible 
(see Fig. 6) in which the rate-limiting step in the 
precipitation is believed to be the rate of thermal 
dissociation substitutional Cu atoms from their 
lattice sites to make vacancy-interstitial Cu atom pairs. 
However, we noted some evidence that, at a super- 
saturation ratio, 2, of greater than approximately two 
hundred, the precipitation rate (for temperatures above 
~450°C) was strongly dependent upon 2, provided the 
sample had a dislocation density less than 10*/cm? or so. 
Such behavior is indicative of nucleation of precipitates 
at sites other than dislocations. The present report is 
1A. G. Tweet, Phys. Rev. 106, 221 (1957). 
2 F. C. Frank and D. Turnbull, Phys. Rev. 104, 617 (1956). 


of 


the result of further experimental investigation of this 
phenomenon, which, to the best of the author’s knowl- 
edge, has not been as clearly evident in other systems. 


II. EXPERIMENTAL 
A. Data 


Bars ~ 0.15 cmX0.25 cmX 2 cm were cut from Ge in- 
gots (pulled from the melt in an atmosphere of 90% Na, 
and 10% He) which had etch pit densities <100/cm.? 
The Cu was diffused into the samples at various 
temperatures for times sufficiently long to bring them 
within a few percent of the solubility limit,*® if one 
assumes that the diffusion occurred entirely by the 
dissociative mechanism.?*’ The samples were then 
cooled in ~15 sec to room temperature. (An important 
point related to the initial cooling will be discussed in 
Sec. IIB below.) The samples were then ground and 
etched bright and the carrier concentration was meas- 


3 The etch pits were brought out on (111) faces with CP4. Such 
pits are generally believed to reveal all dislocations in Ge crystals. 

4C. S. Fuller et al., Phys. Rev. 93, 1182 (1954). 

5H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 

®C. S. Fuller and J. A. Ditzenberger, J. Appl. Phys. 28, 40 
(1957). 

TA. G. Tweet, General Electric Research Laboratory Report 
RL-1685 (unpublished). 
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ured at room temperature in a point-contact Hall 
coefficient apparatus at a magnetic field of 1.6 kilogauss. 

For such a small field, the carrier density, p, in p-type 
Ge cannot be found at room temperature from the usual 
expression, p= 32/8eRy, where ¢ is the electronic charge 
and Ry is the Hall coefficient. Because of the presence 
of fast holes there is a correction to the usual relation 
between Hall coefficient and carrier density® whose mag- 
nitude is dependent upon the carrier density and mag- 
netic field. This correction can be made accurate to 20% 
or so. Assuming no impurity scattering, which is a fair 
approximation in the concentration range under dis- 
cussion, the correction is nearly constant for carrier 
densities >8X10"/cm*. We used p=1.8X (37/8eRy) 
in this range for our field of 1.6 kilogauss. The maximum 
solubility of Cu which we get using this correction 
disagrees with the data of Woodbury® by 10%, which we 
take to be a measure of the inaccuracy of our correction. 

A second correction is necessary when we compute 
the number of Cu atoms in solid solution (electrically 
active) from the carrier density. Cu introduces three 
acceptor levels into the energy gap in Ge.*® The levels are 
0.04 ev and 0.32 ev from the valence band, and 0.26 ev 
from the conduction band. At room temperature, 
where all our measurements were made, the lowest level 
is always occupied. The next higher level is partially 
occupied, depending upon the dissolved Cu concentra- 
tion. For example, when the density of dissolved Cu 
atoms is 10!5/cm*, 15% of the 0.32-ev levels are filled ; 
when the Cu density is 10'*/cm*, this middle level is 
essentially vacant. The upper level is virtually empty in 
all p-type Ge, of course. 

After measurement of the Hall coefficient, the samples 
were annealed in Hy» for various lengths of time at 
temperatures from 400°C to 600°C in order to precipi- 
tate from electrically-active solution a fraction of Vo, 
the initial density of dissolved Cu atoms. The samples 
were removed from the annealing furnace, etched 
lightly, and measured from time to time during pre- 
cipitation in order to determine the time-dependence 
of the precipitation. Typical data on one such precipita- 
tion run, at 450°C, are shown in Fig. 1. The ordinate is 
the percentage of Vy remaining electrically active after 
a time of precipitation, ¢, which is plotted on the 
abscissa. The solid curve is a straight line of the form 
e ‘t-i)/t», where 7; is an initial time delay characteristic 
of most of our samples. The interpretation of 7; will be 
discussed in the appendix, where we derive an expression 
for the time-dependence of the precipitation for a spher- 
ical precipitate. The precipitation time constant, T>, 
was used to characterize the rate of precipitation. The 
object of the experiments was to determine the depend- 
ence of 7, upon 2, the supersaturation ratio of the 
solid solution, and 7, the temperature of precipitation. 

Precipitation runs were made with initial Cu den- 
sities, Vo, ranging from <4X10" to ~3X10'®/cm‘*. 


8 Willardson, Harmon, and Beer, Phys. Rev. 96, 1512 (1954). 
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Most of the precipitation was carried out at 450°C, 
500°C, and 550°C. A few runs were made at 600°C 
which, while following the general trend showed by 
the other data, were so poorly reproducible that 
they are omitted from consideration. Runs made at 
400°C showed that the generation-rate of vacancy- 
interstitial pairs apparently was the rate-limiting step 
in the precipitation process! for .Vo>6X 10'/cm’, and 
thus furnished no interesting information (see Fig. 6). 
The same is true of data taken at 450°C with 
No>1.5X 10'*/cmé. 

Plots of 7, vs No are shown in Fig. 2 for data taken 
at 400°C, 450°C, 500°C, and 550°C. Each point is the 
average 7» for at least three samples. The total spread 
was never greater than 100% of the average value. 
Henceforth, we shall disregard all the data taken at 
400°C, and at 450°C for the highest .Vo value. 

It is clear from Fig. 2 that for precipitation tempera- 
tures >450°C, there is a striking dependence of r, on 
the initial number density of Cu atoms. If we assume 
that the precipitation process is diffusion-limited, then 
tT» is a measure of .\,, the density of precipitation 
centers. That is, (D,7,)!«S, where D, is the dissoci- 
ative diffusion coefficient,’ and S is the spacing between 
precipitation centers. Hence, for polyhedral precipitates, 
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Fic. 1. Typical data for the time-dependence of the precipitation 
of Cu from electrically active solid solution in Ge. Note the time 
delay before the start of precipitation, which was done at 450°C 
with No=5.6X 10'5/cm’. N’, the saturation solubility, is 10'%/cm* 
at this temperature. r»~5X 104 sec. 
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NV,« (D,r,)~}. (Anticipating our analysis, we estimate 
that at 500°C a 7, of 10‘ sec corresponds to an .V, of 
> 10°/cm*.) 


B. Critique 


The evidence summarized in Fig. 2 indicates that the 
number of Cu precipitates is highly dependent upon 
the degree of supersaturation of the initial solid solution. 
This suggests strongly that the precipitates are forming 
at a single type of nucleation site. However, there are 
other possibilities which must be considered as well. 

1. Possibly we are dealing with a simple bimolecular 
process in which two Cu atoms collide and stick together 
forming pairs which are electrically inactive in Ge. 
Evidence against that time- 
dependence of the precipitation is not of the form to 


this is the observed 
be expected from such a picture. It also predicts a 
dependence of the rate of removal of Cu from solution 
upon supersaturation which is not observed. Further, if 
we assume that each collision would be successful in 
making a stable pair, the predicted rate of precipitation 
would be several hundred to several thousand times 
larger than the most rapid rate observed. 

2. Perhaps the real correlation is between the pre- 
cipitation rate and the temperatures at which the Cu 
was initially dissolved. That is, more structural im- 
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Fic. 2. Precipitation time constant, 7», vs initial Cu atom 
density, No, for temperatures from 400°C to 550°C. Lines connect 
data for a given temperature to facilitate reading of the graph. 
The data at 400°C and the point at Vo=2.9X 10'*/cm for 450°C 
were ignored in the theoretical interpretation because they repre- 
sent rate-limitation by a process different from that under con- 
sideration here, See text, 
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perfections and hence precipitation sites, are introduced 
when Cu is dissolved at a higher temperature. 

a. Dislocations.—The possibility that extra disloca- 
tions, produced at the higher solution temperatures, 
might be responsible, can be ruled out on two accounts. 
First, no additional etch pits are found after Cu 
solution heat treatments. Second, a cycling experiment 
can be performed. That is, it is possible to precipitate 
the Cu at, say, 500°C directly from 850°C, then re 
dissolve the Cu at 850°C and precipitate it a second 
time in stages at 700°C, 600°C and 500°C, taking care 
to keep the supersaturation <100 at all times. If this is 
done, the precipitation time constant at 500°C will then 
be at least several hundred times what it was during the 
original precipitation from a much more highly super- 
saturated solution. (This cycle also tells us that the 
original precipitation did not disturb the lattice around 
the precipitate particles enough for an appreciable 
fraction of these regions to remain permanent nucleation 
sites after the Cu is redissolved. This point is note- 
worthy in itself.) The temperature-dependence of the 
set of 7,’s gathered from the multistage precipitation 
process is consistent with the temperaiure-dependence 
of the dissociative diffusion coefficient.! 

b. Point defects —Pairs or larger aggregates of lattice 
vacancies, or similar clusters of interstitial Cu atoms, 
produced at the temperature of Cu solution and trapped 
in the crystal on cooling, could serve as nucleation sites 
for precipitates. To check this possibility, we prepared 
samples in all of which the Cu was dissolved at 850°C, 
but the Cu concentration was varied by plating the 
samples with mixtures of Sn and Cu of different com- 
positions.’ The precipitation results at 500°C were 
consistent with Fig. 2. 


C. Kinetics of Cu Transport 


Cu can reside in Ge in both interstitial and sub- 
stitutional sites.2*:*? The diffusion coefficient, D;, of 
interstitial Cu is about 10-4 cm?/sec at 715°C,’ with an 
activation energy almost certainly <0.5 ev. Substitu- 
tional Cu atoms probably have a diffusion coefficient 
which is comparable with that of other substitutional 
impurities in Ge, and hence are essentially immobile 
compared to the interstitials and to lattice vacancies. 
Mass transport of substitutional Cu proceeds by the 
dissociative mechanism of Frank and Turnbull,’ in 
which D,, the dissociative diffusion coefficient, is 
given by 


D= Dic, 


(Go+Cs), (1) 


where D, is the vacancy diffusion coefficient, and ¢,, 
c, are the fractional concentrations of vacancies and 
substitutional Cu atoms, respectively. 

According to this mechanism, in steady state there 
occurs a continual dissociation of substitutional Cu 
atoms into interstitials and vacancies with recombina- 


°C. D. Thurmond and R. A. Logan, J. Phys. Chem. 60, 591 
(1956). 
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tion going on at an equal rate. A mass-action law 
governs this steady state, 


Ci, K =Cs,  — ras '(6.'G')= a "lage (2) 
where c; is the fractional concentration of interstitial 
Cu atoms and primes refer to thermal equilibrium 
values. We have measured a at 715°C’ and found that 
a=6+2. We shall assume that a~10 in the tempera- 
ture range from 450°C to 550°C. 

Equation (2) will be satisfied provided the tempera- 
ture is high enough to maintain the various reactions. 
When a sample of Ge containing the solubility limit of 
Cu is cooled from the temperature at which the Cu was 
dissolved, and no precipitation occurs (c, remaining 
constant), c, and c; will decrease. This can occur through 
recombination or through clustering of each entity. 
Since the interstitial Cu atoms are presumably much 
more mobile than the vacancies below 600°C, say, it 
seems reasonable to assume that c; is always near 
thermal equilibrium in the temperature range of interest 
in these experiments. 


D. The Nucleation Site 


It is impossible for us to identify the nucleation site 
at this time. There seem to be three main possibilities. 


1. Perhaps the precipitates are nucleating on oxygen” 
or some other unknown, electrically inactive chemical 
impurity in the lattice. We have no experimental 
evidence on this point. 

2. It is possible that the nucleation is purely homo- 
geneous," that is, brought about by spontaneous 
fluctuations of Cu concentration in the perfect lattice 
which are sufficiently great to permit the formation and 
growth of stable nuclei of the precipitated phase. 
Homogeneous nucleation occurs without any assistance 
from localized free energy decreases associated with 
lattice defects to help stabilize the embryonic precipi- 
tates. Hence, it will be observed only in crystals where 
the density of defect sites favorable to nucleation is 
negligible.” 

3. It would appear from the experiments described 


” Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

For a review of nucleation theory and phase changes, see 
D. Turnbull, Solid State Physics (Academic Press, Inc., New York, 
1956), Vol. 3, pp. 225-306. 

2 There are many references to the homogeneous nucleation of 
phase changes in the literature," particularly as. applied to the 
gas-liquid and liquid-solid transformations. There is little refer- 
ence, however, to instances in which solid-solid transformations 
have been initiated by this mechanism. The experimental investi- 
gation of homogeneous nucleation of precipitates from solid 
solution is probably not possible in most binary systems. In 1952, 
H. Brooks a D. Turnbull, Impurities and Imperfections (Ameri- 
can Society for Metals, Cleveland, 1955), p. 121] recognized that, 
for most solid solutions in which misfit energy at the phase 
boundary is at least as large as the chemical bond energy differ 
ence, the supersaturation necessary for homogeneous nucleation to 
proceed at a sensible rate would have to be at least 100. The 
achievement of such large supersaturations would generally 
require temperatures too low for atomic mobility to be great 
enough for observation of precipitation in reasonable periods 
of time. 
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in Sec. IIB that point defects introduced into the lattice 
at the temperature of solution are not the nucleation 
centers for precipitation of the Cu. However, experi- 
ments by the author’ indicate that very pronounced 
thermal history effects can be observed during precipita- 
tion at temperatures below 425°C, in Ge samples heavily 
supersaturated with Cu. These effects may be inter- 
preted as demonstrating the formation of new centers in 
the Ge in the early stages of the annealing process. 
These centers seem to be unstable above ~ 425°C, but 
their transient presence can be detected even at 
500° (IIT). 

Accordingly, we have tried to determine whether 
thermal history effects can influence the supersaturation 
dependence of the precipitation rate of Cu in Ge. In 
Table I we list the heat treatment given to a collection 
of Ge samples. The samples which were cooled from 
850° were carefully cleaned after removal from the 
furnace at 750°C where the Cu was initially dissolved. 
The quenching bath was ethylene glycol, and we 
believe the samples did not slip during the quench 
(see III). 

Data for the precipitation of the samples in Table I 
are presented in Fig. 3. Note that approximately the 
same time scale suffices for all the samples. Thus these, 
and the results of similar experiments with different 
values of .Vo, show that the initial Cu concentration is 
by far the most important factor governing the pre- 
cipitation rate at 500°C and above. However, the data 
of Fig. 3 do not permit us to rule out completely the 
presence of unspecified aggregates which could serve as 
nucleation centers with a strong supersaturation de- 
pendence. The studies described in III lead us to be 
very cautious in our description of the state of dispersion 
of the Cu at the beginning of the precipitation anneal. 

Note further that the shapes of the precipitation 
curves for the quenched samples (curves A and C) 
differ from that for the conventionally treated samples 
(curve D), which had a somewhat different initial Cu 
concentration to facilitate comparison (see Table I). 
Such effects are much more pronounced at lower 
temperatures, and have been shown to be related to the 
formation of the metastable centers mentioned above. 
Since the presence of such centers seems to be most 
closely related to rapid quenching of the samples (IIT), 


TABLE I. Heat treatment given to some Ge samples.* 


Samples Tp Tec Te No 
5.2 10" 
(4.6-4.9) x 10% 
4.7 10% 


7.8X 10" 


730°C 750°C 
730°C 
730°C 


760°C 


850°C 


. 850°C 
D 760°C toe 


*Tp=Cu solution temperature. Tx, Tg =temperatures from which 
samples were slow-cooled or quenched, respectively, before measurement 
and precipitation at 500°C. 


3A. G. Tweet, Phys. Rev. 110, 67 (1958), following paper. 
(Henceforth to be referred to as ITI.) 
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we shall consider in the following analysis only data on 
samples which were slowly cooled from the solution 
temperature. Only in such samples do we believe that 
the kinetics of the actual precipitation can be ade- 
quately described in terms of simple diffusion-limited 
precipitation. 

Fortunately, it is not essential that we prescribe the 
exact nature of the nucleation site in order to analyze 
our data. If we assume that a single type of site is 
responsible for the nucleation, we can apply the existing 
nucleation theory" in a formal way. The physical sig- 
nificance of the parameters required to fit the theory to 
our data will then depend upon the particular model we 
choose for the nucleation site. That is, the formalism of 
nucleation theory applies equally to heterogeneous 
nucleation upon a single type of site and to homogene- 
ous nucleation,“ with different interpretations of the 
formal terms in the two cases. 


Ill. THEORY 
A. Introductory 


The elementary theory of nucleation" leads to the 
expression 
n.= No exp —Go*v?/kT(—kT Int+E£,)* ] (3) 


for 2,, the number of critical nuclei present at tempera- 
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Fic, 3. Time dependence of the precipitation of Cu at 500°C for 


samples with comparable No but different initial heat treatment. 
(See Table I for detailed description.) 


4 See reference 11, Eqs. (9.7) and (9.25). 
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ture 7 in a solution at supersaturation ratio Y= No/N’, 
where V’ is the solubility limit density of the dissolved 
species and .\y is the initial number density of dissolved 
atoms. E, is the increase in volume strain energy/atom 
upon formation of the precipitate, and o is the surface 
tension between the precipitate and matrix. These 
quantities are assumed to be independent of precipitate 
orientation and size, which is a very questionable as- 
sumption." G is a geometry factor, v is the volume/atom 
of precipitate, and k is Boltzmann’s constant. G= 1627/3 
for a spherical nucleus, which we shall assume for want 
of better information. 

The term critical nucleus refers to a steady state 
situation in which a set of aggregates {2,} of solute 
atoms exists, where 7; means that there are n aggregates 
containing i atoms. If 7 is small, surface energy will 
make the individual aggregates tend to dissolve, but 
their number density is maintained constant on this 
model by the formation of new aggregates due to super- 
saturation effects. If 7 is larger than some number, 7*, 
usually thought to be <150, the aggregate will, upon 
the addition of one more atom, become stable and grow. 
Such aggregates are called critical nuclei. For purposes 
of calculation, the model assumes that all precipitates 
which have commenced to grow irrevocably are re- 
moved from the system and new atoms are injected to 
maintain the solute density at Vo. 

In this section we shall try to discover whether or not 
the behavior of the system under investigation can be 
described by this theory of nucleation. We shall seek 
values of ¢ and FE, which will make », depend upon > in 
the manner prescribed by Eq. (3). 

Experimentally, we measure the precipitation time 
constant, 7». We must obtain #, from the experimental 
data. In the following we shall derive an expression 
relating r, and m,. It is clear from Eq. (3) that o is 
quite insensitive to errors in the magnitude of ,. Thus 
we can find ¢ with relatively poor approximations; an 
error of a factor of 100 or so in », will not alter the cal- 
culated value of o appreciably. 

On the other hand, the shape of the curve of r, vs Vo 
(Fig. 2) is sufficiently sensitive to the kinetic behavior 
of the system that a comparison between theory and 
experiment here provides a fairly significant test of the 
correctness of the theory of the kinetics. Here again, 
however, some approximations can be tolerated so long 
as they merely introduce multiplicative constants in the 
relation between , and T>. 


B. Analysis 


It is shown in the appendix that r, and .V,, the 
number of precipitate particles, are related by 


N p'($2)§D,7 paoN ot = 3 (4) 


where D, is the dissociative diffusion coefficient of Cu 
in Ge,? ag*= .V;, the number of lattice sites/cm’ in Ge. 
We have assumed that a diffusing Cu atom will always 
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be absorbed when it impinges on the precipitate 
particle. 

The nucleation rate can be calculated in several ways. 
Fisher and Turnbull!® have done the calculation care- 
fully using absolute reaction rate theory. A simple 
treatment is as follows: 

The total diffusion-limited particle current into a 
spherical sink of radius ro from a dilute solution, 
particle density .Vo, is [see Appendix, Eq. (A-5) ] 


T=4rNorD. (5) 


where D is the diffusion coefficient of the solute. If one 
assumes that the current out of the sink is zero (no 
evaporation), the nucleation rate, R, is given by 


R=n J =n AnN oroviae (6) 


where »;, the jump frequency into the nucleus for a 
solute atom in an adjacent lattice site, is D/a¢’. 
r= do(3i*/42r)*, where i* is the number of atoms in the 
critical nucleus. We will assume that the volume/Cu 
atom is the same in the precipitate as it is when the 
Cu is dissolved, and that 7**= 10. This latter assumption 
will be justified below. Equation (6) is similar to the 
result of Fisher and Turnbull, who obtained a relation 
in which the free-energy barrier against the entrance of 
a solute particle into the critical nucleus, and the free- 
energy barrier against evaporation from the nucleus, are 
given explicitly. We have essentially assumed that the 
former is the same as the activation energy for diffusion 
and that the latter is infinite. 

In estimating the v; to go into Eq. (6), one must be 
careful. We want »; to be the jump frequency at which 
Cu atoms can jump into a critical nucleus from the 
supersaturated solution of interstitial and substitutional 
Cu at the beginning of the precipitation anneal, before 
any large-scale net migration of Cu has occurred. We 
can neglect jumps made by substitutional Cu atoms, so 
it seems likely that the appropriate jump frequency is 
vi=fiDji/ae?, where D; is the interstitial diffusion 
coefficient’ and f; is the fraction of the time the Cu atom 
is interstitial. (When the migration of the bulk of the 
Cu to the precipitation centers is under consideration, 
on the other hand, the dissociative diffusion coefficient 
seems to be more nearly applicable, even though /;D; 
may be larger than D,. This may be seen from the 
following consideration. Suppose interstitial Cu atoms 
migrate rapidly to the precipitation sinks leaving 
vacancies behind. The vacancy concentration in the 
lattice soon builds up and chokes off the flow of inter- 
stitials by acting as traps for them. If this argument 
is correct, the rate limiting diffusion coefficient should 
then be that of vacancies moving to the sinks in a field 
of Cu atoms, which will be much nearer to ), than 
to fiDj.) 

From Eq. (1) and the assumption (see Sec. ITC) that 


16 J. C. Fisher and D. Turnbull, J. Chem. Phys. 17, 71 (1949), 
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at the beginning of nucleation c;=c,’, we obtain 


Fae a he 
Ji=Cy /Cy. 


Ny = f Rdt, 


where 7; is the time during which nucleation can occur 
at an appreciable rate. Referring to Fig. 1, we see that 
the exponential decay with time of the dissolved Cu 
concentration is preceded by a shorter time 7;, during 
which very little change occurs. For the data of these 
experiments, 7; ranged from 7,/10 to 7,/5. In the Ap- 
pendix, it is shown that the shape of the experimental 
curves can be accounted for by considering the initial 
growth rate of the precipitate particles. During this 
initial stage of growth, nucleation of new precipitate 
particles will continue. As soon as the rapid decrease in 
> sets in, we see from Eqs. (3) and (6) that R becomes 
negligible very abruptly. 
We shall approximate Eq. (8) by 


Now 


(8) 


Ny p=Ror;, ti=7,/10, (9) 
where Rp is the nucleation rate at time ‘/=0, when the 
samples have been put into the annealing oven and have 
just come up to 7,, the temperature for precipitation. It 
will later be shown that the assumption is consistent 
with the calculated values of ¢ and £,. Combining (4), 
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Fic. 4. Comparison between the theory (solid line) expressed in 
Eq. (11) and experiment (solid circles) for the rp, vs No data 
obtained at 500°C. o=490 ergs/cm*. E,=2.210™" erg/atom, 
where @ is the surface tension between precipitate and matrix and 
E, is the change in strain energy on precipitation. 
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(6) and (9), using (7), we get 


1 3 70.3\3 10 4dr \} 
Ne= a ( ) — ( ) . (10) 
No}( Tp) 1D, %c,’ 4darX\ ay N ArayD; \ 31* 


Combining (10) and (3) gives 


16mo*v" 


VW 
— exp( — ) (11) 
(tp) 4(NoD,)!c,’ 3kT(—kT Ind+F,)? 


for a spherical nucleus, where W=4.5X10-? sec/cm! 
replaces the bracketed term in (10). This expression 
relates theory and experiment. 

o and £, should be constants of the system at any 
given temperature. However, we had no information 
about possible temperature-dependence of these quan- 
tities. Hence we chose to analyze the data for different 
temperatures separately. The method adopted was to 
search for a value of /, which, at a given temperature, 
would minimize the spread in o calculated by means of 
Eq. (11) for the different data points in Fig. 2. The 
experimentally observed r+, curve is very sensitive to 
this spread, since o* is present in the exponential term 
in Eq. (3). If at 500°C we let o=490 ergs/cm* and 
E,=2.2X10°" erg/atom, we can reproduce the ob- 
served plot of r, vs Vo quite nicely, as shown on Fig. 4, 
where the full curve is based on Eq. (11) and the circles 
represent experimental data. The data at 450°C can be 


fit quite well with ¢=530 ergs/cm? and E,=2X10-" 
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Fic. 5. Comparison between theory and experiment for rp vs No 
data obtained at 550°C. To indicate the sensitivity of the fit to 
the value of a, the solid curve is plotted with o=545 ergs/cm* 
and the dashed curve for o=560 ergs/cm*. E,=0.7X10-8 
erg/atom in each case. Solid circles are the experimental values. 
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erg/atom. At 550°C, o=5600 ergs/cm? and E,=0.7 
X10~" erg/atom. To indicate the sensitivity of the fit 
to the values of o chosen, in Fig. 5 we show the experi- 
mental data for 7,=550°C plotted as solid circles. 
Equation (11) with o=545 ergs/cm? is the full line 
and Eq. (11) with o=560 ergs/cm? is the dashed line. 
FE, was left unchanged. Consideration of the spread in 
the experimentally determined 7, values and of the 
internal consistency of the calculations makes it seem 
probable that the values of « which we have selected to 
fit the experimental data are good to +15% or so. Thus 
we do not attach too much significance to the apparent 
temperature dependence ¢. On the other hand, the fit is 
much less sensitive to the values of /,. It is not even 
certain whether this quantity is positive or negative. 

Another way of analyzing the data would have been 
to force o to be the same for all three values of T,, but 
the precision of the data did not seem to warrant such 
lavish attention. 

We are now in a position to go back and examine the 
validity of the assumption in Eq. (9) that r;=7,/10. 
Assuming spherical geometry, as usual, we can put 2, 
values calculated from Eq. (3)* into Eq. (6) and calcu- 
late the nucleation rate, R. We find that R is negligible 
for (/Sr,/3 and we are hence justified in using 7;= 7/10 
in our calculations. 

The simple nucleation theory leads" to the expression 

ov" 
— ; (12) 
3 (—kT Ind+E,)' 


for a spherical nucleus, where 7* is the number of atoms 
in the critical nucleus. From our data at 500°C, we 
calculate that 7* ranges from 6 to 20 as = decreases from 
its maximum to its minimum values. If these values of 
i* are correct, it is hard to see why the simple nucleation 
theory is capable of correlating the data of these 
experiments. For example, with such a small number of 
atoms in the nucleus of the precipitated phase, it is 
problematical what interpretation should be placed on 
a, the so-called surface tension.'' However, a careful 
consideration of the thermodynamic problem would 
require a detailed knowledge of the shapes and chemical 
compositions of the Cu-Ge clusters serving as precipita- 
tion nuclei. It would seem, in view of the tremendous 
difference between the diffusivity of the Cu and Ge 
atoms in the Ge lattice, that the initial shape and com- 
position of the precipitate particle might be very far 
from equilibrium simply because the Cu atoms may 
accommodate themselves to a relatively unyielding Ge 
lattice. None of this information is known, hence there 
seems little justification for a detailed theoretical treat- 
ment of the data presented here. 

There is, unfortunately, no experimental information 
against which we can check the o’s obtained from our 
data. Nor is there any theoretical treatment of the 


* At 500°C, n, =~ 108 for No=9.10", and nm, ~ 2.108 for No=3.10"*, 
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problem which is applicable in the present instance. The 
nearest-neighbor theory of Becker,!® which assumes 
coherency across the phase boundary, has as a necessary 
condition for its applicability the requirement that the 
heats of solution of the two constituents of a binary alloy 
in each other be comparable, at least. This is clearly 
not the case!’:!8 for the Cu-Ge system. 

A final note concerning the shape of the precipitate 
particles is germane. We have assumed that these are 
spherical. Dash!® has shown that this is not necessarily 
the case for precipitates of Cu in Si. The foregoing 
_ comments about the relative diffusion coefficients of Cu 
and Ge apply also to Cu in Si. Hence (even though the 
nuclei might be spherical), it is quite likely that the 
precipitates of Cu in Ge have complicated shapes.t This 
does not alter the qualitative conclusions we have 
reached here, but will influence the numerical results. 


IV. SUMMARY 


We have presented evidence for the nucleation of Cu 
precipitates upon a single type of nucleation site in a 
supersaturated solid solution of Cu in essentially dis- 
location-free Ge. This evidence consists of a very 
marked increase of the precipitation rate of the Cu with 
increasing supersaturation in these crystals. The nucle- 
ation site could not be identified, but heterogeneous 
nucleation at aggregates of vacancies or interstitial Cu 
atoms, or at electrically inactive chemical impurities is 
possible. Homogeneous (spontaneous) nucleation might 
also be occurring. The data are analyzed in terms of the 
simple theory of nucleation, in which the surface 
tension, ¢, between the precipitated phase and the ma- 
trix, and E,, the change in volume strain energy/atom 
upon precipitation, are parameters. We obtain ¢~ 500 
ergs/cm? and E,~2X10-" erg/atom. The numerical 
results for ¢ are considered good to +15% or so, but the 
values of E, are much less accurate. We call attention 
to the fact that there is no experimental information 
about the shape and chemical composition of the 
precipitate, nor is there an applicable theory of c. 


Vv. RESUME 


In this report and in reference 1, we have presented 
evidence for the various physical conditions which can 
determine the rate of precipitation of Cu from solid 
solution in Ge. We have investigated the dependence of 
the precipitation time constant, 7,, upon (1) mp, the 
dislocation density in the sample, (2) g, the rate of 


16 R. Becker, Ann. Physik 32, 128 (1938). 

17 Hume-Rothery ef al., J. Inst. Metals 66, 209 (1940). 

18C. D. Thurmond and J. D. Struthers, J. Phys. Chem. 57, 831 
(1953). 

19W. C. Dash (private communication). 

+ Note added in proof.—In a paper presented at the International 
Congress in Brussels (June 1958), O. Deutschbein and M. Bernard 
showed photographs of metallic precipitates in Ge crystals taken 
with the aid of an infrared sensitive television tube. Star-shaped 
precipitates have been observed in these photographs (E. M. 
Pell, private communication) which are presumably not asso- 
ciated with dislocations. 
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generation of vacancy-interstitial Cu pairs from sub- 
stitutional Cu, and (3) =, the supersaturation ratio of 
the solid solution. 

Figure 5 is a composite picture of the 7, vs 1/T plane, 
obtained by combining Fig. 3 of reference 1 with the 
data and conclusions of the present report. It shows the 
ranges in which each of the parameters listed above is 
predominant in determining 7». 

The curve labelled 1/g shows what we believe to be 
the temperature dependence of the dissociation rate of 
substitutional Cu atoms. According to this interpreta- 
tion, t, values to the right of the curve are physically 
unattainable. 

The curves of smaller slope than 1/g, «belled with 
representative values of mp, are typical of Ue diffusion- 
limited precipitation process in which the dislocation 
density determines the magnitude of the time constant 
at any given temperature. The temperature dependence, 
for a given dislocation density, is that of the rate- 
limiting diffusion coefficient. 

The vertical lines in Fig. 5 show the limits of the 
dependence of +, upon .Vo as determined by the studies 
described in this report. Each line shows the range of 
Tp as No is varied from 5.5X10'/cm* (maximum 7p) 
to 3X10!®/cm? (minimum 1,), 
solid portions of the lines are experimentally observed 


assuming m#p=0. The 
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Fic. 6. Composite picture showing the temperature and 
precipitation time-constant ranges in which various physical 
conditions govern the precipitation kinetics. See Sec. V of text. 
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or observable,” while the dashed portions are theoretical 
extrapolations, using Eq. (11), into the forbidden part 
of the r, vs 1/T plane. The vertical line at 400°C was 
calculated using the values of o and E, which fit the 
data at 450°C. Note that this line lies wholly in the 
forbidden zone: in the Cu concentration range noted 
above, we believe that supersaturation effects should be 
completely unobservable because the rate-limiting step 
ia the precipitation is the dissociation of substitutional 
Cu atoms.” 

- Figure 6 brings out the interesting fact that samples 
of Ge with high Cu supersaturation ratios behave in 
precipitation much like samples with high dislocation 
densities. It also makes clear the necessity for using Ge 
samples of very low dislocation density if one wishes to 
observe only supersaturation effects at low super- 
saturations. If our beliefs are correct, rate limitation 
of the precipitation by an mp of 100/cm* would give a 
line on Fig. 5 parallel to the line at 2p=10°/cm?, and 
displaced 3 decades up. 
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APPENDIX*? 


We shall derive here the kinetic law of precipitation 
for a system of spherical precipitates growing from a 
dilute solution, which establishes a relation between r,, 
the precipitation time constant, and V,, the number of 
precipitate particles. This relation is needed in Eq. (4) 
of the body of this paper. 

Consider V, spherical precipitate nuclei of radius ro 
at time ‘=0, in a matrix with Vo atoms/cm’ having 
diffusion coefficient, D. We assume that essentially all 
of these atoms will precipitate by a diffusion limited 
process. We assume that the absorption probability for 
the diffusing atoms by the precipitate particles is unity 
and that the jump distance in diffusion <ro. 

First we will solve the following diffusion problem 
with time-independent boundary conditions. A particle 
density No decays by diffusion to a sink of radius ro 
inside a sphere of radius 7,>>ro, r,-*= Np, with the initial 
condition that .V(r,0)= No and the boundary conditions 

%” The solid vertical line for r,>10* sec at 550°C is a theoretical 
extrapolation of the experimental data, using Eq. (11). 

21 Thermal history effects, however, can occur during precipita- 
tion at 400°C which completely mask the behavior predicted 
solely on the basis of the supersaturation effects studied in this 
report. (See III.) 

2 The material of the Appendix is an abbreviated treatment of 
Secs. III and IV of F. S. Ham, J. Phys. Chem. Solids (to be 
published). The author wishes to thank Dr. Ham for a preprint 
of this paper. 
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Fic. 7. Comparison between theory and experiment for the 
kinetic law of precipitation. The solid line is a plot of Eq. (A-7); 
the solid circles are the data of Fig. 1 replotted to scale. When 
(%No) <70, the solid curve can be quite well approximated by a 
curve of the form e~/?, with r=1/(3aK). A curve of the form 
e~(t/)! gives a markedly poorer fit to the data. 


that 


N(r0,f)=0, —(r,,t)=0. 
dr 


Let N(r,t)=U(r,t)/r; then 
dU/dt=D(eU/dr’), 


which yields, on solution 


U(r,)=> A;sin[A.(r—ro) ] exp(—AZD2).  (A-2) 


i=0 


The }, satisfy the eigenvalue relation 
tan[A;(r.— ro) ]=reAi, 

from which we obtain 

i>0, 

i>0. 


A\<KAo, 
A <A 05 


No 3ro?/r,°, 
Ao= No Yo, 
; sin[Ao(r—ro) ] 


N (r,t) = No————_ — exp(—Av*D?#) 
Aor 


(A-3) 


for {> (DAY). 
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Moreover, expanding the sine term, 


N (r,t) = No(1—r0/r) exp(—Ac’Dt), 1r>>ro, (A-4) 


we see that .V(r,t), is practically constant over the whole 
sphere. Physically, this means that the diffusing atoms 
wander about freely in the sphere, only feeling the 
influence of the sink appreciably when r< 107. Thus the 
concentration in the sphere remains relatively uniform, 
but gradually decreases due to flow into the sink. 

Now we introduce the time-dependence of the radius 
of the sink. From Eq. (A-3), the total particle current / 
to all the precipitate particles is given by: 


I=DdN(r=n)/Or 
=4arrowDNN>. 


(A-5) 


To get ro, we note that the total volume of precipitate, 


V, is given by 
V=(No— N)ac= fare 5, 


where Vo=.V(r,0) and ao’ is the volume/atom of pre- 
cipitate. Hence 


—dN 3(No—N)}! 
= ~ = +44 a ” | aoDN lV. 
dt 4rN > 


=3KN(Ny—N)!, K=(4xN,)taD.  (A-6) 


We have dropped the dependence of V upon r, by 


virtue of Eq. (A-4). Integrating Eq. (A-6), with the 
initial condition that V= Vo at ‘=0, we obtain 


*8 This initial condition implies that ro=0 at ‘=0. It was used 
for simplicity in presentation. The correct initial condition, 
namely, No—N=N pao*i*, yields insensibly different results if we 
assume that 7*, the number of atoms of precipitate in the critical 
nucleus, is less than 50. See text. 
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where a= No}, x= (No—N)!. 

In Fig. 7 we have plotted V(t)/.Vo vs ¢, in units of 
(aK), on a semilog plot, to compare the time de- 
pendence of the unprecipitated fraction with the experi- 
mental data. The solid curve is Eq. (A-7), the circles are 
the data of Fig. 1 plotted to the same scale. The agree- 
ment is reasonable. We see from the figure that the 
“straight line” portion of the theoretical curve has a 
time constant 


t,=1/(3aK), (A-8) 


i 


and hence 


Nob(§aN ,)faDr7,=}, (A-9) 


which is Eq. (4) of the text. 

It is clear from Fig. 7 that the natural shape of the 
precipitation curves is concave downward, owing to the 
effects of the growth of the precipitate particles. Thus, 
preceding the time when the decay of dissolved Cu 
becomes exponential with time, there is a time interval 
in which precipitate nucleation and the early stages of 
growth of the particles will occur. 

Using Eqs. (3) and (6) the text and the values of E, 
and o derived from our experiments, we find that the 
nucleation rate is negligible after V(t)<0.85.Vo. This 
inequality will be satisfied if ‘27,/3. Hence, to the 
accuracy required in our calculations 7;=7,/10 is 
quite satisfactory as an approximation to the time 
during which nucleation is appreciable. Note that 7, has 
no simple interpretation in terms of Ham’s exact theory, 
because nucleation and growth are presumably going on 
simultaneously. 
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Precipitation of Cu in Ge. III. Quench Effects in Nearly Perfect Crystals 


A. G. TWEET 
General Electric Research Laboratory, Schenectady, New York 
(Received February 27, 1958) 


Studies have been made of the effects of rapid quenching upon the precipitation rate of Cu in Ge. It is 
shown that electrically active metastable centers with energies very near the valence band are formed in the 
early stages of heat treatment of Cu-doped Ge at 500°C and below. These centers are found in concentrations 
up to ~10!5/cm* in samples with few dislocations. Their stability is very much greater in quenched samples 
than in slow-cooled specimens, and it increases with decreasing temperature. Evidence also is presented for 
the formation at the beginning of heat treatment of electrically neutral centers. The presence of metastable 
centers can completely determine the precipitation kinetics in quenched samples with low dislocation 
density at temperatures below approximately 425°C. 


I. INTRODUCTION 


UR previous studies'? on the precipitation of Cu 

in Ge have dealt with precipitation limited by 
dissociation and by diffusion to dislocations (I), and 
with precipitation upon certain point defects whose 
nature has not been determined (II). In this paper we 
wish to report some thermal history effects upon the 
precipitation process. Our experiments show that 
metastable centers which are electrically active can 
be formed during low-temperature heat treatment. We 
also present indirect evidence for the formation of 
electrically inactive centers which do not seem to act 
as precipitation nuclei. We shall describe some of the 
properties of these metastable centers and discuss 
briefly their possible indentity. 


II. PROCEDURE 


Bars of Ge, 0.15cmX0.3cmX1.5cm, cut from 
crystals grown from the melt with fewer than 50 etch 
pits/cm? were saturated with Cu at temperatures, Tp, 
from 700°C to 850°C in He. The samples were then 
either quenched by dropping into a beaker of ethylene 
glycol, or slow-cooled as in (II). Upon occasion the 
samples were carefully cleaned with KCN solution and 
reheated for 2-3 minutes at temperatures different from 
Tp. The samples were again either quenched or slow- 
cooled after this treatment. We thus can characterize 
the thermal history of the sample by Tp, the tempera- 
ture at which the Cu was dissolved, and by 79 or T,., 
the temperature from which the sample was quenched 
or slow-cooled, respectively. 

After the initial heat treatment described above, the 
samples were cleaned and their Hall coefficients were 
measured at room temperature with a field of 1600 
gauss. They were then heated at various temperatures, 
T,, from 350-500°C in order to precipitate the Cu. 
From time to time during the precipitation anneal, the 

1A, G. Tweet, Phys. Rev. 106, 221 (1957) (hereafter referred to 
ayy G. Tweet, Phys. Rev. 111, 57 (1958), preceding paper. 
(Hereafter referred to as IT.) 

8 These etch pits were brought out on (111) planes with CP4 
and we believe they reveal all the dislocations active in Cu 
precipitation. 
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Hall coefficient was measured at room temperature to 
ascertain the carrier density. 

To find the number densities of the various centers 
which contributed to the conductivity at different 
stages in the heat treatment, Hall effect measurements 
were made as a function of temperature to 20°K at a 
field of 6500 gauss in a metal cryostat. To avoid in- 
cidental heat treatment during sample preparation for 
the cryostat measurements, we used In contacts locally 
soldered to Au-plated areas. 

A few experiments were performed on samples which 
had been plastically deformed as in (I). The dislocation 
density in such samples was of the order of 10°/cm*. 


III. FUNDAMENTAL RESULTS 
A. Precipitation Rates 


The fundamental observation of the influence of 
quenching on the precipitation of Cu in Ge is shown in 
Fig. 1. Here, for a sample with Tp=7Tg=850°C, we 
have plotted (Curve A) V(t)/No vs t, where ¢ is the time 
of heat treatment at 412°C, V(t) is the number of holes 
in the valence band at time ¢, and No=N(i=0). For 
comparison purposes, similar data for a slow-cooled 
sample, for which Tp=T7,.= 850°C, are plotted on Fig. 
1 (Curve B). There was no apparent relation between 
variations in .V) and whether the samples were quenched 
or slow-cooled from 850°C. 

In II we proposed that curves such as B in Fig. 1 for 
slow-cooled samples could be explained as the result of 
precipitation on point defects in which the rate limiting 
step is dissociation of substitutional Cu atoms into 
vacancy-interstitial pairs. This process leads to an 
expression of the form N(t)/No=e~*, where g is the 
dissociation rate. Curve A for the quenched samples 
does not follow this rate law in two important respects. 


(1) At the beginning of heat treatment at 412°C, 
dN /dt for the samples of Curve A is greatly in excess of 
its value for those of Curve B. As is made clear in I, it is 
difficult to see how any migration of substitutional Cu 
can proceed at a more rapid pace than that set by the 
dissociation rate. 








Fic. 1. Carrier concen- 
tration (holes) expressed 
as a fraction of the initial 
concentration vs time of 
annealing at 412°C for 
samples of Cu-doped Ge 
quenched (Curve A) and 
slow-cooled (Curve B) from 
850°C, the temperature of 
Cu solution. 





59 
t, HOURS 


(2) After the first two hours or so, d\/dt for the 
quenched samples (4) becomes negligible by compari- 
son with its value for the slow-cooled samples (B). This 
behavior will be shown in Sec. IV to result from the 
formation of new centers which are only slightly un- 
stable at 400°C. 


B. Cycling Experiment 


In an experiment where the sample is subject to the 
thermal shock of quenching, it is necessary to know 
whether or not the sample slipped during the quench. 
We examined the etch pit pattern on (111) faces of 


TABLE I. Data for various quenched and 
slow-cooled Cu-doped Ge samples.* 


Symbol No(cm~*) t %No 
2.5X 106 0 100 
2.2 106 5 min 85 
2.9K10'* 40hr 18 
3.0<10"* 110 hr 6 


Nou cm=* 
2.5 10° 
1.8 10'6 
~3.5X 10% 
~7X 10" 


Ny cm=? 

~10"% \ 
“0% |. 
~7 x10" } Fig. 2 
~7X 10" } 


~6x 10% } 
~6X 10" } Fig. 3 
~5X 108 } 


0 100 
30 min 83 
10 hr 6 


2x 10! 
2.9 1018 
2X 108 


2.9X 1016 
2.9X 10'6 


2.5X 10'6 
2.4X 10'¢ 
3X 1018 


~108 ) 
~5x 10" } Fig. 4 
~4x 108 


2.5X 10'6 0 100 
2.6 10° 2.5min 82 
2.510 67 min 13 


® %No=(N(t)/No] X100 at time of cryostat measurement, The symbols 
identify the samples on their respective figures. 


samples before and after quenching and observed no 
increase in the etch pit density. We also performed a 
cycling experiment in which a group of samples was 
carried through the following sequence: 

(a) Cu was dissolved at 850°C and the sample 
quenched. 

(b) The Cu was precipitated at 400°C, giving an 
annealing curve such as A in Fig. 1. 

(c) The Cu was redissolved at 850°C and the sample 
slow-cooled. 

(d) The Cu was precipitated at 400°C, yielding the 
time dependence of Curve B in Fig. 1. 

(e) The Cu was again redissolved at 850°C and steps 
(a) and (b) were repeated, reproducing Curve A. 


From these experiments we conclude that no perma- 
nent change occurs in the crystal during quenching. 
(This is not to say that larger bars of Ge will not slip 
upon quenching in ethylene glycol. A bar 3 mmX8 mm 
<2 cm slipped yery heavily during such a quench.) 


IV. LEVEL STRUCTURE AND KINETICS 
A. y Levels 


A series of Hall coefficient vs temperature runs were 
made on samples at various stages (see Table I) in the 
annealing process at 412°C to determine what fraction 
of the total conductivity observed after any given time 
of heat treatment was due to dissolved Cu atoms. 





PRECIPITATION OF Cu IN 


R4CM°/ COULOMB 





| | | 


20 30 40 50 60 
109/ T°K 





Fic. 2. Hall coefficient vs the reciprocal of the temperature for 
quenched Cu-doped Ge samples after various times of anneal at 
412°C. See Table I for details of heat treatment and carrier 
concentrations. See Sec. IVA of text for discussion. 


Figure 2 shows plots of the Hall coefficient, Ry, vs 1/T 
for a series of samples for which T7p=Tg@=840°C, and 
T,=412°C. We call attention to the following features 
of the series of plots. 


(1) In the as-quenched condition, the Hall coefficient 
for values up to 10° or so increases with 1/T in the 
manner expected of a sample containing 2.5X10'® Cu 
atoms/cm. The slope is ~0.02 ev as it should be for a 
sample which is essentially uncompensated in this range. 
Above Ry=2X10*, the slope decreases to 0.005 ev, 
indicating the presence of ~2X 10"/cm’ acceptors lying 
much nearer the valence band than the lowest (0.04 ev) 
Cu state.‘ 

(2) After 5 min at 412°C, the Cu concentration has 
decreased somewhat, and the density of the new, low- 
lying levels has increased to 10'*/cm* or so. For con- 
venience, we will hereafter refer to the low-lying 
acceptors we observe as y levels. (Low-lying states 
formed during low-temperature annealing were first 
observed in Ni-doped Ge by Penning® and by Tyler 
and Woodbury.*®) 


4H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 

5 P. Penning, Phys. Rev. 102, 1414 (1956). 

®W. W. Tyler and H. H. Woodbury, Bull. Am. Phys. Soc. Ser. 
IT, 2, 135 (1957); details to be published. 
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(3) Prolonged annealing at 412°C serves only to 
reduce the concentration of Cu acceptors. The density 
of y levels, Vy, remains substantially unchanged for 
times up to 100 hr at 412°C. 

We wish to contrast these data with similar data for 
samples for which Tp=T,.=840°C, and T,=412°C, 
shown in Fig. 3. Here .V, increases markedly during the 
first half hour of annealing, but the y centers are not 
stable against further heat treatment at 412°C and 
disappear at about the same fractional rate as the Cu 
states. Whereas the y levels seem to give the same slope 
on an Ry vs 1/T plot in the two cases, we have no 
assurance that the centers are the same, and will 
henceforth distinguish yg centers in quenched samples 
from y, centers in slow-cooled samples. In Table I we 
have collected the pertinent information for the samples 


of Figs. 2 and 3. 
B. Variation of Tp 


If the precipitation temperature is raised, the differ- 
ences between the annealing curves (such as in Fig. 1) 
for samples quenched and slow-cooled from Tp= 850°C 
become less pronounced. The very rapid initial change 
in carrier density becomes smallef, and the stability 
of the y@ levels decreases. 

When experiments similar to those summarized in 
Figs. 2 and 3 are performed at 7,= 500°C, for example, 
the results are as shown in Fig. 4. We have plotted only 
the data for the quenched samples, since slow-cooled 


samples gave very similar results. Note that yg levels 
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Fic. 3. Hall coefficient vs the reciprocal of the temperature for 
slow-cooled Cu-doped Ge sample after heat treatment at 412°C. 
See Table I and Sec. IVA of text. 
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Fic. 4. Hall coefficient vs the reciprocal of the temperature for 
quenched Cu-doped Ge samples after heat treatment at 500°C. 
Essentially identical results were obtained on slow-cooled speci- 
mens. See Table I and Sec. IVB of text. 


are formed in the first few minutes of heat treatment at 
500°C, and that they are not stable, but decrease in 
density at about the same fractional rate as the Cu 
states. 

The pertinent data for these samples is also given in 
Table I, where it may be observed that the rate of 
precipitation is much larger at 500°C than at 412°C. 
According to our beliefs, this is because diffusion to 
precipitates nucleated at point defects is the rate limit- 
ing step in the precipitation. (See IT.) 

On the other hand, if we reduce 7, to 350°C, we find, 
as might be expected, that the y@ levels are very stable. 
Nye=4X10"%/cm' in a sample with Tp=Tg=850°C 
after 118 hours of annealing at 350°C. 


C. Variations of Tp 


If Tp = Tg= 750°C, the initial Cu acceptor concentra- 
tion in the sample is smaller, but the shape of the an- 
nealing curve at 412°C is similar to Curve 4, Fig. 1, 
with perhaps a smaller initial decay rate for the acceptor 
concentrations. After 80 hours of annealing, Vy9/Ncu is 
comparable with what it would be for samples with 
Tp=Tg=850°C, even though Vyg and Ney are both 
only perhaps } as large. 


D. Effect of Plastic Deformation 


If the Ge samples are plastically deformed prior to 
dissolving the Cu, we find that samples with Tp=T7¢ 


TWEET 


=850°C, T,=412°C will obey the kinetics of Curve B 
for undeformed slow-cooled samples in Fig. 1. The 
ye-level concentration in such deformed samples is 
never more than 5°% of that found in undeformed 
specimens. There is, however, a marked relation be- 
tween the density of yg levels and the value of Tp =T@ 
in twisted samples annealed at 7,=350°C and 412°C. 
If Tp=Te=750°C, Nye/Ncu in twisted samples is 
<10-% what it is for Tp = Tg=850°C after comparable 
times of precipitation at these temperatures. 


£. TovtTo 


If we precipitate at 412°C samples for which 
Tp=750°C and Tg=850°C together with samples for 
which Tp=850°C and Tg=750°C, an interesting thing 
occurs. In Fig. 5 we have plotted the decay of the 
density of holes in the valence band with time of 
precipitation. Note how the samples quenched from 
850°C have a slower decay rate (Curve A) than those 
quenched from 750°C, (Curve B), but that neither set 
of samples behaves like samples with Tp=Tg=850°C 
Curve C), replotted from Fig. 1 for comparison. In 
fact, the Hall coefficient vs 1/7 plots for samples at the 
points marked with arrows in Curves A and B are 
comparable with the plot for a sample with Tp=T7,. 
= 850°C which has been annealed 15 hours at 412°C. 
For such a sample there remain ~10'*/cm® holes in 
the valence band, of which ~5X10"/cm* are 
ciated with y levels. 


asso- 


F. Variation of Quench Bath Temperature 


We prepared a bath of the molten eutectic mixture of 
LiCl and KCI’ into which we quenched samples from 
Tp=Teg=850°C. We found that the shape of the 
annealing curve at 412°C was the same as Curve A in 
Fig. 1 for bath temperatures up to 590°C, the maximum 
bath temperature we used. 


G. Possible Ni Contamination 


Ni diffuses rapidly into Ge and its solubility is 
~} that of Cu at 850°C.® It therefore is necessary to 
establish that Ni is not responsible for some of the 
effects noted in this report. Accordingly, we diffused Ni 
and Cu into Ge samples at 850°C from a mixture of Ni 
and Cu chlorides. The presence of the Ni could not be 
detected by Hall coefficient vs temperature studies 
because the Fermi level was held too near the lowest Cu 
level. On annealing at 412°C we found that the behavior 
of quenched samples followed Curve B of Fig. 1 rather 
well. There was some rapid initial drop in the carrier 
density at the beginning of the anneal, but there was no 
evidence for the formation of stable y levels. Thus the 
presence of Ni, far from causing, actually destroys the 
quench effects we have observed. 


7 The author is indebted to Dr. N. C. Cook for suggesting this 
bath mixture. 
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V. DISCUSSION 


In the foregoing we have presented direct evidence 
based on Hall coefficient measurements for the forma- 
tion of electrically active metastable centers in Cu- 
doped Ge during the early stages of heat treatment at 
temperatures of 500°C and below. The stability of these 
centers appears to be greater at lower heat treatment 
temperatures, in samples with few dislocations, which 
have been quenched from the Cu solution temperature. 

We also have indirect evidence for the formation of 
electrically inactive centers in quenched Cu-doped Ge 
samples at the beginning of low-temperature heat 
treatment. This evidence depends upon our belief that 
no migration of substitutional Cu atoms to precipitation 
centers can occur at a rate greater than the dissociation 
rate of substitutional Cu atoms into vacancies and 
interstitials (see I). Since we observe a more rapid decay 
in Cu acceptor concentration at the beginning of the 
heat treatment at temperatures around 400°C than can 
be explained on this basis, we are led to suggest that 
some defect or other impurity is migrating to the sub- 
stitutional Cu atoms to form complexes which are 
electrically neutral. 

In addition to the substitutional Cu atoms, there are 
present in our samples vacancies, interstitial Cu atoms, 
and probably oxygen.* We are not at present able to give 
a unique explanation of how the kinetics of agglomera- 
tion of all these defects and impurities depend upon the 
rate of quench of the sample from the solution tempera- 
ture, since our techniques do not permit us to identify 
the metastable centers discussed above. It seems likely 
that many kinds of small clusters of foreign atoms and 
defects enjoy temporary existence in nearly perfect 
Ge samples with large Cu concentrations at tempera- 
tures below ~450°C. Dislocations can serve as perma- 
nent traps for defects and impurities. When their con- 
centration is very low, relatively small attractive forces 
among point defects and impurities could strongly 
influence the kinetic behavior of the system, by provid- 
ing a means for temporary mutual trapping of diffusing 
species. Our experiments show that one, at least, of 
these tiny complexes is electrically active. 

We are thus left with the following picture of Cu 
precipitation in Ge: if the dislocation density is high, 
the precipitation is easily explained as in (I) for tem- 
peratures above 350°C. If the Ge has few dislocations, 


§ Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 
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Fic. 5. Carrier concentration, expressed as a fraction of the 
initial concentration, vs time of anneal at 412°C for Cu-doped 
Ge specimens for which Tp=750°C, Tg=850°C (Curve 4A), 
T p=850°C, Tg=750°C (Curve B), and Tp=Tg=850°C¥ (Curve 
C reproduced from Fig. 1). Arrows indicate points at which 
samples were studied in cryostat. 


the precipitation is interpretable in terms of dissociative 
diffusion to compact precipitates for precipitation 
temperatures of 450°C and above as in (II). 

If precipitation is carried out below 450°C in Ge of 
low dislocation density, the formation of quasistable 
atomic complexes, under certain conditions of prior 
heat treatment, can completely mask the relatively 
straightforward behavior one might predict from studies 
at higher temperatures and/or higher dislocation 
densities. 
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Remarks on the Meissner Effect* 
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It is shown that a theory of superconductivity which starts from an “effective” Hamiltonian with sig- 
nificantly velocity-dependent interaction between electrons does not possess well-defined magnetic prop 
erties. The Meissner effect cannot therefore be established from such a theory. This applies in particular to 


the Bardeen-Cooper-Schrieffer theory. 


I 


HE question of gauge invariance is of primary im- 
portance for the theory of the Meissner effect, 
mostly because any error in the theory which involves 
a violation of gauge invariance will generally produce a 
spurious Meissner effect which vanishes when gauge 
invariance is restored.1 The non-gauge-invariance of 
the Bardeen-Cooper-Schrieffer® derivation of the Meiss- 
ner effect from their theory, therefore, casts doubts 
upon the genuineness of the Meissner effect as a conse- 
quence of their theory. Anderson® has tried to settle this 
question by showing that the B.C.S. theory leads, in 
fact, to (approximately) gauge-invariant results. 
The B.C.S. theory starts from a Hamiltonian for V 
electrons of the form 


N 
HAyo= ‘> 


im1 2m 


p? 


+V, (1) 


where V is an interaction which depends in a compli- 
cated fashion on the coordinates x; and momenta p; of 
the electrons‘; in particular, the commutator of V with 
the coordinates does not vanish: 


[x:,V ]¥0. (2) 
In the presence of a magnetic field, B.C.S. use the 
Hamiltonian 


H=HytHm, (3) 


with 
€ 
H»a=—— > [p;- A(x;)+A(x;)- pj] 
2mc 2 
F 
+ 
2mc 


> ;A?(x,), (4) 


9° 


* This work was partially supported by the Nuclear Research 
Foundation within the University of Sydney. 

1M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
(Referred to as B.C.S. for simplicity.) 

8P. W. Anderson, Bull. Am. Phys. Soc. Ser. II, 3, 17 (1958), 
and Phys. Rev. 110, 985 (1958). 

4 Actually, V is not given as a function V (x;,p;) of the dynamical 
variables p; and x;, but only by its matrix elements onto the ortho- 
normal set of momentum eigenstates of the free particles. For 
the present discussion it is assumed that it is possible to deduce 
the function V(x;,p;) from this knowledge; otherwise, the con- 
clusions of this paper hold a fortiori. 


where A is the vector potential. B.C.S. consider only a 
“transversal” gauge, A,, of A, for which 


divA,=0. (5) 
Consistently with (4) [see Eq. (16) ], B.C.S. choose for 


the operator of the current density the expression 


e 
j(Xo) a a [ p,d( xXj;— Xo) +6(x;— Xo) p; | 
2m i 


9 


e 
—— D> A(x,)5(x;—x0). (6) 
Mc i 


However, the expression (6) fulfills the continuity 
equation as an identity only if 


[x;,V J=0. (7) 
Therefore, in view of (2), the B.C.S. theory with the 
choice (4) and (6), is certainly not gauge invariant. 

Anderson® shows that, if one nevertheless adopts 
Eqs. (4) and (6) one finds that at least the expectation 
value J(x) of the current density in the ground state 
is given by an approximately gauge-invariant expression. 

It is convenient! to express all quantities of interest 
by Fourier transforms, e.g., 


J(x)=>,J(q)e'*"?, 


where q runs over a certain lattice of points. In an 
isotropic medium, and for weak fields, the relation 
between the current density J and the vector potential 
A (in an arbitrary gauge) has the form 


(8) 


(9) 


3 
J,(q) =X [a(q*)q*q’+6(q")q°6,» JA .(q). 
v=] 


This relation is gauge invariant if the “longitudinal 
sum rule’’> holds, 


a(q*)+b(q?) =0. (10) 


(This equation is equivalent to the equation of con- 
tinuity.) Equation (9) describes a Meissner effect if the 
“transversal sum rule’ 


ee a(0)—b(0)=0 (11) 


5M. J. Buckingham, Nuovo cimento 5, 1763 (1957). 
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is violated. In reference 3 it is shown that the B.C.S. 
theory [ Eqs. (1), (3), (4), and (6) ] fulfills (10) approxi- 
mately and violates (11). 

Condition (10) expresses a ‘‘weak gauge invariance”: 
it guarantees that the expectation value of the current 
density in the ground state—or, more generally, in 
thermal equilibrium—is given by a gauge-invariant 
expression. This does not necessarily imply that the 
underlying Hamiltonian formulation is gauge invariant. 
The weak gauge invariance condition is not sufficient 
to justify the choice (4) and (6) for the magnetic terms. 
One may, e.g., add to (6) a term of the form 

j™ (xo) = —AA1 (Xo), (12) 


where A, is gauged according to (5), and with an arbi- 
trary constant A. This leads to an additional term in (9) 
of the form, for an arbitrarily gauged A: 


(13) 


3 
J, (qd =—-A LY (qugr—5yrq") 04 .(q), 
v=] 


where mo is the mean density of particles. This addi- 
tional term clearly satisfies the condition (10) and does 
not, therefore, destroy the (weak) gauge invariance. It 
adds, however, to the left-hand side of (11) a 
contribution 

(it’) 


a) (0)—b“ (0) = —2dAno. 


The Meissner effect thus remains totally undeter- 
mined ; in particular, by a suitable choice of A, it can be 
made to vanish. 

The choice of (4) and (6) in the B.C.S. theory, even 
if it is (according to reference 3) approximately gauge 
invariant, is, therefore, entirely arbitrary. The Meissner 
effect is, in effect, an independent postulate of the 
theory, over and above the basic Hamiltonian (1). 


II 


One might hope to get a unique theory by construct- 
ing H,, and j in such a way as to maintain gauge invari- 
ance at every step. The usual procedure for this is to 
replace, in the Hamiltonian 


H = H(xXi,p;), (14) 


the momenta p,; by == p;— (e/c)A(x,): 


H= Hy Hy: . H (X;,%:i). 
The current density is 


j(x) = —5H/5A(x). (16) 


In addition, 7, and j have to be Hermitian operators. 

This procedure, however, gives uniquely defined results 
only if Hy depends on the momenta p, at most quadratically, 
The reason for this is the noncommutativity of the 
quantities x;: while the momenta p, all commute with 
each other, the x; fulfill (Greek indices denoting Car- 


MEISSNER 


EFFECT 


tesian components) 


[wr 5%,9;? |=5;;(ieh ‘c)Bas(X;), (17) 
where 

OAg OAg 

Ba3(x)=—- — 

OX, OX8 


(18) 


is the magnetic field. In any but the simplest (quad- 
ratic) expressions, a product of momenta p, can be 
replaced by the product of the corresponding general- 
ized momenta #; in several different ways of ordering 
which, because of (17), yield different results. 

Two simple examples may clarify this point, 

(a) Ho= p’ 
leads to either 

3 


Hy +H,’ > ® 


a,p=1 


’ iho tion tie a 


2 


Ho+4,,”"= > 


a,p=1 


(21) 


7 how aw sad tel 


both of which are Hermitian. H,,’ and H,,”’ differ, as 
one verifies easily by using (17) and 


Cp, Bs, (x) J= (h 1)0B3, Ox, 
by 
: eh? ¥ OBas eh? 
> xe ae se en a 
Ox8 4rce? 


H,,' — H,,"=— (23) 


Cc as 


Here 9 is the external current density generating the 
field B. 

(b) With higher dependences on p, one can get 
more significant differences, e.g., the Hamiltonian 


Hy= p® (24) 


already leads to effects in a homogeneous field. From 
(24) one gets, e.g., the two Hermitian Hamiltonians in 
a magnetic field: 


HotHe! = ¥ 1° erg tg, 
apy 


HotHa” = YS 2% eer ey, 
aBy 


If one restricts oneself to a homogeneous field, 


[ p*,Bs,]=0, 
the difference between the Hamiltonians is 


H’—H" = —3(h?/c) [B+ (BXx)?], (28) 


which is clearly significant. 

For more complicated p dependences, the possi- 
bilities become even greater. For a Hamiltonian like 
the B.C.S. one, which is not a polynomial in the mo- 
menta, the number of different possible H,, is probably 
Infinite. 
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If a system is given by its Hamiltonian without mag- 
netic field, its behavior in a field is not in general deter- 
mined. In other words: There is no means of deducing 
the Meissner effect from the B.C.S. theory. 


Ill 


Of course, ideally, the Hamiltonian (1) is meant to 
provide an approximate description of electrons inter- 
acting with phonons. Starting from the complete 
Hamiltonian of the electron-phonon system, 


H= Fesectronst F poms t FT interaction; ( 29) 


the influence of the magnetic field on the electrons and 
the electron current density are found, from Eqs. (15) 
and (16), to be given by (4) and (6). (This procedure 
is unique, since H is at most quadratic in the electron 
momenta.) 

One may now eliminate the phonons, to a certain 
approximation, by a canonical transformation S: 


H’=SHS3=HatV’, (30) 
where V’ is an effective interaction between electrons. 


The magnetic terms in (30) are uniquely determined by 
the transformation; the current density is now 


j= SiS. (31) 


However, B.C. 
simplified one, in which the interaction V’ 
by a qualitatively similar, but simpler 


S. now replace the Hamiltonian H’ by 
is replaced 
“truncated” 
function V”’. It is at this stage that the definiteness of 


the magnetic behavior of the system is lost: corre- 
sponding to the replacement of V’ by V”’, the current 


j’ ought to be “truncated” as well: 


jy". (32) 


If the truncation of V’ 
canonical transformation 7: 


T(AatV'’)T"=Hat V", 


could be performed by a 


(33) 
then the new current density j’’ would be well-defined: 


j’=7yT—. (34) 
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However, in the B.C.S. theory, the transition from V’ 
to V” is not governed by a transformation 7, and there 
is no definite and unique procedure to determine j’’ 
The current density, therefore, remains undefined, and 
there is no way of deriving the Meissner effect. 10 
assume, e.g., that the difference between j’ and j’’ is 
negligible, because the effects of V’ and V” for ot i 
tions of energy levels do not differ much, amounts, in 
effect, to assuming the result one wants to prove. 


IV 


It appears that only two ways are open in which a 
theory can yield a Meissner effect in a well-defined way: 

1. The theory must proceed from the initial Hamil- 
tonian, say (29), by canonical transformations and 
consistent neglect of certain well-defined parameters 
only. These steps are, then, always defined for the 
current density as well, so that one ends up with a 
consistent formulation of the problem in a magnetic 
field. This approach has not been successful so far.® 

2. If it can be shown that the electron pairs, in 
contrast to the pairs of the B.C.S. theory, form fairly 
localized entities (‘‘pseudo-molecules”) whose center- 
of-gravity motion is essentially undistrubed, then one 
may be able to show that the complicated features of 
the Hamiltonian affect the internal wave function of 
the pseudo-molecule only, whereas the center-of- 
gravity motion is essentially free. This, together with a 
proof that these ‘‘pseudo-molecules” obey some kind 
of Bose statistics, would be sufficient to establish the 
Meissner effect.7'* 
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Densities, cross sections, and activation energies of several fast germanium surface states are inferred from 
low-temperature conductivity relaxations in a thin diffused surface layer. Relaxations are induced by appli- 
cation of a sudden reverse biasing pulse. The observed rate of change of channel conductance as a function 
of temperature is analyzed in terms of a model wherein the equilibrium surface Fermi level is presumed to 
remain in close proximity to a trap level. The results indicate the existence of an electron trap 0.24 ev from 
the conduction band and two hole traps 0.17 ev and 0.22 ev from the valence band. 


INTRODUCTION 


HE hypothesis of surface states was proposed by 
Bardeen' to explain the abnormally low-experi- 
mental values of field-effect mobility in germanium and 
the virtual independence of metal-semiconductor con- 
tact potentials of the work function of the metal. This 
has given rise to a series of investigations aimed at the 
determination of the properties of such states. These 
have been experimentally classified into two groups: 
‘fast’? states and ‘‘slow” states. The slow states, char- 
acterized by room temperature relaxation times in 
germanium of the order of 0.1 sec or more, presumably 
consist of localized states residing on the outer surface 
of the oxide layer. The fast states, characterized in 
germanium by room temperature relaxation times ex- 
tending from 10~° sec to beyond the microsecond range, 
are presumed to be localized states within the forbidden 
range of the energy gap and to be located at or near the 
oxide-semiconductor interface.” 

The action of the fast states as screening centers in 
field-effect experiments has been studied by various 
investigators.*-® From analysis of field-effect mobility 
as a function of surface potential it is in principle 
possible to determine fast state densities and the 
positions of the traps in the energy gap. 

An alternative method for determining these pa- 
rameters employs the “‘channel effect,’ wherein the 
conductance of thin inversion layers is studied as a 
function of reverse bias between the layer and the bulk. 

The proposed action of fast states as recombination 
centers has led to a series of experiments by various 

* This research was made possible by a fellowship from the 
International Cooperation Administration of the U. S. Govern- 
ment and by the U. S. Air Force through the Office of Scientific 
Research of the Air Research and Development Command. 

t Now at Research Division, Raytheon Manufacturing Com- 
pany, Waltham, Massachusetts. 

1 J. Bardeen, Phys. Rev. 71, 727 (1947). 

?W. H. Brattain and J. Bardeen, Bell System Tech. J. 32 
(1953). ‘ 

3 W. Shockley and G. L. Pearson, Phys. Rev. 74, 232 (1948). 

4 Bardeen, Coovert, Morrison, Schrieffer, and Sun, Phys. Rev. 
104, 47 (1956). 

5H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 

6 W. L. Brown, Phys. Rev. 91, 518 (1953). 

7 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955). 


investigators.5-” A detailed analysis of surface re- 
combination velocity as a function of surface potential 
and temperature yields, in principle, the energies of 
the traps which dominate the recombination process, 
as well as the ratios of their capture cross sections for 
holes and electrons. In this type of experiment, surface 
recombination velocity can be measured by photo- 
conductance or by transient lifetimes of injected carrier 
disturbances; surface potential variations are effected 
by means of gas ambients or strong electric fields 
applied normal to the crystal surface. 

The present method is an attempt to determine 
simultaneously trap energies, densities, and cross sec- 
tions by studying the temperature variation of channel 
carrier relaxations induced by a sudden change in 
quasi-Fermi level at the surface. Experimentally this is 
achieved by measuring the time variation of resistance 
of a diffused inversion layer on germanium under the 
influence of an abrupt change in reverse bias. These 
relaxation effects, which at room temperature occur in 
times less than a microsecond, can be slowed down to 
easily observable rates by sufficient reduction of the 
sample temperature. 


EXPERIMENTAL METHOD 


The sample geometry is shown in Fig. 1(a). A rec- 
tangular block of 20 ohm-cm p-type germanium 
(3X6X2 mm) was prepared with a diffused n-type 
layer on the top surface. Leads were soldered to the 
sample as shown, the two leads on the surface making 
an ohmic contact to the n-type layer. The base of the 
block was soldered to a Kovar plate to insure good 
thermal contact to the cold finger to which the plate 
was attached. An accurate temperature determination 
was secured by means of a thermocouple in thermal 
contact with the block. Prior to mounting the sample 
on the plate, the upper leads were masked with wax 
and the » layer was then etched in CP4 until the room 
temperature channel resistance between the leads was 
reduced to 360 ohms. The resulting channel had a ratio 
of length to width of 1:6. The effective density of 
donors per unit square for such a geometry can then be 

8 PD. T. Stevenson and R. F. Keyes, Physics 20, 1051 (1954). 

9A. Many and D. Gerlich, Phys. Rev. 107, 404 (1957). 

0S. Wang and G. Wallis, Phys. Rev. 107, 947 (1957). 
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Fic. 1. Sample geometry and pulse circuit for measurement 
of pulsed channel effect. 


calculated from the following equation: 
N=l/wRep, (1) 


where N=density of donors/cm’, J=length of the 
channel, w= width of the channel, e=electronic charge 
in coulombs, n=bulk mobility in cm?*/volt sec, and 
R=resistance of the channel in ohms. Thus we have a 
donor density of 7.610" cm~™. 

To observe the transient variation of free carrier 
density in the channel, a constant current /, is passed 
between the two channel contacts; the resulting voltage 
drop in the channel is observed directly in the oscillo- 
scope. The circuit is shown in Fig. 1(b). The quasi- 
Fermi level at the surface is periodically abruptly 
shifted by applying a square reverse bias pulse to the 
base contact by means of a multivibrator driven 
mercury relay So». 

To minimize heating effects in the channel, the 
channel current is applied in the form of square current 
pulses of low duty cycle by means of another mercury 
relay S,. The two relays are so synchronized that the 
channel current is applied shortly before the base pulse 
and remains constant until all transient effects have 
died out. The current pulse is then turned off shortly 
before the base signal is removed. The condition of 
constant current while S;, is closed is fulfilled by setting 
the ballast resistor Rz at a value greatly in excess of 
the observed channel resistance. 

The two general types of wave forms obtained by 
this arrangement are shown in Fig. 2 and are arbitrarily 
classified as pertaining to “Process I” and “Process II” 


respectively. With respect to either process, the voltage 
Vo is simply the voltage drop across the. unperturbed 
channel, and is given by 


Vo=IRo, (2) 


where Rp is the channel resistance in the absence of bias. 
The voltage V; is observed immediately upon applica- 
tion of the base pulse, and is a measure of the initial 
channel resistance R; at this time. The resulting relaxa- 
tion process leads to an equilibrium value Vr corre- 
sponding to the final channel resistance Rr after all 
transient “effects have subsided. The subsequent re- 
moval of the current pulse leaves a small residual volt- 
age Vr whick is linearly related to the junction reverse 
current. All voltages are measured with respect to the 
reverse voltage in order to eliminate this additive error. 
To insure immediate relaxation of the charge stored in 
the junction capacitance, a one-thousand-ohm resistor 
is permanently connected from base to ground. Experi- 
mentally, it is sometimes observed in certain tempera- 
ture ranges that a competition occurs between process I 
and process II; however, the relaxation times invelved 
are usually sufficiently different that the two processes 
can be readily distinguished from one another. 

The experimental procedure which is employed in 
this experiment is to measure the time constant 7 of 
the relaxation process, and the voltages Vo, Vi, Vr, Ve 
as a function of temperature. For those cases wherein 
the relaxation is not a simple exponential function, the 
initial slope of the relaxation curve is measured also. 

By suitable analysis of such data it is possible in 
principle to determine trap energies, densities, and cross 
sections. Variations in equilibrium surface Fermi level 
were achieved by introduction of ozone and wet air 
into the system. 


THEORY 


For simplicity we shall consider an n-type surface 
with a single electron trap level located at some point 
in the upper half of the energy gap. The treatment which 
we shall derive can be immediately extended to hole 
traps near the valence band with no loss of generality. 
The behavior of the trap population under the influence 
of a sudden shift in quasi-Fermi level will depend upon 
the position of initial Fermi level F with respect to the 
trap energy Ey and the direction in which the Fermi 
level is shifted to its new value F’. We therefore recog- 
nize six basic configurations, three of which we shall 
analyze in detail. 


Fic. 2. Characteristic wave forms exhibited during 
the relaxation process. 
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(a) F>E,>F’. This configuration is illustrated in 
Fig. 3, where Er is the trap energy, £, and E, are, 
respectively, the energies of the edges of the conduction 
and valence bands, and F and F’ denote respectively 
the positions of the quasi-Fermi level for conduction 
electrons immediately before and immediately after the 
bias pulse is applied. Note that in this case the quasi- 
Fermi level for conduction electrons passes across the 
trap. We assume immediate equilibrium between the 
bulk and the conduction band at the surface. At suffi- 
ciently low temperatures, however, it is possible that 
the traps may require an appreciable amount of time 
to reach equilibrium with the conduction band. More- 
over we shall assume that the primary mechanism 
whereby trap equilibrium is attained is a direct transfer 
of electrons between the trap and the conduction band; 
thus the rate-determining process is the rate of this 
charge interchange. 

Denoting Fr as the quasi-Fermi level for the trapped 
electrons, it is evident that for the equilibrium surface 
immediately before pulsing, #r=F. However, the in- 
ability of the trap to establish immediate equilibrium 
with the conduction band implies that the trap will be 
overpopulated until sufficient electrons have been 
generated from the trap to the conduction band to 
allow Fr to drop down to a point where it again co- 
incides with the quasi-Fermi level for conduction 
electrons. 

Every electron generated from the trap to the con- 
duction band during this relaxation process contributes 
directly to the channel conductance. Thus the channel 
resistance decreases with time, and we identify this 
type of relaxation with ‘Process I.” 

Read and Shockley" and Hall” have treated the 
steady-state kinetics of trapping in detail. For non- 
equilibrium conditions we note that the rate of change 
of trap population is equal to the net excess of re- 
combination over generation. Thus we may write 


(dny/dt)=rn,(Nr—nr)—gnr(N.— Ns), (3) 


where »r=number of trapped electrons per cm’, Nr 
=number of traps per cm’, ,=surface concentration 
of free electrons per cm’, V.=effective density of states 
in the conduction band per cm*, r=recombination 
factor, and g= generation factor. From detailed balanc- 
ing we have 

g=rexpl —(E.—Er)/kT ]. (4) 


It therefore follows that 
dny/dt=rn,Nr—rn7(n.+n), (5) 


where we have used the approximation that V.>>n,, and 
have defined , as the free electron concentration at 
the surface for the particular case where the Fermi 
level for free electrons is located at the trap. 


11 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
2 R. N. Hall, Phys. Rev. 83, 228 (1951). 
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SURFACE STATES 


Fic. 3. Assumed behavior of sur- 
face in configuration (a). 
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We may therefore define a relaxation time 7 for this 
process : 
rit=r(n,/+n). (6) 


For the initial rate of change immediately after pulsing, 
we find 


(dnz/dt)y=rn,! (Nr—nro)—rnnr7o, (7) 


where ,’ is the new surface free electron concentration, 
governed by the new quasi-Fermi level F’ and n7o is 
the trap population before pulsing. 

We shall assume for simplicity that F and F’ are 
removed from Er by an amount considerably in excess 
of kT. To this approximation we may then write 


7 t=rn,=rN, expl — (E.—Er)/kT], (8) 


(dnz/dt)y>= —rnyNr=—rNrN, exp — (E-— Er)/kT]. 
(9) 


A semilogarithmic plot of the experimental values of 
either + or (dur/dt)o versus 1/T should therefore yield 
a straight line of slope (E.— Er)/k. In addition the trap 
density may be computed directly from the relationship 


Anr= (dnp dt)or= Nr. 


(10) 


Here we have defined an order of magnitude quantity 
Any which will be useful in estimating the relative 
magnitudes of the charge relaxation in various 
configurations. 

(b) F>F’> Er. In this case m,’ is much greater than 
n, and mr is very nearly equal to Nr. Thus to this 
approximation equations (5) and (6) become 


dny/dt))>=—rNrny; ro =rn,’; 
’ 


Anr= — Nyn;/n,'= — Nr exp — (F’—Er)/kT]. 


Therefore, the relaxation signal associated with this 
mode of relaxation will be extremely small compared to 
that of configuration (a). This follows from the fact 
that before and after shifting the quasi-Fermi levels, 
the trap remains essentially completely filled. 

(c) Er>F>F’. For this case nm,’ is very much less 
than #, and m7 is much smaller than V7. 

Equations (5) and (6) become 


(dnz/dt)o=r(n,’Nr—nyn}) 


= —9N Nr exp[—(E.—F)/kT]. 


ri=rn; 
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Hence 


Anr= Nr(expl — (Er—F’)/kT ]—exp[ — (Er—F)/kT)) 
= —Nr exp[ —(Er—F)/kT]. 


Here, as in case (b), the transient effects are small. 
For the three configurations we have considered, 

there are two transitional configurations wherein F or 

F’ coincides with Er. When F’ lies on Er, one obtains 


t1=2rn,; (dnr/dt)=—rNrm; Anr=—}Nr. 


When F lies on E7, one obtains 


rt=yrn,; (dnz/dt)h=—}1Nrm; Anr=—3Nr. 


Summarizing the process II relaxations, it may be 
said that in any case wherein the condition 


F>Er>F’ 


is satisfied, the temperature variation of either 7 or 
(dn7z/dt)o should allow one to determine experimentally 
the trap activation energy. In addition, the product 
7(dnr/dt)y should always give the trap density within 
a factor of two. The transitional cases are of consider- 
able significance because there is reason to believe that 
quasi-Fermi levels for conduction electrons have a 
tendency to anchor themselves on traps. 

The equations for the inverse processes wherein the 
quasi-Fermi level is pulsed upwards can be similarly 
derived. These cases represent relaxations wherein the 


traps are filled by electron capture from the conduction 
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Fic. 4. Series of process II lifetime runs giving an activation 
energy of 0.24 ev. Note added in proof—Run No. 4 is indicated 
by A. 
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band. Hence, the channel resistance increases with time, 
and we therefore identify these relaxations with 
“process I.” For such cases it can be shown that a 
simultaneous determination of trap activation energy 
and density is only possible for the case wherein the 
quasi-Fermi level for conduction electrons F’ anchors 
on the trap. It will be shown subsequently that this 
condition is often achieved. 


EXPERIMENTAL RESULTS 


The results of a series of runs are shown in Figs. 4-9. 
The pertinent mode of relaxation is marked on each 
figure. The curves shown pertain to a series of runs 
made over a period of several weeks on the same chan- 
nel. The normal experimental procedure was to cool the 
sample to liquid air temperature and to make measure- 
ments as the sample slowly warmed to room tempera- 
ture. Experimental values of dV ‘dt are converted to 
dn/dt by the relationship 


dn/dt= (l/wl -uneR?) (dV /dt). 


The parallel displacements of the curves from one 
run to the next can arise from a combination of factors 
such as gradual change in trap density, progressive 
shifting of the surface Fermi level by aging effects in 
the slow states, and differences in pulse amplitude for 
different runs. Figures 4 and 5 both show an apparent 
activation energy of 0.24 ev. The product of 7 and 
(dny/dt)y for these curves gives a constant value for 
each run ranging from 3 to 9X10" cm™. This behavior 
is strongly suggestive of configuration (a) or its two 
transitional cases. Moreover, the relaxation processes 
themselves seldom exceed more than 10 to 20% of the 
initial channel resistance R;. Thus we are led to expect 
that the actual shift in quasi-Fermi level is fairly small 
and that the Fermi level remains fairly close to the 
trap. Since it is not known whether the free surface is 
p or m type, the question arises whether this is an 
electron trap located 0.24 ev from the conduction band 
or a hole trap located an equal distance from the valence 
band. There are several reasons for believing that this 
is an electron trapping process. If the surface were p 
type with the Fermi level near the trap, then the 
application of the reverse biasing pulse would immedi- 
ately reduce the concentration of free holes at the 
surface, i.e., the quasi-Fermi level for free holes is 
pulsed upward. The trap must then tend to empty. 
Thus, by charge neutrality the channel concentration 
of free electrons must drop to compensate for the loss 
of holes generated during the relaxation process. This 
process will then cause the channel conductance to 
decrease with time and we would observe a process I 
relaxation. This mechanism will hold as long as the 
number of free holes is small compared to the normal 
number of free electrons in the channel. It can be shown 
that this is always the case in the temperature range 
considered. Thus, it is evident that if this trap were 
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Fic. 5. Series of process IT ini- 
tial slope runs giving an activation 
energy of 0.24 ev. Note added in 
proof —In the key, Run No. 6 
should read 5. 


on the p side we would then expect a process I relaxa- 
tion for the reasons just stated. However, the observed 
wave form is that of process II; hence we are led to 
believe that in this case we are dealing with an electron 
trap of activation energy 0.24 ev and density of 
3X10" to 9X10" cm. The electron capture cross 
section of this trap may then be computed from the 
equation 

1nr=OnrT, (11) 


where vr is the thermal velocity. In the absence of a 
more detailed analysis of the variation of the thermal 
velocity with respect to crystal orientation we shall 
take the electron mass equal to its free mass. 

The fact that the measure values of + vary at most 
by a factor of 2 in succeeding runs made over several 
weeks with pulse biases varying from 20 volts to 64 
volts leads one to suspect that the condition F > E7>F’ 
is satisfied. Assuming configuration (a) to be the case 
and taking representative values of +r and (dnr/dt)o at 
170°K, one obtains from Eqs. (8)—(11) 


Nr=8X10" cm”, E,.—Er=0.24 ev, 
tn=3.2X10°8, o,=4.3XK10-" cm?. 


We note that in the case of either of the transitional 
configurations wherein F or F’ are assumed to lie on 
Er, the true value of Vr would be twice the value given 
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Fic. 6. Series of process I initial slope runs giving an 
activation energy of 0.22 ev. 
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Fic. 7. Series of process I lifetime runs giving an average 
activation energy of 0.17 ev. 


above. It is believed that the parallel displacements of 


r and (dn7/dt)) values illustrated in runs 4 and 5 
(Fig. 4) and run 3 (Fig. 5) arise from a shifting of either 
F or F’ with respect to Er as the temperature varies. 
The exact details of this mechanism are not yet under- 
stood. The above values are to be compared with the 
level determined by Statz et al.” of density 10" to 10" 
cm™~™ located 0.21 ev from the conduction band. 
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Fic. 8. Series of process I initial slope runs giving an 
activation energy of 0.18 ev. 


18 Statz, deMars, Davis, and Adams, Phys. Rev. 106, 455 (1957). 


The results of a series of runs wherein the oscillo- 
scope showed process I relaxations are shown in Figs. 
6, 7, and 8. Figure 6 shows the values of (du7/dt)o 
obtained from vacuum measurements after exposing 
the surface to strong ozone ambient. We may therefore 
assume that these curves represent the relaxation 
process wherein a hole trap reacts with the valence band. 
We find an activation energy of 0.22 ev for this process. 
Since the values of 7 were poorly defined in these runs, 
they were not recorded; hence trap density and cross 
section cannot be evaluated here. The abrupt changes 
in slope noted in Fig. 6 presumably denote shifts of the 
Fermi level to new configurations possibly involving 
additional trap levels. 

Figures 7 and 8 show 7 and (dnr/dt)o for another 
series of process I runs, and by similar analysis one 
obtains for the most probable values: 


Nr=6X10" cm?, 
%,=1.2XK10-*, 


Er,—E,=0.17 ev, 
= 210- cm’. 


It should be noted that the density of this trap is 
approximately the same as that of the 0.24-ev level, 
whereas the cross section is surprisingly large. The 
agreement between the slopes of the + and (dnz/dt)o 
values for this level is quite gratifying. 

From the foregoing it would appear that the 0.22-ev 
and the 0.17-ev levels are hole traps interacting with 
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MEASUREMENT OF 
the valence band. Statz et al.‘ have reported a level of 
approximate density 10" cm~ located 0.20 ev from the 
valence band. Bardeen ef al.? have also determined a 
trap of density 1 to 3X10" cm™ at the same energy. 

Figure 9 illustrates a type of behavior which is some- 
times encountered during the course of a run. This 
phenomenon indicates that the Fermi level does not 
always remain well anchored to the trap. All values of 
trap energy reported in this paper are based upon runs 
which give an essentially linear plot over a variation of 
at least three powers of ten in 7 or (duy/dt)o. 


DISCUSSION OF RESULTS 


The possibility must: be considered that some or all 
of these processes represent bulk trap relaxations in- 
stead of true surface effects. To resolve this question 
an estimate must be made of the magnitude of possible 
bulk trapping effect in this geometry. It is therefore 
necessary to analyze the junction region in some detail. 
In Fig. 10 a series of typical values of Ro/R,; and Ro/Rr 
are plotted as a function of pulse bias V2. The charge Q 
which is squeezed out of the junction by application of 
the pulse is then given by 


Ro R;= N; No=1-Q No. 


The difference between the two curves is therefore 
Qr/No, where Qr is the amount of charge added or 
removed from the trap during the relaxation process. 
This quantity is plotted in Fig. 10 as a function of 
pulse bias for a typical run. If this process were due to 
a relaxation of bulk traps it would have to originate 
from those traps located in the depletion region of the 
junction. Assuming a uniform spatial density for such 
traps, it follows that the magnitude of Q7 would then 
be proportional to the width / of this region. 

If one assumes that to a first approximation the 
diffused donor density in this region varies linearly with 
distance from the center of the junction, then it follows 
from well known principles'® that / is proportional to 
V4, This dependence has been verified by measurement 
of the channel capacitance as a function of bias. There- 
fore, the relaxation charge should vary as V!, and one 
would expect a behavior as indicated by the dotted line 
in Fig. 10. It is evident that there is a marked dis- 


4 Statz, deMars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 

16 W. Schottky, Mitteilung aus der Zentralabteilung der Siemen 
und Halske A.-G. Berlin-Siemensstadt 553 (1941). 
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Fic. 10. Typical behavior of Ro/R; and Ro/Rr. Lower set of 
curves illustrate actual behavior of Qr/No (solid line) and ex- 
pected behavior if bulk trapping effects were dominant (dotted 
line). 


crepancy between the two curves; moreover, the experi- 
mental curve is strongly indicative of a surface relaxa- 
tion phenomenon wherein considerable bias must be 
applied in order to cause a significant change in quasi- 
Fermi level at the surface. From this it would appear 
that bulk effects can be excluded. 

From high-frequency field effect measurements on 
germanium at room temperature, Montgomery'® has 
estimated that the relaxation times of the dominant 
fast states are of the order of or less than 10~* sec. The 
values for r for the 0.24-ev and the 0.17-ev levels 
extrapolate to room temperature values of 4X10~° sec 
and 2X10~" sec, respectively. Those values are not 
inconsistent with Montgomery’s estimate. 
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A polymorphic transition in solid mercury which was initially discovered by Bridgman has been studied 
at lower temperatures and pressures than those previously used. The transition would occur at zero pressure 
and 79°K if these data are extrapolated. However, the transition begins to show time effects and large 
pressure hysteresis at much higher temperatures, and below 93°K it can only be made to run irreversibly 
and in the a-8 direction, and then only upon the application of several thousand atmos pressure. The changes 
in the molar volume with both temperature and pressure from 4.2°K to 200°K and from zero to 12 000 
atmos have been determined in addition to the changes in the thermodynamic parameters at the transition. 
In particular, these results can be used to explain an anomaly which was found in work on the effects of 
pressure on the superconducting transition in mercury. 


INTRODUCTION 


HE existence of a polymorphic transition in solid 

mercury was first discovered by Bridgman! at 
relatively low temperatures and high pressures. His 
experimental data for transition pressures are repre- 
sented by the open circles in Fig. 1, and formed the 
basis for his prediction that the phase transition should 
be found for zero pressure at, roughly, 80°K. Specific 
heat,”* metallographic,‘ and x-ray diffraction‘ studies 
have given no indication of a discontinuous change in 
the properties of solid mercury between its triple point 
(234.29°K) and liquid helium temperatures. 

We became interested in this problem when measure- 
ments on the variation of the superconducting transition 
in mercury with pressure gave anomalous results.® 
Very briefly, two transition temperatures seemed to 
exist (4.149°K and 4.03°K) at liquid helium tempera- 
tures, with different values for (07./0P) 7.0, depending 
on the previous history of the sample. Data obtained 
for a given sample of mercury were perfectly repro- 
ducible if the pressure were kept below 4000 atmos, 
but a permanent, irreversible shift in the T, vs P curve 
resulted when the pressure was cycled several times to 
11.000 atmos. In order to find a possible explanation 
for these effects, it was decided to look in some detail 
at the phase diagram for mercury at temperatures 
lower than those available to Bridgman. It was also 
hoped to obtain the equation of state [V(P,T7) ] for 
mercury in the temperature region below its triple 
point. 

The experiments which will be described in detail 
here consisted of a series of isotherms in which changes 
in volume were noted as the pressure was increased to 


* Contribution No. 596. Work performed in the Ames Labora 
tory of the U. S. Atomic Energy Commission. 

1 P. W. Bridgman, Phys. Rev. 48, 896 (1935). 

2R. H. Busey and W. F. Giauque, J. Am. Chem. Soc. 75, 806 
(1953). 

3P. L. Smith and N. M. Wolcott, Phil. Mag., Ser. 8, 1, 854 
(1956). 

4C. S. Barrett, Acta Cryst. 10, 58 (1957). ‘ 

5. A. Swenson and L. D. Jennings, Proceedings of the Fifth 
International Conference on Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, 1957 (unpublished). 
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about 13 000 atmos. The transition was observed as a 
discontinuity in the volume in opposite directions at 
increasing or decreasing pressures. As the temperature 
was decreased, the transition pressure also decreased, 
but the transition became increasingly more sluggish, 
with time effects appearing, until below about 95°K it 
would go only from the old, a, phase to the new, £, 
phase upon the increase of pressure, but would not 
transform in the opposite direction. 

The curve of Fig. 1 extrapolates to about 79°K at 
zero pressure, and below this temperature the new 
phase is thermodynamically more stable. However, 
because of the “‘stickiness”’ of the transition, pressures 
of 4000 atmos at 78°K, and 10 000 atmos at 4.2°K are 
needed to transform the a phase into the more stable 8 
phase. The need for this ‘driving force,” in addition 
to the thermal ‘‘driving force” available, explains why 
the 8 phase has not been observed previously at zero 
pressure. It also offers a means for understanding the 
superconducting experiments. 


EXPERIMENTAL DETAILS 


The method used was essentially the same as that 
which was originally described by Bridgman,® and 
which was later modified for low-temperature work.7:* 
The mercury was placed in a Carboloy cylinder ({ in. 
o.d. and 0.250 in. i.d.), the ends of which were fitted 
with Carboloy pistons. Carboloy is ideal for such a 
sample holder because of its very high (about 90X 10° 
psi) Young’s modulus. A force of up to four tons was 
applied at room temperature to the pistons by means of 
tie rods and a compression member which were attached 
to a hydraulic press. The ratio of the force generated by 
the press (calculated from its piston area and the oil 
pressure) and the area of the sample gave the sample 
pressure. Oil pressures were determined precisely by the 
direct use of a deadweight gauge, and changes in 
pressure of equal increments were obtained by changing 

W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 9 (1945). 


‘Pp. 
7C. A. Swenson, Phys. Rev. 99, 423 (1955). 
8 C. A. Swenson, Phys. Rev. 100, 1607 (1955). 
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Fic. 1. The phase diagram for solid mercury. 


the weights on the deadweight gauge pan by equal 
amounts. 

The changes in the volume of the sample upon the 
application of pressure were observed at room tem- 
perature by means of a commercial dial gauge. The 
frame of this gauge was connected to the top sample 
holder piston by means of two quartz feeler rods, while 
the pin of the gauge was connected to ithe bottom piston 
by two other identical quartz rods. Thus, the extension 
or compression of the press members was not observed, 
and the main correction necessary to convert dial 
gauge readings to changes in length of the sample was 
due to the compression of the sample holder pistons. 
The dial gauge was graduated in 0.01-mm divisions, 
and the position of the needle could be estimated to 
0.001 mm. The gauge was calibrated against an accurate 
micrometer screw over its entire range (2.5 mm), and 
was found to be linear. The dial gauge was completely 
enclosed and was read through a window, so that the 
space around it could be evacuated if necessary, elimi- 
nating the need for gaskets or stuffing boxes around the 
feeler rods. 

The liquid mercury was placed in the Carboloy 
cylinder, the bottom of which was roughly sealed by 
the lower piston and a piece of scotch tape. Pressure 
was not applied to the complete assembly until the 
mercury was solidified, and loss of the solidified mercury 
by extrusion was prevented by using triangular steel 
closure rings on the end of each piston.’ These rings 
fitted tightly in the cylinder, and prevented the pistons 
from compressing the liquid mercury with their own 
weight when the assembled sample holder was placed in 
the press. A calibrated copper-constantan thermocouple 
was clamped to the outside of the sample holder, and 
it was assumed to read the temperature of the sample. 

The hydraulic press, with the sample holder in posi- 
tion, was placed in a cryostat of the type which has 
been described previously.’ After the cryostat tempera- 


°C. A. Swenson and R. H. Stahl, Rev. Sci. Instr. 25, 608 
(1954). 
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Fic. 2. A typical experimental curve, showing the a-8 transition 
in solid mercury. The pressures are in units of approximately 1000 
atmospheres. 


ture had become stabilized at a desired temperature 
(the drifts during any run were never more than 0.5° as 
indicated by a potentiometer-recorder combination), 
the pressure on the sample was increased slowly to 
13 000 atmos and then released gradually to a value 
slightly greater than zero (150 atmos), which was given 
by the weight of the deadweight gauge pan when empty. 


The approximate pressure of the transition was noted 
by observing the dial gauge (and the temperature) for 
both increasing and decreasing pressure. The sample 
pressure was then slowly increased in steps of about 
1000 atmos by adding weights to the deadweight gauge 
until the transition pressure was approached, at which 
time the steps were changed to 100 atmos. Once the 
transition was completed, the steps were again increased 
to 1000 atmos, and the procedure repeated for de- 
creasing pressure. A typical experimental curve is 
shown in Fig. 2. The difference between the increasing 
and decreasing pressure curves is due to friction, and 
the true curve is the mean of these, also shown. 

In order to obtain the actual change in the volume of 
the sample with pressure, it was necessary to correct 
for the changes in piston length and cylinder area with 
pressure. Since the latter correction, in particular, is a 
strong function of the sample length, these were deter- 
mined by means of a comparison experiment using 
samples of indium of the same length, and by assuming 
that the compressions of indium were known at both 
room temperature and 78°K.*®:§ Thus, these measure- 
ments are not absolute, but relative to indium. The 
resulting calibration curve (that is, the effect of the 
pistons and cylinder only) is also given in Fig. 2 to 
show its order of magnitude. The ‘“‘calibration”’ curve 
was found to be linear from 2000 atmos to 13 000 atmos, 
although curvature was found below 2000 atmos. The 
change in calibration with temperature was slight (ten 
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percent), so indium runs were made only at room tem- 
perature and 78°K, and an interpolation was made 
assuming that the calibration would not change between 
78°K and 4.2°K.* The curvature in the experimental 
P-V curves below 2000 atmos was generally ignored, 
and blamed on the nonlinear calibration; in effect, 
zero pressure values of AL were obtained by extrapola- 
tion of higher pressure data. 

The linear thermal expansion coefficient of the 55B 
Carboloy used is rather small (6.5 10~*/°C)" so that 
its effect on the area of the sample holder in pressure 
determinations was not corrected for. This thermal 
expansion had an effect on the changes in (extrapolated) 
sample length with temperature at ‘‘zero”’ pressure, 
however, and this effect was determined from the 
indium runs, since the thermal expansion of indium is 
well known.® The resulting correction (obtained from 
three runs) was small, and the total effect of the pistons 
and dial gauge support system was to give changes in 
length which were too large by 0.023 (+0.005) mm 
when the sample was cooled from room temperature to 
78°K. This was almost compensated for by the apparent 
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Fic. 3. Pressure-volume isotherms for various selected tempera- 
tures. The data have been corrected for the thermal expansion and 
distortion of the sample holder, and normalized to an assumed 
thermal expansion at zero pressure (see Fig. 7). 
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increase in length of the samples as the area of the 
cylinder decreased due to thermal expansion, so the 
net effect (which depended on sample length) was 
quite small. 

The mercury used in these experiments was the same 
as that used in the superconducting work, and was 
described on the container as ‘chemically pure, triply 
distilled, impurities less than 0.004%.” The as-cooled 
value of the superconducting transition temperature 
and the sharpness of both the superconducting and the 
pressure transitions indicated that the purity was 
adequate for both experiments. Systematic errors were 
checked for, in part, by using samples of two different 
masses, 2.934 g (0.01564 mole) and 1.586 g (0.007906 
mole), respectively, designated as mercury 1 and 
mercury 2. Their lengths at 78°K were approximately 
6.50 mm and 3.48 mm. The corrected AL data were, in 
general, converted to changes in molar volume by using 
conversion factors which related a change in sample 
length of 0.01 mm to volume changes of 0.02160 cm*/ 
mole and 0.03997 cm*/mole, respectively, for the two 
samples. 

The reproducibility in the dial gauge readings at any 
given temperature was about 0.002 mm, whereas the 
reliability of changes in corrected sample length is 
probably +0.004 mm, due in part to the press correction 
which must be subtracted from the actual data. Th 
consistency in any given run, however, or in any series 
of runs, may be higher, since the corrections were 
assumed to vary smoothly with temperature. 


RESULTS 


The experimental data which were obtained fall 
naturally into two separate parts, those which refer to 
the thermodynamic parameters of the a-§ transition 
alone, and those which refer to the general thermo- 
dynamic properties of the individual phases. The correc- 
tions which must be applied to the transition parameters 
are quite small, and have little effect on the data 
analysis. This can be seen from Fig. 2, where the 
transition pressure and the volume change for a given 
temperature can be read directly off the experimental 
curve once the friction correction has been made. In 
order to obtain the molar volumes of the individual 
phases as functions of temperature and pressure, how- 
ever (and, hence, their thermal expansions and com- 
pressibilities), it is necessary to apply corrections for 
both the thermal expansion and the mechanical dis- 
tortion of the sample holder. These latter data are, then, 
more subject to errors in detail. 

The transition pressure measurements were marked 
by two peculiarities, which were also noted by Bridgman 
at higher pressures.’ First, once the transition started 
to take place at a given pressure, it continued to com- 
pletion except for the lowest temperatures. Even here, 
except for the 4.2°K run, the transition pressure ex- 
tended over only a few hundred atmospheres. Once 
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TABLE I. Actual experimental data for the solid mercury runs. Column 2 gives the assumed molar volume of the phase at each tem- 
perature, while all other data are as calculated from smoothed isotherms, of the type shown in Fig. 3. Columns 9 and 10 refer to the 
compressibility [k= —(1/V)(@V/dT)p] at the transition pressure for the two phases. 


2 3 4 5 


Vow 10° Xkoa 10? X Pup 10* X Paown 
cm?/mole atmos" atmos atmos 


12 550 
9970 
6630 
5130 
3960 
2730 
1920 

0 
3700 


12 200 
9550 
6330 
4900 
3460 
1920 

918 


14.070 
14.035 
13.987 
13.961 
13.936 
13.908 


3.62 


Mercury 1 





10 
Vs AV 10%ka 10%kg 
cm?/mole cm*/mole cm!/mole atmos” atmos" 


2.42 
2.60 
2.77 
3.08 
3.02 
3.12 
3:45 
2.84 
2.84 


13.463 
13.515 
13.562 
13.590 
13.612 
13.627 
13.636 
13.647 
13.530 


0.105 
0.121 
0.145 
0.150 
0.166 
0.180 
0.187 
0.208 
0.167 


13.568 
13.636 
13.707 
13.740 
13.778 
13.807 
13.823 
13.855 
13.698 


Mercury 2 
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started, the transition rate was very temperature de- 
pendent, with the transition taking place in only a few 
seconds at 199°K, while it required about 30 minutes 
to go to completion at 98°K. This rate could be speeded 
up by applying excess pressure, so, at any temperature, 
there is some ambiguity in the assigned transition 
pressure due to this cause. 

The second peculiarity is most likely connected with 
the first, and can be noted in Figs. 2 and 3. Even after 
the friction correction has been made, there exists an 
excess pressure needed to make the transition take 
place. This results in a hysteresis between the pressure 
increasing and pressure decreasing transitions (see 
Fig. 3, and columns 4 and 5 of ‘lable I), and, following 
Bridgman, we will call this a “region of indifference.” 
This effect became more marked as the temperature 
decreased until at 98° K this region was about one-third 
the average transition pressure. At lower temperatures 
the region of indifference seems to become greater than 
the transition pressure itself, since the transitions be- 
come irreversible, going from a to 8 upon the application 
of sufficient pressure, but not returning. 

This was demonstrated by a typical experiment in 
which solid mercury was cooled to 78°K at zero pres- 
sure, with no sign of the transition occurring, although 
the high temperature transition curve extrapolates to 
zero pressure at 79°K. When a pressure of, roughly, 
4000 atmos was applied to the sample, however, the 8 
phase was produced and the transition occurred quite 
sharply but irreversibly (see Fig. 3). This phase re- 
mained stable upon repeated cyclings of the pressure 
at this temperature. If the temperature of this resulting 
8 phase was increased slowly at zero pressure, the phase 
remained stable until about 93°K (Fig. 4), when it 
began to transform back into the a phase. If the sample 


2.63 
2.97 
2.80 
2.80 
2.62 


13.499 
13.584 
13.647 
13.515 
13.592 
13.680 


0.110 
0.180 
0.208 
0.172 
0.196 
0.198 


were then cooled, it remained stable in the a phase 
until a high pressure was again applied. 

The same experimental results were obtained when 
the a phase was cooled to 4°K, with no sign of the 8 
phase appearing. Here, however, the transition appeared 
to take place over a range of pressures (Fig. 3), and is 
only complete for pressures over 10000 atmos. The 
fact that it is almost complete is borne out by the 
difference in molar volume between the two phases at 
4°K which is, within the experimental error, the same 
as at 78°K. 

The actual experimental data for the various runs 
are given in Table I, with the transition pressure 
(columns 4 and 5, averaged) and volume change 
(column 8) data plotted in Figs. 1 and 5. One interesting 
fact that emerges is that the volume change (AV) is 
roughly independent of the temperature, but is quite 
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Fic. 4. The warming curve for a sample which was 
initially in the 8 phase. 
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Fic. 5. The molar volume changes (AV = Va— Vg) 
at the transition. 


dependent on the pressure. This is undoubtedly due to 
the fact that the compressibilities of the two phases are 
very different, while their thermal expansions are almost 
the same. This will be discussed in detail later. In par- 
ticular, the AV at 3700 atmos as determined in the 
irreversible transition at 78°K agrees well with the AV 
obtained for a reversible transition at 125°K and the 
same pressure. 

The smoothed values for the transition parameters 
(P,T,AV) are given in Table II, along with the entropy 
change and the latent heat as calculated from the 
Clausius-Clapeyron equation. Smoothed curves have 
been drawn through the above data and those of 
Bridgman for higher pressures. The relatively small 
importance of thermal effects is again emphasized by 
the effect of 30 000 atmos on the entropy (about a 25% 
increase) as compared with the change in AV of about a 
factor of three. 
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Fic. 6. The zero-pressure compressibilities of the two 
phases of solid mercury. 


The compressibilities of the two phases at various 
temperatures and pressures are determined by the 
slopes of the corrected P-V curves of Fig. 3, and these 
are dependent on the press corrections. The resulting 
accuracy in the compressibilities is estimated to be 
about 5%. The compressibilities at zero pressure are 
tabulated in column 3 of Table I, and are plotted in 
Fig. 6. Smoothed values are given in Table III for 
various temperatures. Our value of the compressibility 
at 82°K (2.8;xX10~* atmos’) is in satisfactory agree- 
ment with the value of 3.1X10-® atmos! (410%) 
given by Griineisen and Sckell,!! which was obtained 
by calculation from measured values of the elastic 
constants at this temperature. 

Figure 2 shows qualitatively that the 6 phase is 
much less compressible than the a phase when the 
slopes of the experimental curve above and below the 
transition are compared. This is easily seen in Fig. 3, 
and the tabulated compressibilities of the two phases 
at the transition pressure are given in columns 9 and 
10 of Table I. In general, the ratio (ka/kg) is of the 
order of 1.4 (+0.1) for high pressures, although it is 
only about 1.2 at zero pressure. This large difference in 
the compressibility is undoubtedly the cause of the 
large change in AV with pressure, and was also com- 
mented upon by Bridgman.! 

The final information which would be useful, and 
which can be obtained from these data, concerns the 
thermal expansion of both phases at various pressures. 
The apparent zero pressure lengths of the two samples 
were corrected by comparison with the indium runs so 
as to give approximate values for the changes in the 
volumes of the two samples as functions of the tem- 
perature. However, because of the uncertainties in the 
setting up of the press for each run, it was not possible 
to assign an exact length to the sample at any given 
temperature, and, hence, it was not practical to try to 
compute an exact value for the molar volume or density 
at each point. The changes in length with temperature 
could be determined much more accurately. 

It was therefore decided to assume the molar volume 
(density) of solid mercury in the a phase at 78°K, and 
to calculate the changes in molar volume from this 
value. For reasons which will be outlined below, the 


TABLE II. Smoothed values for the changes in the thermo- 
dynamic parameters along the transition line. 
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value of the density which was given by Griineisen and 
Sckell™ at 82°K (14.469 g/cm’ or 13.865 cm*/mole) 
was chosen as correct, and the resulting molar volume- 
temperature curve as given by our data is shown in 
Fig. 7, along with the data used in its determination. 
In particular, the curve extrapolates to the molar 
volume which seems correct for the triple point density 
of solid mercury (14.19° g/cm or 14.135 cm*/mole) as 
given in Landolt-Bérnstein’? and as calculated from the 
liquid density’® and the volume change on melting for 
mercury at zero pressure as given by Bridgman." 

A straight line can be drawn through the data to give 
a mean volume thermal expansion coefficient of 8= 1.28 
X10-*/°C, which is, again, in good agreement with the 
work of Griineisen and Sckell. Their thermal expansion 
determination was independent of their density determi- 
nation. This expansion coefficient is also in good agree- 
ment with other density measurements by Sapper and 
Biltz,!! indicated by S on Fig. 7. 

There is an apparent disagreement with densities 
which were calculated by Barrett from his accurate 
x-ray diffraction studies at 78°K and 4.2°K.‘ Barrett 
concludes that his data at 78°K can be explained by a 
simple rhombohedral structure with a lattice constant 
of 2.9925 A and an angle of 70° 44.6’. This gives a 
density of 14.402 g/cm’, or a molar volume of 13.929 
cm’, in definite disagreement with the other data. 

2 Landolt-Bérnstein, Physikalisch-Chemische Tabellen (Verlag 
Julius Springer, Berlin, 1923), fifth edition, Vol. 1, p. 289. 

8 Tnternational Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1927), Vol. 2, p. 458. 

4 P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1949), p. 197. 
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There seems to be an old value of the density at 82°K 
of 14.383 g/cm* proposed by Dewar!’ which is quoted 
in several references and which also seems to be incon- 
sistent with other data. The discrepancy between the 
x-ray and bulk deteminations of the density is in the 
wrong direction to be explained by vacancies in the 
bulk specimen. 

The smoothed curve of Fig. 7 has been chosen as 
correct in the following calculations, and the smoothed 
molar volumes corresponding to mercury at zero pres- 
sure are given in column 2 of Table I for each of the 
experimental runs. This curve is also given for the a 
phase in Table III, along with values of the molar 
volume of the 6 phase as deduced from the AV data. 

Once the molar volume of the sample at zero pressure 
has been determined, it is then possible to determine 
the molar volumes corresponding to each point on each 
of the experimental isotherms. This has been done for 


TABLE III. Smoothed values for the molar volumes of the 
a phase (as assumed), 8 phase, and their compressibilities, all at 
zero pressure, 
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11 FE, Griineisen and O. Sckell, Ann. Physik 19, 387 (1934). 
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the plots in Fig. 3, and the molar volumes of the 
two phases at the transition have also been given in 
columns 6 and 7 of Table I. This information can be 
transformed into a form which is sometimes more useful 
by plotting it as isobars on a molar volume-temperature 
plot, and this has been done for all the data in Fig. 8. 
The points indicate readings from smoothed isotherms 
for each of the experimental runs, at the pressures 
indicated. 

The quantity of greatest interest is the change in 
entropy of the mercury upon the application of pres- 
sure, and this can be calculated from (0S/dP)r 
=—(0V/dT)p, a Maxwell relation, where the second 
term can be read directly from Fig. 8. Very little can be 
said about the behavior of the curves below 100°K, but 
above this temperature they can all be represented 


within experimental accuracy by straight lines. If 
curvature had been assumed in the zero pressure curve, 
this would also have been reflected in the other isobars. 


If better thermal expansion data become available at 
some later date for the zero pressure curve, these 
curves (Fig. 8) could be transformed by merely keeping 
their spacing in the vertical direction constant while 
the V-T curve at zero pressure was altered. 

If the straight line approximation is assumed, then 
the thermal expansion in cm*/mole-deg between 100°K 
and 200°K can be written as follows, where the pres- 
sure, P, is, in atmos, 


(0V/dT) p g=1.80X 10-*—0.38X 10-7 P. 
(OV /0T) p g=1.72K10-*—0.40X 10-"P. 
The corresponding entropy changes in this region can be 
given in cal/mole-deg, with the pressures again in 
atmos, as 
(Sa—:So, a) = 2.39X 10-*(1.80—0.19X 10-4 P) P. 
(Sg—So, g) =2.39X 10-5(1.72—0.20K 10*P) P. 
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Both sets of equations have been extrapolated to zero 
pressure, and the actual pressure regions in which each 
of them applies can be determined from Fig. 1. For an 
order of magnitude, the total entropy change in 10 000 
atmos as given by these equations is about 0.385 
cal/mole-deg for the a phase and 0.364 cal/mole-deg 
for the 8 phase. This is of the same order of magnitude 
as the entropy change at the transition, but corre- 
sponds to a volume change twice as large. 

The Griineisen constant, [=V3/C,k, can be evalu- 
ated for the a phase from the data obtained in these 
experiments and the specific heat data of Busey and 
Giauque.” I’ ranges from 2.5 at 100°K to 1.9 at 200°K, 
and is not as constant as one would hope. However, 
this is probably due to the assumption that the thermal 
expansion is constant over this temperature range. The 
fact that this assumption is incorrect is also emphasized 
by the calculation that the changes in the entropy of 
the solid as induced by pressure are independent of the 
temperature in this same temperature region. If this 
were true, then the entropy curves for various pressures 
would have to be parallel to each other, and therefore, 
the specific heat would have to be independent of 
pressure. This cannot be true and simultaneously have 
the entropy decrease with pressure. This inconsistency 
could be removed by assigning a proper curvature to 
the molar volume-temperature curves, but the accuracy 
of the available thermal expansion data does not suggest 
how this should be done. 


DISCUSSION 


One of the major questions raised in this work is why 
the transition in mercury is not observed at atmospheric 
pressure. The values for the transition parameters and 
the overpressures needed to induce the transitions, 
along with qualitative observations as to the actual 
transition rates, offer an opportunity for interpretation 
of the results in terms of current ideas as to the kinetics 
of phase transitions in solids.!® 

On a purely thermodynamic basis, the relative 
stability of two phases can be determined by comparing 
their Gibbs free energies, G, with the stable phase 
having the lower value of G. The equilibrium line of 
Fig. 1 represents the temperatures and pressures at 
which the Gibbs free energies of the two phases are 
equal. In what follows, AG, will be used to denote the 
difference between the free energies of the new and the 
old phases, and must be a negative quantity for the 
transition to take place. 

The thermodynamic treatment is exact, but does not 
suggest when, if ever, the transition will take place. 
Much work has been done on the kinetics of phase 
transitions in general, but exact calculations are very 
difficult in the case of solid-solid transitions. Neverthe- 


15 For a survey of the current state of the theory of phase 
transitions, see the article by D. Turnbull, in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1956), Vol. 3, pp. 225-306. 
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less, the general ideas are felt to be quite correct, and 
the behavior of the solid mercury transition can be 
explained qualitatively in terms of these ideas. Two 
processes are involved; the first concerns the formation 
of nuclei of the new phase, and the second concerns the 
growth of these nuclei at the expense of the old phase. 

The nucleation process depends on AG, and also on 
the temperature, while the presence of impurities and 
crystal imperfections assists in the formation of the 
nuclei. A certain amount of undercooling (the pressure 
and temperature of the system must be within the 
region of stability of the new phase) is needed to 
generate the nuclei in sufficient number, and the amount 
of undercooling necessary is expected to decrease with 
increasing temperature. The amount of deformation 
which is experienced by the samples in these one-sided 
compression experiments probably induces sufficient 
sources for the formation of nuclei so that nucleation is 
not a serious problem in determining the transition 
rate. However, at the highest temperatures, the transi- 
tion rate seems to be very rapid (of the order of a few 
seconds for complete formation of the new phase), and 
yet a finite overpressure is necessary to initiate the 
transition. This may be because of the difficulty in 
nucleating the new phase. 

In general, it is difficult to separate the nucleation 
and the growth processes, since both depend on the 
undercooling of the old phase, or AG,. The growth 
process also involves a second factor, AG,, which repre- 
sents the potential barrier which an atom must over- 
come in crossing the phase boundary into the new 
phase. AG, should be of the order of, or less than, the 
activation energy for self-diffusion in the substance. 

On a purely phenomenological basis, Turnbull gives 
the following relationship which would be proportional 
to the rate of growth of the new phase, if the effects of 
strains are ignored!*: 


vo exp(—AG,/kT)[1—exp(vAG,/kT) ], (1) 


where vo is the fundamental jump frequency (and 
presumably increases with the temperature), AG, and 
AG, are as defined previously, and v is a function which 
depends on the shape of the nuclei. 

The value of AG, can be estimated by using the 
thermodynamic relationship, 


dG=—SdT+VdP, or dAG=—ASdT+AVdP. (2) 


The transition data indicate that both AV and AS are 
roughly independent of the temperature and pressure, 
so as an approximation, it is possible to assume that 
AV =-—0.2 cm*/mole, and AS= —0.4 cal/mole-deg. In 
an isothermal experiment, then, AG,= AV (P— P.,), and 
for an isobaric experiment, AG, = —AS(T—T,q). When 
the numbers are inserted into these expressions, it is 
found that for the most extreme case (78°K and 
(P— P.)=4000 atmos), AG, is of the order of kT/8. 


16 Reference 15, p. 280. 
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The expression, (1), then can be replaced approxi- 
mately by 

—vvo(AG,/kT) exp(—AG,/RT), (1’) 
where v has been assumed to be of the order of unity. 

Thus, the transition rate in an isothermal experiment 
should depend directly on the excess pressure, and this 
was observed qualitatively. As the temperature de- 
creases, the term in AG, has a large effect, and this can 
be compensated for by an increase in AG,, or by an 
increase in AG,, or by an increased value of (P— P.q). 
The experimental method used consisted of increasing 
the pressure in small increments (100 atmos) until 
“creep” (motion) was observed, and then waiting for 
the completion of the transition at this pressure, as 
denoted by the cessation of the ‘“‘creep.”’ At high tem- 
peratures, the transition took place almost instanta- 
neously (a few seconds) once an appropriate over- 
pressure had been applied. This overpressure was 
roughly constant at 250 atmos for all the reversible 
runs except at 98°K. Similar effects in mercury have 
been mentioned by Bridgman as existing even at room 
temperature and 30000 atmos. As the experimental 
temperatures were decreased, the transition rate became 
successively slower until at 98°K, after the first signs of 
“creep” were noted, an additional 100 atmos had to be 
added in order to decrease the transition time to 30 
minutes. 

The relatively constant value of the overpressure 
needed to initiate the transition is hard to explain. The 
decreasing transition rate after initiation, however, can 
be explained qualitatively in terms of the ideas implied 
by Egs. (1) and (1’). Firstly, the transition rate must 
depend on the amount of undercooling, whether ob- 
tained by pressure or by temperature. Secondly, a po- 
tential barrier must exist which opposes the motion of 
the boundary of the new phase, and the new phase 
must possess a certain amount of thermal energy, which 
can be enhanced by undercooling, in order for the 
boundary to move. 

In general, cooling the old phase at constant tem- 
perature through the equilibrium line causes these two 
factors to change in opposite directions, with the de- 
crease in rate due to the influence of the potential 
barrier probably having the greater dependence on 
temperature. The vo term also presumably decreases 
with temperature. Thus, as the transition rate is small 
at 98°K, the disappearance of the transition at lower 
temperatures and pressures is not unexpected. 

An isothermal experiment in which the undercooling 
is accomplished by means of an overpressure leaves the 
vo and barrier terms unchanged to a first approximation, 
and since the rather large difference between the 
volumes of the two phases gives a large value for AG,, 
it is not surprising that the transition can be made to 
occur irreversibly at 78°K upon the application of 
sufficient pressure (or undercooling). The pressure 
needed at 78°K was roughly 4000 atmos, and in a third 
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set of experiments (not recorded here in detail) the 
transition also was observed to occur at 65°K in exactly 
the same irreversible manner as at 78°K, but at a 
pressure of 6000 atmos. The excess overpressure at 98°K 
(about 300 atmos) and the overpressures at 78°K and 
65°K cannot be explained by a unique barrier potential 
in Eq. (1’). 

While the irreversible transitions at 78°K and 65°K 
resembled the higher temperature transitions, the 
transition at 4.2°K was quite different in character, 
and the sample length was not observed to change 
except as the pressure was applied. The changes in 
volume with pressure gave an indication that the 
transition started at pressures of 5000 atmos, and the 
P-V curve obtained on an initial compression (Fig. 3) 
of the a phase could be interpreted as due to increasing 
amounts of the sample transforming at successively 
higher pressures until at 12 000 atmos the sample was 
completely transformed into the new phase. It is possible 
that the shearing deformation which is inevitably in- 
volved in experiments of this type causes the transition 
to proceed only while the sample length is changing, 
and, in effect, replaces thermal fluctuations which 
should be very small for these very low temperatures. 

The transition has also been observed at liquid 
helium temperatures in the superconducting experi- 
ments, where, because the sample was surrounded by a 
bath of solid hydrogen, the deformation was much less. 
The solid hydrogen does not form a perfectly hydro- 
static “bath”, however, and pressure gradients of a few 
hundred atmos are believed to exist at the highest 
pressures. The superconducting transition temperatures 
which were found for the new phase varied from run 
to run, and this may serve as an indication that the 
transition did not go to completion in these experiments. 

It does not seem likely that this is a true shear- 
induced transition of the martensite type, since mar- 
tensitic transitions always have been observed to pro- 
ceed spontaneously upon change of temperature, and 
no indications of this type of behavior have been 
reported for mercury. It would perhaps be of interest 
to cool a sample from 78°K to 4.2°K under a pressure 
of 3000 atmos to see whether or not a spontaneous 
transition would take place. This was not done. 

One would hope that these experiments would help to 
explain the anomalous effects discovered by Buckel and 
Hilsch’’ in their experiments on thin films of mercury 
deposited at liquid helium temperatures. Mercury 
shows a decrease in its superconducting transition 
temperature when prepared in this way, a behavior 
opposite to that of the other elements which were 
tested. However, these effects seem to begin annealing 
out at temperatures as low as 50°K, much lower than 
the 93°K which was observed for the temperature at 
which the 8 phase would transform spontaneously into 
the a phase under zero pressure. Thus, it is difficult to 


17 W. Buckel and R. Hilsch, Z. Physik 138, 109 (1954). 
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decide whether or not they are observing the 8 phase in 
their experiments. 


CONCLUSIONS 


The transition in solid mercury has not previously 
been observed at low pressures because of the rapid 
decrease in the transition rate as the transition pres- 
sures decrease. The overpressure needed to initiate the 
transition increases until at 93°K it is of the order of 
the transition pressure itself, and the transition can 
only be made to proceed irreversibly. The transition 
cannot be made to take place at constant pressure 
below 93°K because of the increased hindering effect of 
the potential barrier which more than offsets the in- 
creased thermal driving force furnished by under- 
cooling. The transition can be observed in an isothermal 
experiment upon the increase of pressure because the 
large difference in molar volume between the two 
phases allows a great deal of effective undercooling to 
aid the thermal driving force. The mechanism for the 
phase change which was observed at 4°K must be quite 
different, and may be due to the shearing deformation 
experienced by the sample. 
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Certain discrepancies were observed in the density of 
solid mercury at zero pressure, and these led to incon- 
sistencies in the calculated thermodynamic properties 
of the two phases. These discrepancies should be 
investigated in some detail. The structure of the new 
phase, as well as its other physical properties, would be 
of interest, also, although the temperature region in 
which it is stable (below 93°K), and the conditions 
needed to produce it make these experiments quite 
difficult.f 


ACKNOWLEDGMENTS 


The author wishes to express his appreciation to 
Dr. C. S. Barrett for calling his attention to the 
metallographic and x-ray work, and for discussions on 
this subject. He is also grateful to Mr. Robert Herman 
who did much of the initial setting up and testing of the 
equipment which was used in this work. 

+ Note added in proof.—Dr. C. S. Barrett has informed the 
author (private communication) that a re-examination of the 
x-ray data has removed to a great extent the discrepancies in the 
mercury data at 78°K. 


MBER 1 


Analysis of Low-Energy Sputtering* 


Epwin LANGBERGT 
RCA Laboratories, Princeton, New Jersey 
(Received November 5, 1957) 


It is postulated that for low-energy sputtering the interatomic 
energy and distance relation can be represented by a Morse curve, 
and that the energy transfer in the lattice proceeds essentially by 
two-particle (i.e., binary) collisions. 

Based on these assumptions, a two-collision sputtering me- 
chanism: near the threshold is described. Under optimum energy 
transfer conditions, the analysis of this process gives the ion energy 
for a sputtering threshold of a surface particle tied by N bonds. 

It is shown further that under a prolonged ion bombardment a 
surface contains particles with a number of bonds N, ranging from 
a maximum determined by a complete surface to a minimum 
determined by inaccessible bonds to underlying surface layers. 


1. INTRODUCTION 


Pryor meiie experimental work in low-energy sput- 
tering! provides strong evidence that a classical 
collision mechanism may explain satisfactorily the 
observed phenomena. Two such collision theories 


* Based on a dissertation presented to the Department of 
Electrical Engineering at Princeton University in partial fulfill- 
ment of the requirement for the Ph.D. degree. 

+t Now at Avco Manufacturing Corporation, Research and 
Advanced Development Division, Lawrence, Massachusetts. 

1 An excellent review and a list of references of the theoretical 
and experimental work to 1955 are given by G. K. Wehner, 
Advances in Electronics and Electron Physics, edited by L. Marton 
(Academic Press, Inc., New York, 1955), Vol. 7, p. 239. 


Based on this information, the form of the sputtering yield- 
energy function is derived, consisting of a parabolic and a linear 
part. Predicted and experimental Pt-Hg* curves are compared, 
and the agreement is excellent. 

Two thresholds are defined: the lower threshold is the actual 
intercept of the yield curve, whereas the upper threshold corre- 
sponds to the intercept of the linear part of the yield curve. The 
two thresholds are computed for 20 metals bombarded by the 
Hg* ion. The agreement with experimental values and the 
empirical threshold formula of Wehner is satisfactory. 


recently have been proposed: one by Henschke,? and 
the other by the author.** Both theories rely basically 
on the description of low-energy sputtering as a series 
of two-particle collisions. 

There are, however, important differences : Henschke? 
assumes that the ejecting collision is always between 
the deflected ion and an atom; the analysis presented 
here postulates a final collision between two lattice 
atoms. The former work? uses a rigid collision radius 


2 E. B. Henschke, Phys. Rev. 106, 737 (1957). 

3’ Edwin Langberg, Ph.D. thesis, Princeton University, April 
25, 1956 (unpublished). 
4 Edwin Langberg, Bull. Am. Phys. Soc. Ser. II, 2, 83 (1957). 
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and the theory of collisions with restitution; here, a 
Morse curve collision interaction is presumed, and from 
it, both energy transfer and loss to the lattice are found. 

In both cases, there appears to be a satisfactory 
agreement with the limited experimental data available ; 
however, this analysis arrives at the experimental 
threshold values without the use of adjustable 
constants. 

2. BASIC ASSUMPTIONS 


This paper describes a particle collision model for 
sputtering applicable when the energy of the bom- 
barding ion is at most a few times higher than the 
threshold energy. Based on this model, the sputtering 
yield and the sputtering threshold are evaluated. 

A basic element in the investigation of transport of 
energy resulting from the ion impact is the coupling 
between lattice particles of the bombarded solid. Since 
the bulk of experimental work on sputtering involves 
metal targets, the characteristic of the metallic lattice 
bond is of special interest. 

The simplest model of a bond is the rigid sphere. It 
has the disadvantages of somewhat arbitrary choice of 
the sphere radius and lack of provision for changes of 
radius with energy. The linear “spring” model is 
applicable only at considerably lower energies than 
those encountered in even low-energy sputtering 

Next to the rigid sphere and linear “‘spring”’ models, 
one of the simplest bond models is the Morse curve. Its 
use for the metallic bond has been suggested by Slater.® 

When the equilibrium energy U(d)=0, the curve is 
defined as: 

U(r) = g{expLa(d—r) ]—1}?, (1) 


where U(r) is the potential energy as a function of 
distance r, ¢ is the energy required to break the bond, 
d is the equilibrium spacing, and a is a lattice parameter 
related to compressibility. Fortunately, the analysis 
presented here does not depend critically on the bond 
energy functions, and hence, it is believed that the 
description of the metallic bond energy by the Morse 
potential is sufficiently accurate. 

Motion in a medium of many particles is generally 
a collective phenomenon, involving continuous and 
simultaneous interaction of many particles. In some 
special cases, motion in a many-particle system can be 
approximated by a series of consecutive two-particle 
(i.e., binary) collisions. Then in each collision, the 
energy and momentum of the colliding particles are 
conserved. Their trajectories can be computed from the 
initial conditions independently of the motion of the 
rest of the system. The condition of applicability of the 
consecutive binary-collision approximation is that the 
collision be completed before the two colliding particles 
interact with other particles. 


5 J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), Chap. 27. 
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To test the applicability of this approximation to the 
motion of the lattice atoms in the case of low-energy 
sputtering, an equation of motion for a one-dimensional 
lattice coupled by Morse curve bonds was set up.’ This 
problem reduces to a system of nonlinear differential 
equations which was solved for the initial conditions, 
corresponding to a typical situation in low-energy 
sputtering. From the outcome, the binary-collision 
approximation between free particles is considered 
reasonable, provided that the correction is included for 
the binding energy which has to be dissipated to “free” 
the particles. 


3. MODEL OF SPUTTERING AT NORMAL 
ION INCIDENCE 

A single collision by an ion® incident normal to the 
surface cannot account for sputtering because the 
recoiling atom cannot clear the surface. Hence, at least 
two collisions are required to case sputtering: one 
collision is between the neutralized ion and the first 
surface particle; and the second collision is between the 
struck first surface particle and its surface neighbor, or 
between the recoiling ion and another surface particle.” 
Clearly, processes which involve more than two col- 
lisions cannot be excluded; e.g., a three-collision process 
is described by Henschke.? The processes with higher 
collision number involve longer paths and higher dis- 
sipation, and hence, require higher energies. For this 
reason, in the study of thresholds at normal ion impact, 
the analysis is limited to a two-collision process. 

The model evaluated here, and shown in Fig. 1, 
consists of the ion of mass M colliding with a surface 
particle m, followed by a collision of particle m, with 
another surface particle m2. The two collisions between 
the three particles are considered at first as consecutive 
binary collisions between free particles. 

The evaluation of the energy transfer in the first 
collision is straightforward since it is assumed that the 
recoil angle of the originally stationary particle is 
known. The collision geometry, as shown in Fig. 1, and 
the energy and momentum conservation laws determine 
the maximum potential energy stored in the second 
collision : 


m2 d’ cos*a 
U(R)=— mE cova 1- ), (2) 
mi +m R 


where £ is the initial ion kinetic energy, 7:=4Mm,/ 
(m,+M)*, and R is the distance of closest approach 
between lattice particles m; and mz. 

To optimize the energy transfer conditions with 
respect to the recoil angle, set 


dU (R)/d cos*a=0, (3) 
which gives the required angle a; 
cos*a; = R?/2d?. (4) 


6 The ion very likely becomes neutralized before reaching the 
surface. The term ion, as used here, implies the impinging particle. 





ANALYSIS 


1’ \ 5 
1 | 
ar * » § 


a4 


Fic. 1. Collision model for sputtering at normal ion incidence; 
(a) shows a (110) cut in full (001) surface in an fcc metal. The 
details of the sputtering collision are shown in (b). 


Hence, under optimum conditions of recoil, 


(5) 


mon ER? 


U= l(R)|a=a,=— an 3 
4(m,-+m»)d* 


It should be pointed out that in the differentiation 
used above, R is considered independent of a. This is 
not rigorously true; however, most interatomic po- 
tential models show on compression a rapid increase of 
potential energy with distance R. For a given metal 
and energies corresponding to a sputtering threshold, 
the approximation 0R/da™~0 is justified. It can be 
shown® that the kinetic energy Ky acquired by the 
second surface particle under optimum conditions is 
related to the peak potential energy by 


K.=2U(R)m ‘y(mi+ m2) (6) 


The value of y depends on the function U(r). It is 
shown’ that, under typical low-energy sputtering con- 
ditions, y is approximately constant: y= 0.63. 

So far the computation has been carried out on the 
assumption of two collisions between three free particles ; 
it remains now to include the effects of binding. 

To sputter the second surface particle, tied by NV 
bonds of energy ¢, requires an escape energy somewhat 
higher than the binding energy V¢. This increase, by 
a factor which we call o, is due to some transfer of 
kinetic energy to the neighboring atoms during the 
second collision. The evaluation of o by the perturbation 
method? gives, for the conditions of interest, o~1.1. 
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Another correction which has to be included is the 
result of the binding of the first particle. To “free” the 
first particle, its binding energy, on the average equal 
to the sublimation energy H, has to be supplied by the 
ion. Based on conservation laws and known recoil angle 
a, the additional ion energy required to ‘‘free” the first 
particle is 

E'=H/n, cos’a. (7) 


Upon using the condition of optimum recoil in Eq. (4), 
E! = 2Hd?/nR°. (8) 


This process implies only motion of the first particle 
m, within the lattice; direction of momentum imparted 
to m, is such that it cannot sputter. 

Hence, the ion energy at the threshold of sputtering 
consists of a component £’ required to “free” the first 
particle, added to the component necessary to sputter 
the second particle E”. The latter is obtained by setting 
the right-hand side of Eq. (6) equal to oN¢g, using 
Eq. (5), and noting that H=ng¢g/2: 


E” =16HNd?*yo /nnin2R?, (9) 


where 72=4m,m2/(m,+m2)*, and nv is the number of 
nearest neighbors. 

The ratio R/d can be determined now from the known 
peak potential energy [K2=N¢o in Eq. (6) ] and the 
Morse potential function, Eq. (1): 


Noy(m,+m:) }} 
oeepl; 
2m, 


Equations (8) and (9) together with (10) specify the 
threshold energy Ey for a lattice atom tied by NV bonds. 
For a lattice consisting only of one element, we have 
m= Mo, n2=1; using the numerical values for y and o, 
we obtain 


10H N 1 —2 
py-—(11-+02)]1- in(i-+0.8sv9] Ae sf 
ad 


m1 n 


(10) 


The lattice parameters for various elements are given 
in Table I. 

The derivation of the sputtering threshold in Eq. 
(11) is based on the optimum energy transfer conditions. 
From the known transfer of kinetic energy, the angles 
a and 6 can be evaluated. It can be shown’ that, under 
these circumstances, the recoil direction is above the 
plane of the surface (Fig. 1, 5>0), and so, the particle 
can escape without further collisions. 

It should be emphasized that the angle 6 refers to the 
hypothetical situation after the particle reaches its 
full kinetic energy, but before the kinetic energy is 
dissipated in breaking of the bonds. Hence, the final 
escape direction depends not only on the angle 6 but 
also the number and position of the neighboring 
particles. 
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TABLE I. Atomic constants for metals. 





Metal de ke 


Face-centered cubic, 
26.96 2.858 
58.69 2.487 
63.54 2.551 

102.91 2.684 
106.7. 2.745 
107.9 2.883 
195.2 2.769 
197.2 2.878 
207.2 3.492 


0.09603 
0.07794 
0.07908 
0.05732 
0.05285 
0.06416 
0.05098 
0.04875 
0.05767 


Al 

Ni 
Cu 
Rh 
Pd 
Ag 
Pt 

Au 
Pb 


80.0 
51.9 


Hexagonal close-packed, n= 12 
47.90 2.934 383 1.208 
58.94 2.503 484 1.411 
91.22 3.195 30.3 1.023 

178.6 3.170 366 0.964 


0.07966 
0.08021 
0.09358 
0.10708 


Ti 
Co 
Zr 
Hf 


Body-centered cubic, n=8 
50.95 2.627 73.3 1.326 
52.01 2.493 81.6 1.667 
55.85 2.478 72.26 1.467 
92.91 2.853 85.0 1.180 
95.95 2.720 128 1.537 

180.9 2.854 101 1.206 
183.9 2.735 146 1.444 


0.08243 
0.05792 
0.07572 
0.08816 
0.05721 
0.08446 
0.06416 


V 
Cr 
Fe 
Cb 


Ta 
W 


CONANT Win 
SD SAK Dt 
PATNA ONS 
Aman wnaru 


Diamond, n=4 
2.346 142 
2.445 117.7 


Si 
Ge 


3.910 
3.398 


28.06 1.507 


1.470 


0.0804 
0.0776 


® H =heat of sublimation at 298°K, in ev. Computed from L. L. Quill, 
The Chemistry and Metallurgy of Miscellaneous Materials; Thermodynamics 
(McGraw-Hill Book Company, Inc., New York, 1950), first edition, p. 13. 

b Atomic weights, Handbook of Chemistry and Physics (Chemical Rubber 
Publishing Company, Cleveland, 1950-1), thirty-second edition, p. 301. 

¢ J. Wasser and L. Pauling, J. Chem. Phys. 18, 747 (1950); d =closest 
neighbor spacing in A, and k =atomic spring constant in kilodynes/cm. 

1 Morse potential constant in A~!, computed by Langberg.’ 


4. NUMBER OF BONDS OF A 
SURFACE PARTICLE 


Information about the number of particle bonds N is 
required to use the threshold equations derived in Sec. 
3. The evaluation of number of bonds JN is relatively 
simple when an ideal low-index crystal plane is con- 
sidered, but under actual environmental conditions, it 
is considerably more involved : 

Firstly, most sputtering experiments are done with 
polycrystalline materials, and thus, the orientation of 
the crystallites varies over the surface. 

Secondly, even in a case of a single-crystal surface 
after prolonged ion bombardment, many surface 
particles are removed or knocked into interstitial 
positions. 

Thus, the probability of finding surface atoms with 
adjacent surface vacancies or with distorted bonds is 
high. It will be noted that the probability of breaking 


particle bonds in the primary collision is much higher, 
and the energy threshold lower, than that corresponding 
to sputtering in the secondary collision. Hence, bom- 
bardment with ions of energy even less than the sput- 
tering threshold energy may lead to formation of 
surface imperfections. 

It appears from these considerations that the dis- 
tribution of the number of surface bonds NV is not 
specified uniquely by the target material, but depends 
to a large extent on the treatment of the surface. 
Specifically, the same distribution is not expected at 
the beginning of the sputtering process and after 
sputtering has continued for some time. The breaking 
up of the surface must be especially thorough when the 
surface is “cleaned off” by high-energy ion bombard- 
ment before the measurement. 

The discussion here will be limited to the case of a 
clean surface after sputtering has been continued for a 
sufficiently long time, so that the distribution of V 
reaches an equilibrium value. In the discussion of such 
a surface stabilized by prolonged ion bombardment, it 
is convenient to distinguish between bonds to other 
surface particles (accessible bonds Vy) and bends to 
particles in the underlying first or second surface layer 
(inaccessible bonds N;, 2). 

When as a result of sputtering of a region, a fresh 
surface is exposed, the number of bonds in that region 
is equal to the full number of bonds \,, 


Na=NotNit+N2. (12) 
When the region is bombarded further, the accessible 
surface particles are removed one by one until finally, 
the last particle of this particular surface layer is 
sputtered by a collision with its remaining surface 
neighbor. The number of bonds holding the latter 
particle is equal to the number of inaccessible bonds 
plus one bond belonging to its colliding surface 
neighbor : 


Ny»=NitNeotl1. (13) 
Hence, under prolonged ion bombardment, the largest 
number of bonds holding a surface particle corresponds 
to the full surface (V,), and the smallest number is V». 

The number of bonds to different surface layers is 
given in Table II. In experiments performed with 
polycrystalline samples, where no information is 
available on the orientation of the crystallites, the 
numbers V, and N, will be chosen from the surface 
orientation in Table II which gives the largest and 


TABLE II. Number of bonds to different surface layers. 


Hep 
0001 


6 


Fee 
(110) 


ae 
4 


(100) 


4 
4 


(111) 
6 








Diamond 
(100) (110) 


0 2 
2 1 


Bec 
(100) (110) (i11) 
0 
3 
1 


0 
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smallest number, respectively. The results are given in 
Table III. 


5. SPUTTERING YIELD CURVE AT LOW 
ION ENERGIES 


To compare theoretical predictions with experimental 
results, an expression for the sputtering yield as a 
function of ion energy is derived. Sputtering yield S is 
defined as the average number of sputtered particles 
per incident ion. More specifically, sputtering yield 
from particles tied by V bonds is defined as Sy. 

It is shown’ that based on probability considerations, 
Sy is a linear function of the excess of ion energy over 
the threshold energy Ey. 


E> En, 
E<Eny, 


(14.1) 
(14.2) 


Syvy=Py(E—Eyn) for 
Sv=0 for 


where under the given conditions Py is a constant. 
It was pointed out in Sec. 4 that a surface stabilized 
by prolonged ion bombardment contains particles with 
a number of bonds ranging from V= NV, to V=N4q. 
The yield from such a composite surface is a sum over 
N of individual Sy’s from N=N, to N=JN,: 
N=N»b 
S= > Py(E-—Ey). 


N=No 


(15) 


The highest and the lowest threshold energies corre- 
sponding to V, and JN, are defined as £, and £. 
Within the general accuracy of this analysis, it makes 
little difference if the summation over the discrete 
variable in Eq. (15) is replaced by integration over a 
continuous variable Ey. 


Ea 
s=f P(Eyx)(E—Ey)dEn. 
Eb 


It is assumed that, because of randomness of the surface, 
the probability P(£y) of finding a particle with a 
sputtering threshold Ey is constant in the range 
ExsEnwS Ea: 
P(Ey)=6 for 
P(Ey)=0 


(16) 


E,.sEn<E,, 7.1) 
elsewhere. (17.2) 
Combining Eqs. (16) and (17) gives the required 
sputtering yield function: 

for E<E,, (18.1) 
for E,< E<E,, (18.2) 
(18.3) 


S=0 
S=4b(E—E,)? 
S=b(Ey—Ey)[E-}(E.+E»)] for E> E,. 


The result obtained in Eqs. (18) is compared with 
experimental values of sputtering yield from Pt in Hg 
discharge obtained by Wehner.! 

It will be noted that Pt has a fcc lattice, so that 
n=12, N,=9, and N,=4. Using the values of H and 
(ad) from Table I gives: Ey, = Ey= 54.7 ev, E,= Ey= 116 
ev. The yield under these conditions is plotted in Fig. 2. 
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Fic. 2. Sputtering yield curve for Pt-Hg*. 


The experimental points are plotted on the same graph ; 
the constant 6 in Eqs. (18) has been chosen for best fit. 

It will be noted that both the curvature and the 
threshold of the sputtering yield curve are independent 
of the choice of 6. Hence, the satisfactory agreement 
between the experimental and the theoretical points in 
Fig. 2 is significant even though Eqs. (18) contain an 
adjustable parameter b. 


6. COMPARISON OF PREDICTED AND MEASURED 
SPUTTERING THRESHOLDS 


Figure 2 shows a certain ambiguity in the definition 
of the experimental sputtering threshold. There are 
two possibilities for correcting this ambiguious situ- 
ation: one possibility is to define the threshold Er as 
the intercept of the extrapolated linear part of the 
sputtering curve. From Eq. (18.3), 


Er=}(E.+ E,). (19) 


The other possibility is to define the threshold at the 
actual start of the yield curve, in which case the 
threshold energy is equal to F;. 

Wehner’ has performed sputtering threshold meas- 
urements for many metals in a Hg arc discharge. In 


TABLE ITI. Number of lattice bonds. 


Lattice Na 
fcc 2 9 
hep 9 
bec ; 6 
diamond 3 


7G. K. Wehner, Phys. Rev. 93, 633 (1954). 
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TABLE IV. Sputtering thresholds for Hg ion. 


A/m Ea Experimental* 


7.782 213 152 115-135 
6.302 152 110 65-85 
4.866 118 52.5 85.5 45-65 
6.680 139 5 102 65 
4.449 89.8 65.9 45 
3.337 73.2 53.3 35 
5.856 116 85.6 65 
3.925 76.6 56.5 35 
2.016 42.2 30.9 


1.428 
1.368 
1.116 
1.103 
1.099 
1.000 
1.000 
1.000 


Ge OO He mT 
Aaannny” 


7.904 193 
6.485 159 
6.306 169 
7.396 217 


1.607 
1.424 
1.163 
Hf 1.003 


bec 


V 1.548 
Cr 1.529 
Fe 1.468 
Cb 1.156 
Mo 1.142 
Ta 1.003 
W 1.002 
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* See Wehner.’ 

private communication,*® he explained that the values 
quoted in his paper lie somewhere between E;, and Er 
as defined above.’ Using Eq. (11) and the values of E, 
and £, defined in Sec. 5, the thresholds for 20 metals 
have been computed and compared with Wehner’s 
experimental results. The results are presented in 
Table IV. 

It can be seen that the agreement is satisfactory: 
out of 20 metals examined, only 1 metal (Fe) falls fully 
outside the predicted threshold range. Considering the 
experimental accuracy and the accuracy of the analysis 
used, the agreement for the 19 metals is as close as can 
be expected.” 


TABLE V. Values of A; and B,. 


Lattice Aa Ab 


fecand hep 11.58 692 9. 48.0 105 
bec is: 93 43 87 





8G. K. Wehner (private communication). 

9 Wehner’s result includes a correction equal to the difference 
between the ionization energy and the work function. Since the 
need for the correction is doubtful,)* it will be subtracted again 
from his threshold values. The correction amounts to about 5 volts, 
so that experimental threshold ion energy will be obtained from 
results quoted’ by subtracting 5 ev. In case of Pt, the quoted 
values for threshold are from 70 to 90 ev, the corrected values are 
65-85 ev, and the computed values 55-86 ev. 

10 Tt will be noted that even though the experimental results 
for Si and Ge are available, no attempt has been made to compute 
the threshold for these semiconductors. A fundamental assumption 


in this analysis is that the interatomic forces are central; i.e., that . 


the force is a function of interatomic distance only. It is well 
known that the Ge and Si bonds are strongly directive, so the 
central force approximation is much worse than in metals. 
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It remains now to compare the empirical sputtering 
threshold law due to Wehner’ with the threshold law 
predicted in this analysis. 

It can be shown’ that, if the velocity of sound used 
by Wehner’ is replaced by the lattice parameter (ad), 
Wehner’s empirical formula becomes 

E=CH/n,a°d’, (20) 
where C= 187 for fcc and hep lattices, and C= 167 for 
bec lattice. 

For comparison, it is convenient to plot the three 
thresholds defined before as a function of the lattice 
parameter (ad)~*. In the range of interest, the thresholds 
are given very closely by an approximate equation 


H By 
Be=—| Act _ | (21) 
™ (ad)? 


where the subscript 7 denotes the required threshold, 
and the constants A; and B; are listed in Table V. 

Equations (20) and (21) are plotted in Figs. 3 and 4. 
Figures 3 and 4 show very good agreement between the 
threshold values computed in this analysis and both 
the Wehner empirical formula and his experimental 
results. The main difference between the empirical 
formula and the derived law is that the first specifies 
some kind of an average between the two thresholds, 
whereas the second actually specifies E, and Er. 
Considering this conceptual difference, the two formu- 
lations agree as closely as can be expected. As for agree- 
ment with the experimental values, it will be noted that 
out of the twenty metals examined, seventeen metals 
fall mainly within the computed interval, two (Hf and 
W) fall partially within this interval, and only one (Fe) 
lies outside. 


7. DISCUSSION 


The reliable experimental data on low-energy sput- 
tering are at present very limited. The agreement 
between theoretical and experimental results alone 
can be considered hardly sufficient evidence for validity 
of the model proposed here. 
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Therefore, it may be appropriate to discuss in some 
detail the basic assumption of the model: the key 
question is the “effective mass” of a lattice atom in 
collision with an ion. If the effect of lattice binding is 
small, the collision will be expected to be essentially 
as between free particles and the “effective mass”’ of 
the lattice particle will be equal to its actual mass. On 
the other hand, if the binding with the neighbors is 
tight, an ion colliding with a lattice will behave as 
though colliding with a particle of large “effective 
mass.”* These two are the asymptotic solutions to the 
motion of a periodic coupled structure represented by 
the lattice. 

The actual solution of the general three-dimensional 
nonlinear lattice is quite involved. However, a problem 
of one-dimensional lattice of particles coupled by Morse 
curve-type “‘springs’’ is manageable. It has been solved?® 
for typical low-energy sputtering conditions: a copper 
ion approaching with kinetic energy of about 30 ev 
and colliding with copper lattice. 

The results are shown in Fig. 5; there is no evidence 
of large “effective mass’’ as assumed by Henschke.? On 
the contrary, a free-particle-collision model appears a 
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INITIAL CONDITION 
ad+*3.56, E+29Jev 








030 0.40 0.50 
NORMALIZED TIME, t 
Fic. 5. Motion in a one-dimensional lattice coupled by Morse- 
curve-type forces; distance is normalized with respect to the 
Morse-curve constant g;=ax; and the normalized time is 
r=ta(g/m)}. 


more suitable approximation. Accordingly, it seems 
reasonable to presume that the same approximation 
will be valid in a three-dimensional lattice for conditions 
typical of low-energy sputtering. 
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Optical Transmission and Photoconductive and Photovoltaic Effects in 
Activated and Unactivated Single Crystals of ZnS 
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Certain physical properties of single crystals of ZnS and of ZnS activated with Mn, Cu, and Al have been 
determined. The optical studies involve transmission spectra. Photovoltages much larger than the energy gap 
have been measured. Reversals in the sign of the voltage have been measured as a function of the wavelength 
of incident light. The photovoltages and photocurrents have been determined as functions of wavelength and 
of intensity of incident light. A description is presented in which the characteristics of the crystals are treated 


as simple circuit elements. 


INTRODUCTION 


INC-sulfide activated with Cu, Al, and Mn has 

been known to be dc electroluminescent,! i.e., the 
application of a dc electric field results in a constant 
light output which is characteristic of the Mn*? ion 
present in the lattice. In the course of our studying the 
electroluminescent properties we observed photovolt- 
ages of an order larger than the energy gap with both 
activated and pure single crystals of ZnS. Such large 
voltages have been independently discovered elsewhere.’ 
One can readily understand the existence of photo- 
voltages smaller than the energy gap of the material in 
terms of typical semiconductor language, i.e., junction, 
rectifying contacts, concentration gradients, etc. How- 
ever, photovoltages of an order larger than the energy 
gap cannot be so easily explained. A further complicat- 
ing factor is the observation of reversals of the sign of 
the photovoltages with wavelength of incident light. 
These reversals make it less obvious that one can use 
the customary explanation to explain these effects. In 
order to arrive at an understanding of the basic phe- 
nomena involved we have measured electrical and 
optical properties of the materials. The course of this 
investigation is still in progress and measurements in 
addition to those presented in this paper will be needed 
before a fundamental understanding can be attained. 
We offer no explanation for the phenomena reported; 
however, we will present a description of the charac- 
teristics of the crystal treated as simple circuit elements. 


1. EXPERIMENTAL PROCEDURES 
A. Chemical Preparations 


The phosphor powder was prepared by mixing com- 
mercial ZnS of ‘““Luminescent”’ purity with 0.1% CuSOg, 
0.08% Als(SO4)3-18H2O, and 4.0% MnCOs;. The mix- 
ture was fired at 1200°C for one hour in an atmosphere 
of H.S. It was then washed with KCN solution. The 
resultant powder (which was dc electroluminescent) 
was then placed in a sealed quartz tube containing 100 

1Zalm, Diemer, and Klasens, Philips Research Repts. 9, 81 
(1954) 

rh Pensak, Phys. Rev. 109, 601 (1958); B. Goldstein, Phys. 
Rev. 109, 601 (1958). 
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mm pressure of H2S. The tube was placed in a furnace 
that had a temperature gradient. The powder was in 
the hottest region which was maintained at 1200°C. The 
growing time extended for periods of 50-100 hours to 
assure reasonable uniformity and size of the crystals 
which grew from the vapor phase at a cooler region in 
the tube. The resultant crystals were spectrographically 
analyzed and the concentrations of the activators were 
in order of magnitude agreement with those added 
initially in the preparation of the phosphor powder. The 
crystals were in the shape of cylinders with hexagonal 
cross section, with lengths between 2 and 10 mm and 
thicknesses in the range of 1 mm. X-ray examinations 
performed by H. Dunn of this laboratory showed that 
they were of hexagonal structure. The single crystals of 
the base material were grown in the same fashion. The 
starting material was at first the same ZnS that was 
used in the phosphor preparation. This material proved 
to have a high Cu contamination. We then prepared 
ZnS which spectrographically showed no Cu impurities 
(thus setting the upper limit of the Cu concentrations 
to be 1 part in 10’). This preparation was effected by 
heating Zn(99.999+ % purity) contained in a boat made 
of spectrographic graphite in a stream of H2S bubbled 
through a Ba(OH): solution. The resultant crystals 
were colorless to the eye and showed only extremely 
slight fluorescence’ under the action of uv light. It had 
been determined that concentrations of Cu of the order 
of 1 part in 10°-10° were effective at slightly darkening 
the crystals and making their fluorescence bright. The 
slight fluorescence we observed was perhaps due to 
excess Zn in the crystal, as reported frequently by 
other workers. As a result we are convinced that our 
crystals are of rather high purity. 


B. Instrumentation 
i. Optical Measurements 


The apparatus is described in detail elsewhere.* The 
sample was mounted in front of the phototube which in 
turn was placed at the exit window of the Perkin Elmer 


3 The fluorescence was just barely detectable to a dark-adjusted 
eye. 


‘ Keller, Mapes, and Cheroff, Phys. Rev. 108, 663 (1957). 
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Model 112U spectrophotometer. In this way the 
chopped monochromatic radiation being transmitted 
through the crystal was measured. The fluorescent 
emission was separated from the transmitted light 
by means of optical filters. 


it. Photoconductive Studies 


The apparatus contained a Beckman Model DU 
monochromator having a high-pressure Xe arc lamp 
source. The crystals were electroded with an In-Hg 
amalgam which readily wetted them. They were 
mounted in air between supports held in a Teflon form. 
All the insulation was of Teflon. The photocurrents were 
measured with a Beckman vibrating-reed micromicro- 
ammeter and a General Radio electrometer. 


111. Photovoltaic Studies 


The light was supplied by the Beckman mono- 
chromator. The crystals were electroded and mounted 
as described above. The photovoltages were measured 
by two methods: (1) the open circuit voltage was 
measured using a General Radio electrometer which had 
an input impedance greater than 10" ohms, and (2) the 
photovoltage was balanced to zero using an electrometer 
as a null indicator. There was good agreement between 


both measurements. 


2. EXPERIMENTAL RESULTS 
A. Optical Measurements 


The transmission spectrum for the activated samples 
is shown in Fig. 1(a). The curve is representative of 
many different samples as is that in Fig. 1(b), which 
presents the transmission spectrum of the unactivated 
ZnS. The essential difference between the two sets of 
data lies in the added absorption at 800-900 my in the 
case of the activated crystals. This absorption presum- 
ably is due to the presence of one of the activators. It 
probably is not Mn. In some phosphors the Mn does not 
absorb energy even though it does emit energy. This 
sensitized emission is believed to take place by means 
of energy transfer.’ We accordingly assume that the 
Mn is not the center that is responsible for the visible 
absorption shown in Fig. 1(b). This long-wavelength 
absorption is undoubtedly related to a peak observed in 
the conductivity of the activated crystals in the same 
region. This will be discussed in the following sections. 
The apparent nonzero transmission shown below 330 mu 
is believed due to edge emission. Further measurements 
are in progress concerning this. 

The results for the pure crystals are consistent with 
those reported elsewhere. ® 


5Th. P. J. Botden, Philips Research Repts. 7, 197 (1952); 
Th. P. J. Botden and F. A. Kréger, Physica 14, 553 (1948); 
R. J. Ginther, J. Electrochem. Soc. 101, 248 (1954); D. L. Dexter, 
J. Chem. Phys. 21, 836 (1953). 

6 W. W. Piper, Phys. Rev. 92, 23 (1953). 


CRYSTALS 


OF ZnS 














——T 


RELATIVE TRANSMISSION 








300 380 460 540 620 700 780 860 940 1020 1100 
WAVELENGTH (mu) 


(a) 








RELATIVE TRANSMISSION 


+ 


300 380 460 540 620 700 780 860 940 1020 
WAVELENGTH (mu) 











(b) 


Fic. 1. (a) Transmission spectrum of activated ZnS. 
(b) Transmission spectrum of unactivated ZnS. 


B. Photoconductive and Photovoltaic Studies 


In the past, photocurrents have been measured by 
applying external voltages and thence measuring the 
response of the crystal to light. With materials that 
exhibit a large photovoltage, this voltage can be used 
in the same manner as an external voltage in measuring 
the photocurrents. One is not only interested in measur- 
ing the various dependences of the photocurrents, but 
it is also of interest to measure independently the 
photovoltage variables. 

We have found that we can express all of these 
characteristics in terms of an extremely simple analog 
circuit which leads to consistencies of all of the data in 
terms of our measurements. This circuit is shown in 
Fig. 2. The photovoltage, or open-circuit voltage, Vo, is 
defined as that voltage measured across R, when R,>Ro, 
or alternatively as the negative of that voltage, V., 
necessary for no current to flow in the circuit. We define 
Ro as the resistance of the crystal. It will prove more 
convenient to deal with the conductance Go=1/Ro. 

It can be seen that 


Vo=1,(RotR,), (1) 


where i, is the current measured with no external 
voltage applied and a measuring shunt inserted in the 
circuit. For a given wavelength and light intensity 
Vo and Ro are constants. Hence the circuit is valid if 
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Fic. 2. Representative circuit of photoconductive and photo- 
voltaic effects. Vo—open-circuit photovoltage; Ro—internal re- 
sistance of crystal; R,—electrometer shunt ; V,—voltage measured 
across R,; V.—external or balancing voltage. 


R./V, is a linear function of R,. This linearity holds for 
a large number of crystals for different wavelengths and 
different light intensities, and thus the representation is 
valid. A measurement of Vo by balancing it with V, 
and a measurement of V, for some R,<Ro lead to a 
determination of the conductance, Go. 

We define ip as the short-circuit photovoltaic current, 
or that current resulting when R,=0. It follows then 
that 

io=GoV 0. (2) 


If an external voltage (V) is introduced into the circuit 
and if the representation still holds, then Eq. (1) can 
be written as 

VotV.=i- (Rot R,). (3) 
For V.>Vo and R,<Ro, we define the photocurrent 
i, by 
(4) 
where G, is the photoconductance. If Go=G,, i.* Go as 
the wavelength is varied and V, is kept fixed. We found 
that Go closely approximates G,. This is not obvious 
since external voltages can seriously affect depletion 
layers and electrode barriers and thus numbers of 
current carriers. 

With this circuit and these definitions we have 
separated phenomenologically the two functionally 
independent variables, Vy and Go. The data presented in 
the remainder of the paper indicate the validity of the 
model and the independent nature of Vo and Go. 


1-=G.V., 


i. Photovoltage, Vo, versus Wavelength 


In line with our definitions above, Vo was measured 
in the two fashions and the results were always in 
agreement. It was found that the sign of the voltage 
varied with wavelength of incident light and what was 
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measured depended on the direction of the crystal in 
the circuit. We have chosen as positive that voltage 
which appears in both activated and unactivated 
crystals and is peaked at 340 mu. 

Figure 3(a) depicts a typical determination of an 
activated crystal.’ Some crystals had voltages as high 
as 20 volts in the visible region. In others the negative 
peak at 360 my was present as a minimum in the posi- 
tive region of the voltage. In a few crystals there was 
no negative voltage measured. Figure 3(b) contains a 
plot for a typical unactivated crystal. In the case of 
unactivated crystals the voltage measured varied from 
smaller voltages than those shown in Fig. 3(b) to 
larger ones (approximately 25 volts). We were unable 
to measure the photovoltage further into the visible 
region for unactivated crystals because of the very low 
conductivity. However, the measurements as far as 
they went into the visible region show no indication of 
a positive voltage in the visible region. The obvious 
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Fic. 3. Photovoltage V» as a function of wavelength of incident 
light. (a) Activated crystal; (b) unactivated crystal. 

7In this curve, as in the subsequent ones, normalization to 
constant energy or constant number of photons does not change 
the structure and the essential features of the curve. In fact, we 
shall show that Vo turns out to be independent of the intensity 
of the light over a large range of intensities, for various 
wavelengths. 
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difference between the two sets of data is the existence 
of a large measurable positive photovoltage band 
peaked at 600 my for the activated samples. 


ti. Vo versus Light Intensity 


The photovoltage was measured as a function of 
light intensity. Figure 4 presents typical data deter- 
mined for activated crystals, which are similar to data 
obtained for different wavelengths on all the crystals, 
activated and unactivated. In most of the crystals 
measured we found a large range of intensity in which 
the photovoltage was constant. This was true for almost 
all wavelengths independent of whether Vo was positive 
or negative. However, near those wavelengths where Vo 
is changing sign this constancy was not maintained. In 
fact, one could get a reversal in voltage with intensity 
in these regions. Certain activated crystals showed a 
slight increase of voltage with increasing intensity 
while a small number showed first an increase and then a 
decrease as the intensity was increased. 


iit. Conductance, Go, versus Wavelength 


Upon making use of the previous definitions, Go was 
determined as a function of the wavelength of incident 
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Fic. 4. Dependence of 
Vo on intensity of inci- 
dent light for various 
wavelengths in the case 
of activated ZnS. 
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light. Figure 5(a) presents the results for the activated 
sample and 5(b) for the unactivated. The results were 
consistent for a large number of samples. The conduct- 
ance peaked at 800 my for the activated samples is 
probably due to the same phenomenon that gave rise to 
an optical absorption at about the same region as shown 
in Fig. 1(a). The typical ratio of the conductance at 
800 my to that at 320 mu was 1/100. The ratio of the 
optical absorption at 800 my to that at 320 my was 
approximately the same. The very small peak at 400 mu 
for the unactivated sample was found in every sample 
but to varying degrees. This may be due to some un- 
controlled contamination (i.e., Cu, excess Zn). 


iv. Go versus Light Intensity 


For both activated and unactivated crystals Go 
proved to be proportional to the intensity of incident 
light, for all wavelengths. Figure 6 presents the results 
for the activated material. In the case of unactivated 
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Fic. 5. Conductance Gp as a function of wavelength of incident 
light. (a) Activated crystal; (b) unactivated crystal. 


samples, there was, of course, no measurable conduct- 
ance in the 600-800 my region. Wavelengths in either 
the positive or negative photovoltage regions give 
straight lines for the conductance vs intensity curves. 
This linearity of Go with intensity can be compared with 
measurements others have made on the dependence of 
photocurrents on light intensity.* Without making 
appreciable assumptions as to distributions and depth 
of traps, magnitude of the intensity of light, etc., we 
cannot remark on this observed intensity dependence. 
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Fic. 6. Depend- 
ency of Gp on inten- 
sity of incident light 
for various wave- 
lengths in the case of 
activated ZnS. 
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8G. F. J. Garlick, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 19, p. 316. 
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Calculated short-circuit photovoltaic current ip as a 
a) Activated crystal; (b) unactivated 


Fic. 7. 
function of wavelength. 
crystal. 


v. Short-Circuit Photovoltaic Current, 10, 
versus Wavelength 


We can calculate and plot io vs X since both Go and 
Vo have already been determined. Such a calculated plot 
can be then be compared to a measurement of 7) to check 
further the simple circuit presented in Fig. 2. A meas- 
urement of i can be effected if R, is much less than Ro as 
as is the case with a Beckman micromicroammeter. It 
turns out that the calculated ip compares well to the 
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measured ip. In some crystals the calculated and 
measured negative peak at 360 mu of Fig. 7(a) is merely 
a positive minimum between 360 and 400 mu. A similar 
calculated plot for the unactivated crystal is depicted in 
Fig. 7(b). 

vt. 1. versus Wavelength 


If an external voltage, larger than Vo, is applied, then 
from the discussion following Eq. (4) one would expect 
i- to have the same wavelength dependence as Go. This 
was found to be so and the plots obtained with such a 
voltage were essentially those shown in Fig. 5(a) and 
Fig. 5(b). 


3. CONCLUSION 


One can talk about the Gp plots in terms of standard 
phosphor language, namely short-wavelength conduct- 
ance being caused by excitation of carriers across the 
energy gap and long-wavelength conductance being 
caused by excitation to or from traps, or impurity 
centers. As we mentioned, we need other kinds of 
measurements in order to understand the large photo- 
voltages measured and their reversals. The explanation 
of these effects may be within the broad language of 
semiconductors; however, one may have to consider 
such things as the symmetry of the crystal. For example, 
the crystal belongs to the Cs; symmetry class in that it 
has no plane of symmetry perpendicular to the ¢ axis. 
We have already considered this symmetry or lack of it, 
as it is reflected in the paramagnetic resonance absorp- 
tion of the Mn ions in the crystal.’ The c axis is a polar 
axis and various measurements of physical properties 
are different with respect to a reflection along this axis; 
the crystal should exhibit a pyroelectric effect, the rate 
of etching in one direction along the c axis is different 
from the rate along the opposite direction. This polarity 
of the c axis may well play a role in the photovoltages 
observed. We plan to make certain investigations along 
these lines. 

We also plan to investigate possible inhomogeneities 
in the crystals. We have already undertaken a photo- 
voltage probe measurement and have observe: tor 
activated crystals in the visible region a continuous 
dependence of voltage on length. In the uv region, 
probing indicated reversals in sign along the length of 
the crystal. 
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Reflection of Very Slow Electrons* 


H. A. Fowrert anp H. E. FARNsworTH 
Barus Research Laboratory, Brown University, Providence, Rhode Island 


A monoenergetic electron beam from an electrostatic analyzer has been used to measure reflection co- 
efficients of polycrystalline platinum, single-crystal germanium, and single-crystal copper. The lower limit 
of primary energy is 0.2-0.3 ev. The contact potential difference between target and collector is measured 
and compensated by the Kelvin method. Targets are cleaned by heating and argon-ion bombardment. Poly- 
crystalline platinum exhibits a maximum at 2.5 ev, and a rise near zero primary energy attributed to a patch 
effect. Germanium, after ion-bombardment cleaning, exhibits a low reflection coefficient which decreases to a 
value between 0.05 and 0.10 at the low-energy limit. Copper, after heating and also after ion-bombardment 
cleaning, shows a reflection coefficient with weak structure, decreasing nearly to zero at the limit of measure- 
ment. These results are in general agreement with the predictions of Herring and Nichols regarding the 
transparency of surface barriers. Observations have also been made on these targets following argon-ion 


bombardment and exposure to gases. 


I. INTRODUCTION 


HE external reflection of electrons from crystal 

surfaces in the very low-primary energy range 
(below 3 ev) has long been a subject of interest in con- 
nection with Richardson’s equation of thermionic emis- 
sion. In particular, the value of the external reflection 
coefficient near zero primary energy is closely related 
to the surface barrier properties of the crystal. An im- 
proved determination of external reflection coefficient 
has been made in the very low-primary energy range, 
with particular attention to energy spread of the 
primary beam, contact potential difference, and surfaee 
preparation of the target. 


1. Theory 


The simplest representations of external reflection 
assume that the electron is confined to motion in a 
direction normal to the crystal surface whose potential 
distribution is represented as one dimensional. Calcula- 
tions have been made by Schottky,' Fowler,?* Nord- 
heim,** and Eckart® on internal reflection coefficients, 
and by MacColl’* on external reflection coefficients, in 
this manner. These solutions have been reviewed and 
interpreted fully by Herring and Nichols* who arrive 
at the general conclusion that a reflection coefficient 
of the order of 0.05 is to be expected for a clean metal 
such as tungsten in the very low-energy range. 

The possible influence of Bragg reflection on the 
reflection coefficient has been considered by Kronig 


* This paper is based on a thesis submitted by H. A. Fowler 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in the Department of Physics, Brown University. 

Tt Now at the National Bureau of Standards, Washington 25, 

C 


!W. Schottky, Physik. Z. 15, 872 (1914). 

?R. H. Fowler and L. W. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

’R. H. Fowler, Proc. Roy. Soc. (London) A122, 36 (1929). 

*L. W. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 

5 L. Nordheim, Z. Physik 46, 833 (1928). 

°C. Eckart, Phys. Rev. 35, 1303 (1930). 

7L. A. MacColl, Phys. Rev. 56, 699 (1939). 

*L. A. MacColl, Bell System Tech. J. 30, 888 (1951). 

°C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 


and Penney” and by MacColl’ for one-dimensional 
models. Morse" has considered a semi-infinite three- 
dimensional crystal. These results and their interpreta- 
tion have also been discussed by Herring and Nichols. 
lhe calculations indicate that Bragg-reflection may con- 
tribute to the reflection coefficient at very low-primary 
energies. 

Becker and Brattain” and Becker,’ have neglected 
the reflection of the electron wave from the surface 
barrier. They have assumed that externally incident 
electrons are accelerated at the surface by the inner 
potential of the crystal and subsequently undergo 
diffuse scattering. The probability of re-emergence is 
zero unless the momentum after scattering lies within a 
“cone of emergence’? about the normal to the barrier. 
Since the apex angle of this cone decreases as the energy 
of the incident electrons decreases, the fraction of the 
electrons which escape from the solid approaches zero 
at the zero of primary energy. This model appears to 
have been suggested by Schottky’s! early paper. 


2. Previous Experimental Evidence 


Support for the specular-reflection model as a valid 
approximation in the very low-energy range has been 
given by one of us"; for a polycrystalline-iron sample, 
the reflection becomes progressively more specular as 
the primary energy is decreased. 

Evidence for Bragg reflection was obtained in several 
experiments by one of us'®'S before the identification 
of electron diffraction had been made. Structure is 
present in the reflection-coefficient curves of poly- 
crystalline targets of Cu, Ni, Fe, W, Ag, Au, Pt, and 
Pd. The results on several types of copper surfaces have 
shown definite maxima below 15 ev primary energy for 

10 R. de L. Kronig and W. G. Penney, Proc. Roy. Soc. (London) 
A130, 499 (1931). 

11 P. M. Morse, Phys. Rev. 35, 1310 (1930). 

12 J. A. Becker and W. A. Brattain, Phys. Rev. 45, 694 (1934). 

13 J. A. Becker, Revs. Modern Phys. 7, 95 (1935). 

4H. E. Farnsworth, Phys. Rev. 31, 414 (1928). 

18H, E. Farnsworth, Phys. Rev. 25, 41 (1925). 

16 H. E. Farnsworth, Phys. Rev. 27, 413 (1926). 

17H, E. Farnsworth, Phys. Rev. 31, 405 (1928). 

i8 H. E. Farnsworth, Phys. Rev. 31, 419 (1928). 
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many of these surfaces, although one target cut from a 
single crystal of undetermined orientation has shown 
almost no structure.'* A later experiment on the (100) 
face of a copper-single crystal’ has permitted con- 
current observation of the reflection coefficient and the 
crystal diffraction pattern. The maxima obtained in the 
low-energy region are identified with Bragg-reflection 
beams, as are a large number of slope changes at higher 
primary energies. In view of these results, the maxima 
obtained in the earlier results are associated with 
Bragg reflection from orientated crystallites. Identifica- 
tion of the order of these reflections is greatly compli- 
cated by the uncertainty of the experimental inner 
potential. 

Two experiments by Rao”! on polycrystalline and 
single-crystal nickel have shown similar maxima and 
changes in slope. These experiments have not permitted 
concurrent observation of the diffraction pattern. The 
reflection-coefficient curve obtained from the single- 
crystal sample has fewer maxima than that from the 
polycrystalline sample. The interpretation is that 
diffraction takes place from crystal faces of different 
orientations on the polycrystalline surfaces. 

The first experiment designed specifically to study 
the very low-primary energy range (below 3 ev) has 
been that of Farnsworth and Goerke.” in which a 
Faraday cylinder has been used as a perfectly-absorbing 
comparison target. The object here has been to deter- 
mine the effect on the measured reflection coefficient of 
the contact potential difference (cpd) between the 
target and the spherical collector. The results indicate 
a true reflection coefficient approaching zero as the 
primary energy is lowered, the limit of measurement 
being below 1-ev primary energy. The divergence 
between the true and apparent reflection coefficients 
observed here has been explained as a result. of cpd 
between the target and collector. 

Gimpel and Richardson® have criticized this experi- 
ment on the grounds that all cpd effects in the target 
region have not been independently isolated. However, 
geometrical considerations of the method indicate that 
any such error in cpd would make the measured value 
of reflection coefficient too high rather than too low. 
Their experiment is open to question on the same 
grounds. Using a polycrystalline-copper target, they 
have obtained a reflection coefficient which is level at 
a value of 0.24 from 10-ev down to 4-ev primary energy, 
passes through a minimum at 2 ev and rises near zero 
primary energy. 

Myers” has repeated this experiment, using targets 
of copper and silver, evaporated on a tungsten sheet. 


1” H. E. Farnsworth, Phys. Rev. 34, 679 (1929). 

%S. R. Rao, Proc. Roy. Soc. (London) A128, 57 (1930). 

2S. R. Rao, Proc. Roy. Soc. (London) A128, 41 (1930). 

2H. E. Farnsworth and V. H. Goerke, Phys. Rev. 36, 1190 
(1930). 

% 1. Gimpel and O. W. Richardson, Proc. Roy. Soc. (London) 
A182, 17 (1943). 

% H. P, Myers, Proc. Roy. Soc. (London) A215, 329 (1952). 
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The outgassed tungsten substrate yields a reflection 
coefficient with a maximum at 3 ev and a value of 0.12 
at the low-energy limit, which is given as 0.5-ev pri- 
mary energy. Freshly evaporated films of copper and 
silver show a smooth reflection coefficient with a value 
of about 0.07-0.08 from 4 ev down to 2 ev, with a 
slight rise below this primary energy. This rise, like 
that observed by Gimpel and Richardson, has not been 
shown unambiguously to be a property of the target 
surface. 

The results of El-Sherbini and Haddara” using similar 
apparatus show maxima in the low-energy region for 
polycrystalline-copper targets. The accuracy of their 
measurements in the very low-energy range is doubtful, 
since the experimental precautions are unspecified. 

Hobson** has employed an axial magnetic field to 
collimate the electrons. By this mean Hobson has been 
able to reach primary energies of a fraction of an ev. 
His results in the very low-primary energy range, for a 
copper film evaporated onto a tantalum substrate, 
show a reflection coefficient approaching zero near the 
zero of primary energy, in agreement with Farnsworth 
and Goerke.” He has also obtained maxima which are 
sensitive to the heat treatment of the films. The posi- 
tion of these maxima on the energy scale disagree with 
those of Farnsworth for the (100) crystal face; this is 
not surprising, however, in view of the variable struc- 
ture Hobson has observed. 

Recent work by Shelton*’ using an extreme-magnetic 
collimation technique, indicates a value for the ex- 
ternal-reflection coefficient of single-crystal tantalum 
of about 0.06 at primary energies approaching zero. 
This particular technique is accurate only at primary 
energies very close to zero. 


Il. EXPERIMENTAL DESIGN AND METHOD 
1. Difficulties in the Very Low Energy Range 


In order to perform an accurate measurement in the 
very low energy range, special attention must be given 
to experimental details concerning thermionic energy 
spread of the primary beam, cpd between the target 
and the collector, and the surface condition of the 
target. Without precautions on all of these points, any 
results below 1-ev primary energy must be considered 
doubtful. All of the above experiments are subject to 
criticism on one or more of these grounds. 

(a) Energy spread of primaries——Experiments of 
Boersch** and of Hutson” have indicated that the width 
at half-maximum of the thermal-energy spread in 
electrons from a thermionic source is about 0.8 ev. 
Such a source is unsatisfactory in the range below 1 ev. 
Yet nearly all the above experiments have been per- 


25M. A. El-Sherbini and S. R. Haddara,, Proc. Math. Phys. 
Soc. Egypt 3, 25 (1947). 

26 J. P. Hobson, Can. J. Phys. 34, 1089 (1956). 

27H. Shelton, Phys. Rev. 107, 1553 (1957). 

28H. Boersch, Z. Physik 139, 115 (1954). 

* A. R. Hutson, Phys. Rev. 98, 889 (1955). 
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Fic. 1. Electrode configuration 
and biasing circuit. F: filament; 
G: grid; S,: entrance diaphragm; 
Gi: guard diaphragm; Ci, outer 
deflecting plates; C2: inner de- 
flecting plate; G2: guard dia 
phragm; S2: exit slit; Li, Le, Ls: 
lens diaphragms. Inset: target anc 
bombardment source; A : platinum 
and germanium target positions 
during electron and ion bombard- 
ments, copper target position dur- 
ing ion bombardment; B: copper 
target position during electron 
bombardment; C: electron and 
ion source. 
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formed with unfiltered beams from tungsten filaments, 
which contain at least this much energy spread. Only 
the experiments of Farnsworth'” and Farnsworth and 
Goerke* have used oxide-coated filaments, with an 
energy spread of about 0.4 ev. 

(6) Contact potential difference —lf the cpd between 
target and collector, which may be as large as 1.5 v, 
is not carefully compensated, sufficient electrostatic 
field may exist between these electrodes to divert the 
electrons from their intended path. In the preceding 
experiments, cpd has generally been measured by 
studying the cutoff of the electron beam when a re- 
tarding potential is applied to the target. This method 
is not independent of either the primary energy spread 
or the true reflection coefficient of the target, both of 
which may vary considerably during the life of the 
experiment. The optimum accuracy of this technique is 
this technique is probably not better than 0.1 v for the 
value of the cpd. It is shown in the present paper that 
a field of 0.1 v between the target and collector intro- 
duces errors in the reflection measurement for primary 
energies below 0.6 ev. The experiment of Farnsworth 
and Goerke has made evident the importance of an 
accurate cpd correction. 

(c) Surface condition of target—The targets used in 
the above experiments have been evaporated films, 
polycrystalline structures, or single crystals. Evaporated 
films show an uncertain crystal structure and contain 
many defects unless they are annealed. Polycrystalline 
structures show a more complicated Bragg-reflection 
pattern than single crystals. They are also subject to 
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a patch reflection effect of the type described by Herring 
and Nichols’ and Nottingham. Hence, the use of pure, 
uniform single-crystal surfaces is necessary. Farns- 
worth,” Rao,” and Shelton®’ have published the only 
results for single-crystal targets. The first two experi- 
ments were not specifically designed for the very low- 
energy range. 


2. Electrostatic Analyzer and Lens System 

(a) Principles—The primary-energy spread is re- 
duced by passing the electron beam through an electro- 
static analyzer of the cylindrical single-focusing type 
suggested by Herzog.*!-* The electrode configuration 
is shown in Fig. 1. The focusing properties are analo- 
gous to those of an optical prism combined with a 
cylinder lens. Focusing is accomplished by means of 
three regions of field, separated by the guard diaphragms 
Gi, G2. In Region I, which is field free, the electrons 
diverge from the source aperture S;. In Region II the 
beam is deflected by a 64° sector of cylindrical electro- 
static field between the deflecting plates C, and Cy. 
In Region III, which is also field free, the electrons in a 
limited energy range (V, V+AV) converge at a common 
radius in the plane of the exit slit So. 

The appropriate parameters are chosen in accord 
with Herzog’s analysis (see Table I). 


*®W. Nottingham, in Handbuch der Physik, edited by S. Flugge 
(Springer-Verlag, Berlin, 1956), Vol. 21. 

31 R. Herzog, Z. Physik 89, 447 (1934). 

® R. Herzog, Arch. Elektrotech. 29, 790 (1935). 

3% R. Herzog, Z. Physik 97, 596 (1935). 
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Fic. 2. Curve showing analyzer resolution AV/V. Arrows indicate 
limits of expected eAV for AV/V =3%. 


The expected AV/V, considering only the contribu- 
tion from the width of 5S, is given by the relation 
AV/V=1/d=1.05%. The finite width of S2 (yo 
=0.008 cm) adds 1% to this figure. Other contributing 
factors are momentum spread normal to the plane of 
deflection, and errors of alignment in assembling the 
electrodes. These are more difficult to estimate, but a 
maximum contribution of 1% can be set for each. A 
reasonable expectation of performance is that all 
measurable electron current will be concentrated in 
AV/V equal to 4%, with most of it within 3%. The 
spread of primary energy eAV is determined by the 
analyzer constant AV/V and the choice of V in the 
analyzer. This eAV is indicated by a pair of arrows on 
each curve in Figs. 2-10. 

The analyzer is preceded by a cylindrical gun**® 
designed to produce a maximum collimated beam. The 
beam emerging from the analyzer slit S» is refocused 
by the electrostatic lens and directed against the target. 
In passage through the lens, the kinetic energy, eV, and 
the energy spread, eAV, remain unchanged. 

(6) Electrode The electrodes 
structed for the most part of sheet chromel, rhodium- 


structure. are con- 
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E Fic. 3. Curves show- 
20 ing the effect of target 
position on the measure- 
ment of reflection coeffi- 
cient. The target surface 
is the same as that for 
curve 1, Fig. 6. 
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plated, with circular apertures of the following di- 
ameters: G—0.3 cm, S;—0.08 cm, G;—0.08 cm, G» 
0.08 cm, L;—0.5 cm, Ls—0.5 cm, L;—0.1 cm, collector 

0.2 cm. So, L3, and the collector are constructed of 
platinum foil. S» is a slit of width 0.008 cm, Zs; and the 
collector are separated by spacing of 0.04-0.05 cm. C; 
and C, are machined from vacuum-melted copper and 
plated with rhodium. The construction is made in three 
subassemblies on a flat molybdenum base plate. Insula- 
tion is provided by quartz, glass, and mica spacers, 
which are kept as far as possible from the path of the 
electron beam. Shielding and guard electrodes are 
provided where necessary. 

(c) Biasing scheme.—The method of biasing the 
tube is shown in Fig. 1. The choice of filament and de- 
flecting biases determines eV and eAV for electrons 
passing through L;. Primary energy at the target is 
varied by keeping V constant and applying a retarding 
bias to the target-collector system. The retarding bias 
creates a roughly spherical retarding field for the beam, 
which decelerates it without defocusing. In this manner 
it is possible to attain primary energies of a small 


TABLE I. Parameters of the analyzer. 


@=7/v2 radius 
a=a,=2 cm 
f=v2 cm 
l’'=4cm 
l’=0.5 cm 


Deflection angle 
Mean radius of deflection 
Focal length 
Object distance 
Image distance 
Object width 

(diameter of aperture in S; 
Optical parameter 
Resolving power o' 1—cos (xb) 

+ (l'/a)x sin(ab)| =95 


yo’ =0.08 cm 


fraction of an ev. A maximum in primary current 
through ZL; is obtained by adjusting the negative bias 
on L». This bias should be slightly larger than that on 
the filament. No bias is applied to Z}. 

(d) Current yield.—In the reflection-coefficient meas- 
urements to be described, the analyzer has been oper- 
ated at several values of eV between 8 ev and 2.5 ev. 
For eV lower than 2.5 ev, the current yield has been 
insufficient for accurate reflection-coefficient measure- 
ments. The current yields through G,; and S, for an 
emission current to grid G of about 0.6 ma, are shown 
in Table II. 

(e) Observed spread, AV/V. 
mental confirmation of the analyzer resolution, the 


To provide an experi- 


target has been removed and the open end of the 
collector covered with a flat platinum cap. The cutoff 
in primary current to this closed collector, which func- 
tions as a Faraday box, is shown in Fig. 2. Here eV is 
equal to 1.90 ev. It will be seen that 70 to 80% of the 
cutoff occurs within the expected 3% spread. The slope 
of the low-energy plateau is due to emission-drift, and 
is not considered significant. 
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3. Target-Collector Assembly 


Contact potential difference between the target and 
the platinum collector has been corrected for by the 
use of the Kelvin method, which is entirely independent 
of the reflection coefficient of the target and the energy 
distribution of the primary beam. The target may be 
advanced along the beam axis to a position within 0.5 
mm of the collector surface, and jerked back a short 
distance by a magnetic control. The cpd compensation 
supply, Fig. 1, is then adjusted for null capacitive 
signal in the collector arm of the circuit. By this method 
it is possible to measure and compensate cpd to within 
+0.005 v of instrumental error. 

Currents from the target and collector are measured 
by a vibrating-reed electrometer with input resistances 
of 10° and 10" ohms. The electrometer can be trans- 
ferred by two double-throw switches from the target 
line to the collector line and back. Since it has a Very 
low effective input impedance, this transfer does not 
disturb the cpd correction. 


Fic. 4. Curves show 
ing the effect of applied 
voltage between target 
and collector. Target 
surface is the same as 
that for curve 1B, Fig. 8 
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The target is supported by a long molybdenum rod 
mounted in quartz on a movable carriage. The entire 
assembly may be retracted magnetically, along a track 
of tungsten rods, into a side arm of the envelope. 
Electrical connection is made through a coil spring of 
fine tungsten wire. 

In its retracted position, the target is in the vicinity 
of the filament-grid assembly C shown in the inset in 
Fig. 1. This may be used either to heat the target by 
electron bombardment of the back or to clean it by ion 
bombardment of the front. During electron-bombard- 
ment heating, the target is in position B, and is main- 
tained 1-3 kv positive with respect to the filament. 
A 200-250-v positive potential is applied to the grid 
to furnish the required target current. During ion 
bombardment the target is in position A, and is main- 
tained 600 v negative with respect to the filament. A 
positive potential of 140-150 v on the grid produces an 
argon discharge limited to the region shown in front of 
the target face. An ion current of about 100 micro- 
amperes/cm’ is used. 
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Fic. 5. Reflection 
coefficient of poly- 
crystalline platinum 
target I. Curve 1: 
after tube evacua 
tion and bakeout; 
curves 2, 3: after 
argon-ion bombard 
ment and annealing 
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As the carriage is retracted into the side arm, a trap 
door rises between the target and the collector, pre- 
venting direct evaporation or sputtering onto the 
collector surface. The shields shown near the source 
filament prevent direct evaporation or sputtering from 
the filament onto the target face. 


4. Vacuum Conditions and Target Cleaning 


The vacuum system is of all-Pyrex construction, and 
utilizes two single-stage mercury diffusion pumps in 
series with a liquid-nitrogen trap. Argon is admitted 
for purposes of ion bombardment, through a capillary- 
tube leak, a liquid-nitrogen trap, and an evaporated- 
molybdenum getter tube. Mercury cutoffs outside the 
traps control the leakage of argon and its exhaust from 
the experimental tube. 

After first evacuation, the tube is ordinarily baked 
for three hours at 300-350°C, with the traps at dry-ice 
temperature; it is cooled to room temperature, and the 
traps are allowed to warm to room temperature for one- 
half hour; then the dry ice is replaced, and the bakeout 
is repeated. The main trap is then cooled to liquid- 
nitrogen temperature two or three times for intervals 
of an hour, returning to dry ice temperature between 
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Fic. 6. Reflection 
coefficient of poly 
crystalline platinum 
target IT. Curves 1, 
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Fic. 7. Reflection coefficient of 
a single-crystal germanium target, 
before ion-bombardment cleaning. 
Curve 1: after etching, tube evacu 





ation, and bakeout; curve 2: after 
heating one hour at a low tempera 
ture; curve 3: after prolonged 
heating at a high temperature. 
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these periods. These temperature cycles reduce high- 
vapor-pressure constituents in the large trap, which is 
thereafter kept at liquid-nitrogen temperature. 

Following this procedure, a pressure of 5X10~* mm 
Hg is usually read on the ionization gauge, which is of 
the Bayard-Alpert type. The molybdenum getter is 
then flashed repeatedly, and after it has been active for 
several days the residual pressure reading is about 1 or 
2X10-* mm Hg. This reading is attained without 
strenuous heating of the metal parts of the gauge, and 
represents an upper limit to the total gas pressure 
within the tube. Under exceptional conditions, when 
the gauge grid has been well outgassed and the tube 
allowed to stand with no filaments active for several 
days, background pressures as 2X10-' mm Hg are 
read on the ionization gauge. 

The pressure of active gas present, particularly oxy- 
gen, is considerably lower than the above figure because 
of the activity of the molybdenum getter. 

Targets have been cleaned by the argon-ion sputter- 
ing technique developed in this laboratory.***’ The 
targets have been initially outgassed at maximum safe 
temperatures until an outgassing pressure of 10-7 mm 
Hg or better is obtained. They are then bombarded in 
the manner described above for 8 to 10 min with an 
argon pressure of about 10-* mm Hg. The target is then 


annealed at a temperature which depends on the ma- 
terial. The cycle of outgassing, ion bombardment, and 
annealing is repeated until reproducible values of the 
cpd between target and collector are obtained after the 
outgassing stage of the cycle. The cpd and reflection 
coefficient are then observed through each stage of 
several further cycles. Several important details of 
the ion-bombardment technique; gettering, trapping, 
and controlling the discharge, have been discussed 
elsewhere.*? 


5. Procedure for Reflection Measurements 


After correcting for the cpd between target and col- 
lector to within +0.015 v, the target is placed at a dis- 
tance of 4.0-4.5 mm from the opening through which 
the electrons enter the collector. The energy of the 
primary electron beam passing through the analyzer 
and lens is adjusted to the highest primary energy de- 
sired (usually 2.5 to 10 ev). The energy of the electrons 
striking the target is decreased in small steps by apply- 
ing a suitable retarding potential to the target-collector 
system. Currents to the target and collector are meas- 
ured by transferring the electrometer with the two 
double-throw switches. 

After plotting the reflection coefficient and the total 








Fic. 8. Reflection coefficient of 





single-crystal germanium, after 
ion-bombardment cleaning. Curves 





18 


1A, 1B, 1C: after argon-ion bom- 
bardment and annealing; curve 2: 
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sample after argon-ion bombard- 
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as Farnsworth, Schlier, Burger, and George, J. Appl. Phys. 26, 252 (1955). 
s7 J. A. Dillon, Jr., and H. E. Farnsworth, J. Appl. Phys. 28, 174 (1957). 
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primary current as functions of the retarding potential 
applied to the target-collector system, the zero of pri- 
mary energy is determined from the cutoff of the total- 
current curve, indicated by crosses in Fig. 3. These 
curves are similar to the one in Fig. 2, but are plotted 
on a reversed abscissa scale. The zero of primary energy 
is taken at the point where the total primary current 
has dropped to one-half its maximum value. Using this 
zero, the true primary energy is plotted along the 
abscissa. The minimum before cutoff in the curve for 
the 15-mm position is caused by electron loss through 
the opening between the edge of the target and the 
rim of the collector. 


6. Precautions and Sources of Error 


(a) Consideration of stray fields——The earth’s mag- 
netic field has been compensated by Helmholtz coils 
of radius 30 cm. A high-speed flip coil has been used to 
measure the residual field in the vicinity of the target. 
This field has been kept below 0.05 oersted. In such a 
field, an electron having energy of 0.3 ev has a radius 
of curvature of more than 40 cm. 


TABLE II. Current yields from analyzer 


Energy of 
transmission Current through 
filament bias Gi 
volts amperes 


10 3X 1075 
6 3x 107-8 
4 210-8 
2 1x 10-8 
1 6X 107° 


Current through 
Se 


Electrostatic effects are those of residual cpd field 
and retarding potential near the collector entrance. The 
residual cpd field has been less than 0.015 v. The effect 
of an electrostatic field between target and collector is 
shown in Fig. 4. The graphs show the changes produced 
by varying the voltage in 0.10-v steps. A 0.10-v retard- 
ing potential produces an upward break in the curve at 
about 0.6 ev primary energy, while a 0.10-v accelerating 
potential causes the reflection coefficient to reach zero 
at about 0.3 ev. It has been shown that the retarding- 
potential field does not produce appreciable divergence 
of the primary beam, by taking observations for various 
target positions. Figure 3 shows the measured reflection 
coefficient as a function of primary energy for target 
positions between 1.2 mm and 15 mm from the beam 
entrance in the collector. At small values of the above 
distance, the measured coefficient is too low due to loss 
of reflected electrons through the entrance aperture in 
the collector. At large values there is an error due to 
primary electrons which miss the target. For a target 
position of 4.0 to 4.5 mm, the sum of these errors is 
minimized. 

(b) Capacity effects in the measurement of cpd.— 
Although the targets vary considerably in their shape, 
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Fic. 9. Reflection coefficient of single-crystal copper, before 
ion-bombardment cleaning. Curve 1: after etching, tube evacua- 
tion, and bakeout; curve 2: after heating to evaporation 
temperature. 


they all have one surface, 8 to 9 mm in diameter, which 
is parallel to the end of the collecting cylinder. They are 
supported on the opposite side by a small molybdenum 
rod perpendicular to the front surface and by a small 
clamping arrangement. The construction is such that 
the lateral capacities of the support are small compared 
to that between the end of the cylinder and the front 
face of the target when the distance of separation is of 
the order of 0.5 mm. The rear end of the collecting 
cylinder is entirely open. 

(c) Instrumental error.—A small capacitive zero 
error in the electrometer limits the accuracy of the 
absolute value of reflection coefficient to +0.01. In 
addition, leakage error contributes a small positive 
slope (approximately 0.03 in the absolute value of 
T./I, per 10-ev primary energy) to the curves shown in 
Figs. 7 and 8. This error varies slightly with the scale 
of the instrument. A random error in J,./J, of about 
+0.005 is due to transient electrostatic disturbances 
caused by switching from target to collector. 

Effects of multiple reflection between collector and 
target appear negligible, since little over-all variation 
with target position is seen in Fig. 3. 


III. RESULTS AND DISCUSSION 


1. Polycrystalline Platinum 


The platinum target is a disk, 9 mm in diameter and 
0.1 mm in thickness, supported by two tabs at its edges 
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Fic. 10. Reflection coefficient of a (111) copper crystal face, 
following ion-bombardment cleaning. Curve 1: after annealing 
10 min at 700°C; curve 2: after ion bombardment, before 
annealing. 
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which are bent back and spot-welded to the molybdenum 
support rod. This target had undergone extensive out- 
gassing in an earlier vacuum run at temperatures 
between 1100° and 1200°C. During a brief period of 
heating at 1300°C to 1400°C recrystallization had 
occurred, and the target showed a mosaic structure 
with grain diameter averaging 0.3 mm. 

The reflection coefficient after baking out the tube, 
but before further treatment of the target, is shown in 
the upper part of Fig. 5. It decreases slowly with de- 
creasing primary energy to about 1 ev, at which point 
its slope becomes more steep. This type of curve is 
characteristic of metal surfaces covered with thick 
layers of gas and impurities. The lower limit of measure- 
ment is reached between 0.2 and 0.3 ev; below this 
point part of the primary energy spread is turned back 
by the retarding field. The reflection coefficient of this 
surface is probably similar to that of the platinum 
collector surface for electrons of normal incidence. 

Curves obtained after the annealing phase of two 
separate target cleaning cycles are shown in the lower 


part of Fig. 5. The annealing has been carried out at 
1100°C for a period of 15 to 30 min or at 700°C for a 
period of 1 to 2 hours. These two curves are representa- 
tive of the degree of reproducibility obtained from cycle 
to cycle. 

The maximum observed between 2 and 3 ev corre- 
sponds to those for other metals'®.’.*! and is interpreted 


as a Bragg-reflection effect. 

The sharp rise below 1-ev primary energy is attrib- 
uted to a patch effect from the mosaic structure, of the 
type discussed by Herring and Nichols’ and by Notting- 
ham.* Patches of high work function repel low-energy 
electrons, even though the mean cpd between target 
and collector has been corrected to the full accuracy 
of the Kelvin method. To test this hypothesis, the 
target has been made slightly more positive than the 
potential suggested by the zero of the cpd measurement. 
A curve corresponding to the “no field” curve of Fig. 4 
has been obtained with a cpd overcompensation of 
approximately 0.4 v. This indicates that the path effect 
involves work-function variations of several tenths of 
an ev over the area of the target surface. The desira- 
bility of a single-crystal target is apparent from these 
results. 

The reflection coefficient after ion bombardment, but 
before annealing, is shown in the top graph of Fig. 6. 
It is noted that these curves are smoothly decreasing 
near the zero of primary energy, and attain a very low 
value at the limit of measurement between 0.03 and 
0.05. Clearly the argon layer on the surface smooths 
out the patch effect and produces an extremely low 
reflection coefficient in this energy region. When the 
platinum has been annealed for a few minutes at 700- 
1100°C, the details in the bottom of Fig. 5 reappear. 

The curves labeled 1, 2, and 3 have been obtained in 
successive ion-bombardment cycles during the early 
period of activity of the getter. Curve 3 represents the 
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limiting value attained after the getter has been in 
operation for about a week; all succeeding curves 
agreed closely with this one. The reflection coefficient 
curves at this stage of the cycle all show high stability 
for periods of several days. If the cleaned and annealed 
surface is allowed to remain for 15 hours at a residual 
pressure of 2X10~* mm Hg, curve 4 at the bottom of 
Fig. 6 is obtained. The same effect has been produced 
by flashing a fresh filament, to produce temporary 
pressures above 10-* mm Hg (curve 5). The maximum 
between 2 and 3 ev primary energy has disappeared 
because of the adsorption of gas on the surface. How- 
ever, the rise near zero in primary energy remains, 
although the upward break comes at a slightly lower 
value of primary energy, indicating that the patch 
effect persists through the adsorbed layer in a reduced 
amount. In each case, the curve characteristic of the 
clean polycrystalline surface can be recovered by an 
ion-bombardment cleaning and an hour’s heating at 
1100°C. The gas-covered surface in these observations 
is markedly different in character from that of the 
argon-covered surface following ion bombardment. 

In the initial cleaning procedure of the target, com- 
prising several cycles of outgassing at 1100°C and ion 
bombardment, the work function of the platinum 
sample rises approximately 0.7 ev and thereafter is 
reproducible within 0.1 ev after the annealing phase of 
further cycles. This is in general agreement with the 
results of Oatley** on cleaning a platinum sample. The 
present sample does not display the large shifts on 
heating which Oatley attributes to the diffusion of gas 
from the interior of his sample. 

Before the activation of the molybdenum getter, an 
adsorption effect after heating similar to that described 
by Harrower® has been observed. In the first hour after 
heating is stopped, the target undegoes a rapid decrease 
in work function totalling about 0.15 ev. At the same 
time, a dip in pressure is observed on the ionization 
gauge. This effect is interpreted as a gettering of the 
oxygen or carbon monoxide content of the residual gas 
by the freshly cleaned target surface. The results in the 
bottom of Fig. 5 were obtained after the getter had been 
active for a period of several days. No target-gettering 
effect was observed in connection with these curves. 
The work function of the target following argon-ion 
bombardment has shown a scatter of values up to 
0.30 ev about the more reproducible value obtained after 
annealing. Small changes, up to 0.015 ev were often ob- 
served in the target work function over the period of a 
reflection-coefficient run (about forty minutes). How- 
ever, no changes in target-reflection coefficient were 
associated with these small changes of work function. 


2. Single-Crystal Germanium 


The sample is cut from a block of 40-ohm-cm, n-type 
germanium in the form of an octagonal disk, 9 mm in 


38 C, W. Oatley, Proc. Phys. Soc. (London) 51, 318 (1939). 
%® G. A. Harrower, Phys. Rev. 102, 1288 (1956). 
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maximum diameter and 2 mm in thickness, with a 3- 
mm cubic boss projecting from the rear face for mount- 
ing purposes. The front face is parallel to a (110) plane 
of the crystal to within 0.5°. 

For the final surface finishing, the face is ground on 
glass with an emulsion of M-305 optical-polishing com- 
pound in glycerin and green soap and polished with 
magnesium oxide and distilled water, on a wax lap. 
The entire sample is etched with CP-4F solution for 30 
seconds, and with dilute HF (50°) for one minute. It 
is then rinsed repeatedly in boiling, doubly-distilled 
water. This treatment leaves a mirror-like finish which 
appears, on microscopic inspection, to have a low 
density of etch pits. Following the etch treatment, the 
sample is handled only with several thicknesses of 
filter paper, and care is taken to prevent contamination 
by dust or moisture. 

The target is supported by a light clamp of electro- 
polished molybdenum strip, which is bound to the 
crystal and to the molybdenum support rod by electro- 
polished molybdenum wire. Thus the only parts of the 
target support which undergo heating are of electro- 
polished molybdenum. 

Four-point probe resistivity tests have been per- 
formed on the crystal before and after the vacuum run. 
The initial value was 40 ohm-cm; the final value, 67 
ohm-cm. This is taken to indicate that no bulk con- 
tamination of the germanium has occurred during the 
vacuum treatments. 

After the customary bakeout treatment, the reflec- 
tion coefficient has the unusual high value indicated 
in curve 1 of Fig. 7. In the very low-primary energy 
region, this curve drops with a steep slope, approaching 
zero at zero primary energy, within the limits of error 
of the measurement. Two observations are shown below 
().3-ev primary energy ; although these are questionable, 
they show a smooth decrease towards the origin. This 
result, which has been observed also on a crystal cut 
parallel to the (100) face, appears to be associated with 
a surface layer left by the etching process.*” It can be 
removed by very mild heating. One hour at tempera- 
tures of 350°C to 400°C reduces it to the value of curve 
_2. After thirty-six hours of subsequent heating at 
400-475°C, curve 3 is obtained. Following this mild 
heating it has not been possible to restore the high value 
of curve 1 by exposure to atmospheric gases, or by 
baking the tube at 330°C (at pressures below 5X 1077 
mm Hg). Each of these processes returns the reflection 
coefficient to a value near curve 2. The high value of 
curve 1 has been obtained only after etching the target 
surface. 

The germanium sample from which this target was 
cut had been previously outgassed for a period of 200 

hours between 600°C and 700°C, with residual pres- 
sures of 10-§ mm Hg or less. Extended heating to re- 
move gases from the bulk of the sample has therefore 
been unnecessary. After 30 hours of heating at 600 
650°C and three or four cycles of ion-bombardment 
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cleaning, reproducible values of cpd and reflection co- 
efficient have been obtained. After 30 hours of heating 
and several cycles of ion-bombardment cleaning, the 
reflection-coefficient curves 14, 1B, and 1C in Fig. 8 
are found to be reproducible and characteristic of the 
surface. These curves are taken after annealing the 
surface at 500°C for one hour. Further heating at tem- 
peratures up to 650°C has no effect on the curves. 
Curve 1C in Fig. 8 shows the range 0-15 ev observed 
witha broad primary energy spread. Curve 2 shows 
similar observations on a sample cut parallel to a (100) 
crystal face, which had undergone pronounced thermal 
etching during an extended period of heating at 700 

750°C. This sample had also become contaminated 
with tungsten, but the agreement with the (110) 
sample is good. 

The distinctive features of these curves are that they 
show no distinct maxima, there is no rise near the zero 
of primary energy, even in the case of the thermally- 
etched sample, and they are nearly flat at a value be- 
tween 0.10 and 0.15 in the range 2 ev to 15 ev. The 
absence of distinct maxima or any sharp structure in 
this energy range, appears to be due to the diffraction 
conditions for these orientations of germanium. The 
absence of a rise near the zero of primary energy shows 
that there is no patch effect as in the case of poly- 
crystalline platinum. The low-level value of reflection 
coefficient at primary energies up to 15 ev cannot be 
compared with the results of Johnson and McKay” 
which do not extend below 100-ev primary energy. 

Curves 14 and 1B have been obtained from the same 
surface as 1C, using smaller spreads of energy in the 
primary beam. The curves are considered to be in 
agreement within the fixed errors of the method of 
observation. The value of /,/J, at the lower limit of 
primary energy in curve 14 is 0.07+0.01. Curve 3, 
Fig. 8, has been obtained after the argon-bombardment 
phase of the cleaning cycle. The value at the lower limit 
of primary energy is 0.02+0.01. Above the range of 
this graph, the curve is similar to curve 1C. This result 
has been reproduced many times. One hour of anneal- 
ing at 500°C is sufficient to remove the argon, and to 
reproduce curve 14. The rise is reproducible, and lies 
definitely outside the possible instrumental error. 

The effect of exposing the annealed germanium sur- 
face to oxygen at pressures of 10~* to 10~* mm Hg for 
10 min is shown in curve 4 of Fig. 8. The oxygen used 
in this test has been admitted through the fore system, 
and dried by passage through two traps at liquid 
nitrogen temperature. The measurement has been taken 
two days after the oxygen exposure. One hour’s subse- 
quent heating at 350-400°C has been sufficient to 
restore curve 1B, 

The cpd after annealing has been reproducible over 
many cycles of cleaning to +0.015 v indicating that 
outgassing of the sample is relatively complete. In the 


“ J. B. Johnson and K. G. McKay, Phys. Rev. 93, 668 (1954), 
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first hour after annealing, the germanium sample gen- 
erally shows a small decrease (<0.020 v) in work func- 
tion with time. Following this, it remains stable within 
0.005 v for periods up to 48 hours. The work function 
undergoes a rise of 0.25 v on exposure to oxygen; it 
returns to its initial value during the short heating 
described in the last section. These results are consistent 
with other cpd observations on similar germanium sur- 
faces in this laboratory.” 


3. (111) Face of a Copper Crystal 


The copper sample is a prism, 6 mm in length, with 
a mean diameter of 8 mm. This shape has been chosen 
because of the tendency of copper to recrystallize during 
heating. Electron bombardment has been confined to 
a thin molybdenum sheet covering the back of the 
sample, and the front face is heated by conduction. 
Recrystallization has been limited to the immediate 
vicinity of the molybdenum. 

The sample has been ground and polished with its 
face accurately parallel to the (111) planes of the single 
crystal. Final polishing has been performed with oiled 
emery paper, and with M-305 lapping compound on a 
wet wax lap. The entire sample has then been heated 
in boiling double-distilled water, electropolished for 10 
seconds in a 50% solution of phosphoric acid, and rinsed 
repeatedly in boiling double-distilled water. The result 
is a highly polished surface with a low density of etch 
pits. While being mounted, the crystal has come in 
contact with only clean lens tissue, and has received a 
last rinse with hot doubly-distilled water just before 
insertion in the vacuum tube. 

The results of simple heating are shown in Fig. 9. 
Curve 1 shows the reflection coefficient after baking 
the tube, but before heating the crystal further. Curve 2 
shows the value after 10 min of heating at evaporation 
temperature (800-850°C), with the molybdenum getter 
active. This curve shows a change of slope at 3.5-ev 
primary energy, which is probably a diffraction effect of 
the same general character as the maximum observed 
for platinum. At the limit of observation, the value of 
I./I, is approximately 0.06. 

The results after ion-bombardment cleaning are 
shown in Fig. 10. Reproducible cycles of ion-bombard- 
ment cleaning were obtained as soon as the target had 
been heated to evaporation temperature; this crystal 
had undergone extensive heating in an earlier experi- 
ment. Curve 1 shows the reflection coefficient obtained 
after 10 minutes of annealing at 700°C (minimum 
temperature for rapid removal of the argon). A distinct 
change of slope can be observed in the neighborhood of 
4-ev primary energy. The very low-energy region of the 
curve shows a smooth decrease with decreasing primary 
energy. The value at the low-energy limit is 0.02+0.01. 
Extrapolation would carry the curve through the origin, 
within the limits of error of the experiment. 
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Curve 2 shows the reflection coefficient after argon 
bombardment, but before annealing. This curve has 
very little in common with the corresponding observa- 
tions for platinum and for germanium. As is usual for 
copper samples, the work function of this target rose 
approximately 1 v during the first heating to evapo- 
ration temperature. Thereafter, it has remained repro- 
ducible to +0.05 v after the annealing phase of the 
ion-bombardment cycle. After the argon-bombardment 
phase, it has assumed a reproducible value 0.90+0.05 v 
lower than that after the annealing phase. This large 
reproducible change in the nature of the target surface 
between the two phases is not attributed to contamina- 
tion in the argon, because of the precautions described 
earlier. 

All of the curves for the (111) copper show a low 
reflection coefficient at the low-energy end; there is no 
indication of an increasing coefficient as the energy 
approaches zero. The curves for this crystal face show 
a much smaller amount of structure than those for a 
(100) face” or a polycrystalline surface.'® However, as 
noted above, the structure of the reflection-coefficient 
curve is strongly dependent on the crystal structure 
and orientation of the reflecting surface; in previous 
observations by one of us,'* a copper target cut from 
a single crystal of undetermined orientation showed 
almost no structure in the reflection-coefficient curve. 


IV. CONCLUSIONS 


The results of this experiment are in general agree- 
ment with the prediction of Herring and Nichols,® that 
the external reflection coefficient in the neighborhood 
of zero primary energy should be 0.05 or less, and are 
in disagreement with those of Gimpel and Richardson” 
and Myers.” This disagreement is most probably the 
result of patch effects in these two experiments. The 
results for the two single-crystal surfaces (germanium 
and copper) after annealing show a very low reflection 
coefficient in the neighborhood of zero primary energy. 
All of the curves taken before outgassing or after 
argon-ion bombardment show a low-reflection coeffi- 
cient near zero primary energy, although the shape of 
the curves varies greatly with the target substance and 
the nature of the covering layer. 

The patch effect discussed by Herring and Nichols* 
has been observed for the polycrystalline platinum 
surface. This effect is not detected in connection with 
either of the single-crystal targets. 
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Considerable structure has been observed at the intrinsic optical absorption edge of annealed films of 
BaO, BaS, BaSe, BaTe, SrO, SrS, SrSe, and SrTe at — 160°C. Photoemission measurements allow an estimate 
to be made of the energy separation between the top of the valence band and the vacuum level. 


INTRODUCTION 


‘YTRUCTURE has been observed in the optical 
absorption of properly prepared BaO films.’ The 
positions and relative magnitude of the absorption 
peaks have recently been confirmed by Jahoda? using 
reflectivity measurements from freshly cleaved BaO 
single crystals. The presence of a multiplicity of 
absorption peaks, apparently associated with the 
creation of exciton states, led Overhauser’ to investigate 
the effect of the crystalline field symmetry upon the 
structure observable in optical transitions. He con- 
cluded that for the NaCl-type lattice such as BaO one 
may expect as many as five absorption peaks associated 
with the traditional exciton model for ionic crystals (i.e., 
electron excited from the negative ion to a neighboring 
positive ion). While experimental results for BaO are 
apparently consistent with this model, the predictions 
are not sufficiently detailed to say that the model is 
confirmed. A study of the optical absorption of the 
other barium and strontium salts with the same crystal 
structure seemed desirable for comparison with Over- 
hauser’s predictions and to determine whether the un- 
expected features observed in BaQO, such as the large 
splitting of the first strong doublet and the presence of 
two weaker peaks on the long-wavelength side, would 
also appear in the other compounds. The preparation 
of the films and measurement techniques are discussed 
in the next section followed by the results of the optical 
absorption and photoemission measurements. Possible 
interpretation of the structure is discussed briefly in 
the last section. 


EXPERIMENTAL TECHNIQUE 


Thin films of the materials were prepared on the 
inside walls of sealed-off cylindrical tubes of Corning 
9741 glass (thin wall) or of fused quartz. A:spring con- 
tact and a thin conducting strip base prepared using 
“liquid platinum” made possible measurements of 
photoemission from the same films used for the optical 
absorption measurements. The oxide tubes were 
prepared by evaporation from a platinum 10% rhodium 
filament onto the walls that were heated to about 390°C. 
Mallinckrodt standard luminescent grade BaCQOs; or 


1R, J. Zollweg, Phys. Rev. 97, 288 (1955). 
2 F.C. Jahoda, Phys. Rev. 107, 1261 (1957). 
3A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 


SrCO; was applied to the filament with an isobuty! 
methracolate, xylene binder and converted to the 
oxide ‘by heating before the tubes were removed from 
the vacuum system. The sulfide tubes were prepared 
by evaporating the barium or strontium metal and 
reacting with H.S gas at about 390°C. The tubes were 
then evacuated and sealed off the vacuum system. The 
selenide and telluride tubes were prepared by evapo- 
ration of the alkaline earth metal with the selenium or. 
tellurium evaporated on top. The constituents were then 
reacted by heating to about 390°C for 15 to 30 minutes. 
The base of the tubes remained cooler during the re- 
action and excess Se or Te deposited there. To remove 
as much of the water vapor! present in the glass as 
possible the tubes were rinsed with dilute hydrofluoric 
acid to remove surface water vapor and during the 
evacuation and outgassing, the sections of the tubes 
where the films were to be prepared were heated above 
400°C for at least } hour. The highest temperature used 
was limited by the softening point of the glass tubes 
under vacuum. A lower reaction temperature may 
permit polysultides and polyselenides to form and too 
high a temperature with quartz tubes may permit the 
formation of silicates. 

The barium metal used was obtained from two types 
of barium getters. The purest barium films were ob- 
tained from special Kemet getters® using barium metal 
encased in a thin metal tube. These yielded films that 
were about 99% barium with negligible Ca or Sr im- 
purities (less than 0.1%). The other commercial getters 
utilized a chemical reaction when heated to liberate 
barium and gave films containing an appreciable amount 
(1-2%) of aluminum and iron but little calcium or 
strontium (less than 0.1%). At least one tube was 
made using each type of barium getter but no differ- 
ences in the optical absorption could be attributed to 
impurities. The strontium metal obtained (approxi- 
mately 99.5% strontium) was melted into thin nickel 
tubes from which the metal could be evaporated through 
tiny pinholes. The strontium films contained about 
0.2% barium and 0.1% calcium and negligible other 
impurities. The selenium and tellurium were evaporated 
from beads and were of considerably higher purity. 


‘B. J. Todd, J. Appl. Phys. 26, 1238 (1955). 
> Obtained by courtesy of M. Wells, Kemet Company, Cleve 
land, Ohio. 
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Fic. 1. The optical absorption spectrum of BaS at —160°C as 
obtained by transmission measurements of four films of different 
thicknesses. 


The absence of absorption peaks at the positions of the 
strong peaks of BaO or SrO and the agreement of the 
absorption with films of different thickness indicate 
freedom from the oxide in the sulfide, selenide, and 
telluride films. Comparison of the optical absorption 
of BaO with that previously obtained and the BaO 
photoemission results with those of other investigators 
indicate that no extraneous effects were introduced by 
use of the platinum film conducting base. 

The results obtained are probably not influenced by 
lack of stoichiometry in the films. For the films heated 
to 390°C there were no absorption bands in the visible 
region of the spectrum characteristics of color centers 
in nonstoichiometric materials. Furthermore, optical 
absorption measurements on such thin films, only a 
few thousand angstroms thick, are not very sensitive 
to a small departure from stoichiometry. Except for 
SrO, the photoemission results indicate that the films 
as prepared do not contain excess barium or strontium 
as discussed below. 

Optical absorption measurements were made utilizing 
a model 14 PM Cary Spectrophotometer with a hydro- 
gen arc light source. A special liquid nitrogen cryostat 
held the glass tubes in the spectrophotometer sample 
position. The tubes fit snugly into a copper tube bolted 
to the bottom of the liquid nitrogen container. Silicone 
vacuum grease made thermal contact between glass 
tubes and the copper tube and allowed the films to 
attain a temperature of about —160°C for the low 
temperature transmission measurements. A dummy 
tube plus duplicate cryostat windows in the reference 
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Fic. 2, The optical absorption spectra of the barium compounds 
at —160°C. No significance should be attributed to differences in 
the relative absorption between compounds. 


beam took into account such effects as distortion of 
the optical image because of the cylindrical shape of 
the glass tube and absorption and reflection effects from 
the tube and cryostat windows. Where the absorption 
becomes appreciable as in the 9741 tubes for wave- 
lengths shorter than about 2100 A, possible differences 
between the dummy tube and sample tube lead to an 
increasing uncertainty in the optical density. Despite 
the increasing absorption of the 9741 glass tubes toward 
shorter wavelengths, any error associated with the 
transmission of scattered light of longer wavelengths 
was negligible for wavelengths greater than 2000 A. 
The resolution of the equipment was better than 5 A 
and was not a limitation in the sharpness of the observed 
absorption peaks. 

Photoemission measurements were made using a 
Perkin-Elmer double-pass monochrometer with the 
single-pass beam masked off. Use of a driven-shield 
preamplifier to minimize input capacitive effects per- 
mitted the use of a 10° ohm input resistance at the 
chopping frequency of 13 cycles per second. H-4 and 
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Fic. 3. The optical absorption spectra of the strontium com- 
pounds at —160°C. No significance should be attributed to 
differences in the relative absorption between compounds. 


A-H6 mercury arc light sources were used. The in- 
tensity of the incident radiation was measured with an 
RCA-935 photocell that had previously been calibrated 
against a Perkin-Elmer thermocouple for wavelength 
dependence. The Perkin-Elmer thermocouple was 
compared with a calibrated Eppley thermopile for an 
absolute calibration. Corrections were employed for 
the transmission of the 9741 glass and the fused quartz 
walls of the tubes. The quantum efficiencies quoted 
here may be in error, however, by as much as 50% to 
100%. In cases like the present where the quantum 
efficiency changes over four or five orders of magnitude 
over a small energy region, it is difficult to be certain 
that the results are not influenced by a small amount 
of scattered light of shorter wavelength. In the present 
case, it is felt that the small tail to the photoemission 
yield curve at the threshold is influenced more by the 
presence of a small number of donor centers. 


OPTICAL ABSORPTION RESULTS 


The optical transmission measurements of BaS 
films at —160°C shown in Fig. 1 are typical of the 
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AND PHOTOEMISSION 


TABLE I. Positions of peaks observed in the optical absorption spectra. 


hy (ev) AE (ev) Comments 


d (A) 


BaO 


3200 3.88 very weak 


3140 3.95 weak 


3050 4.06 Ig 


2880 4.30 ly 


2085 5.95 doublet ? 


BaS 
3195 Ta 


3075 ly 


2765 weak, broad 


2430 


2365 
BaSe 


4035 . I 
3430 ly 


3030 broad 


2850 
2455 


2075? 


results obtained. Here the optical density [logyo(/o/ J) | 
is plotted vs wavelength for four films of varying 
thickness from two different tubes to show the repro- 
ducibility of the results. If reflectivity and interference 
effects could be completely ignored, the curves would 
differ only by a scale factor and would be proportional 
to the absorption coefficient. It appears that this con- 
dition is approached sufficiently closely that the curves 
given for fairly thick films are essentially proportional 
to the absorption constant throughout the region of 
strong absorption. The film thicknesses could be esti- 
mated from the rather faint interference effects of the 
films in visible light making use of the impedance 
concept in thin films,® and using the known refractive 
indices in the visible.? The magnitude of the absorption 
constant at the second strong peak is thought to be 
about 4X10° cm™ (within a factor of two or three) in 
all the materials studied. 

Typical results for all four barium compounds are 


6 P. J. Leurgans, J. Opt. Soc. Am. 41, 714 (1951). 
7 Gmelins Handbuch 29-31 (1931). 


AE (ev) Comments 
Iq) 

not resolved 
re canes 


} 


Ia 
Tp 
broad, doublet ? 


2020? 


sSrse 
2805 


2640 
2490? 


2270? weak, broad 


2130? 
2025? 
SrTe 
3320 5.43 Ie 


2920 ee Ty 


2730 broad 


2455 broad 


2190 5.66 broad 


6.12 


2025? 


shown plotted in Fig. 2, while Fig. 3 shows comparable 
results for the strontium compounds. Because of some 
uncertainty in the thickness of the films, no effort has 
been made to preserve the correct relative absorption 
between compounds in these figures. Two strong ab- 
sorption peaks at the threshold of the strong ultraviolet 
absorption are observed in each case although they are 
barely resolved in SrO and SrS. Several additional peaks 
are observed in the barium compounds. The additional 
structure in the strontium compounds, although repro- 
ducible, is considerably less prominent. Table I gives 
the positions of the various absorption peaks together 
with comments and using von Hippel’s notation (/¢,/») 
to designate the first two strong peaks. Peaks that 
should be regarded with some suspicion are shown with 
a question mark (as all of the weak peaks at about 
2025 A in the strontium compounds, questioned because 
they appear in all of the strontium compounds). The 
values given for BaO are those obtained by the author. 
These differ slightly from those given by Jahoda? and 
are used here merely for consistency in using only film 
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data. Jahoda’s values may indeed be more accurate, 
especially for the weak peaks on the side of the stronger 
absorption peaks. 

Most of the prominent features of the structure were 
still observable at room temperature although they 
were not as sharp, and some of the minor peaks were 
smeared out. The sharpness of the absorption structure 
depends upon the temperature at which the constituents 
were reacted or annealed somewhat as observed with 
BaO.'! Jahoda? has concluded from his reflectivity 
results that the earlier work with annealed thin films 
of BaO were not significantly limited in sharpness by 
the crystal perfection in the films. It is not known 
whether the same condition prevails for the other 
compounds. 

Saum and Hensley* have also recently measured the 
optical absorption of thin films of these compounds. 
The structure they observe is not as sharp as that 
observed here, perhaps because the films were insuffi- 
ciently annealed. They have therefore observed only 
the first two or three strong absorption peaks. The 
positions of the peaks they observe are near the stronger 
peaks observed here. Cheroff et al. have reported an 
absorption edge at 3060 A, (4.1 ev) for SrS on the basis 
of transmission measurements of single crystals. They 
do not give the thickness of the crystal measured but 
from their curve one can estimate that the absorption 
constant is at least 10° cm™ at 2900 A. 


PHOTOEMISSION 


In the interpretation of the optical absorption 
structure, knowledge of the band gap would be useful 
in locating the possible onset of band-to-band tran- 
sitions as well as the series limit for exciton absorption 
based on certain theoretical models. Photoconductivity 
measurements could not be made with the thin films 
but it was felt that the additional information ob- 
tainable from photoemission measurements would be 
of value, perhaps indicating an upper limit to the band 
gap. Such measurements on barium oxide have already 
yielded the information that the separation of the top 
of the valence band to the vacuum level is about 5 ev.!° 

Some pitfalls are present in the interpretation of 
photoemission from compounds of this type. As Apker 
et al." have shown, photoemission may result from 
(1) excitation of electrons from the valence band, 
(2) direct ionization of electrons in F centers (or other 
donor sites), and (3) exciton-induced photoemission 
involving an F center or other electron donor. Photo- 
emission of the last two types requires the presence of 
centers within the band gap containing electrons which 
may be emitted. Metastable centers may be created, 


8G. A. Saum and E. R. Hensley, Bull. Am. Phys. Soc. Ser. II, 
2, 343 (1957). 

9 Cheroff, Okrasinski, and Keller, J. Chem. Phys. 27, 330 (1957). 

10 Apker, Taft, and Dickey, Phys. Rev. 84, 508 (1951). 

uL. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 81, 698 
(1951); 82, 814 (1951). 
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however, by the same ultraviolet radiation causing 
the photoemission."”:”.! 

Considerable photoemission probably associated with 
donor centers was observed here in the case of SrO. 
Since some decomposition occurs in the evaporation" 
it is not unexpected that an excess of metal should 
exist in this film. Although the threshold for strong 
optical absorption is about 5.7 ev, there is considerable 
photoemission beginning at about 2.9 ev. It should be 
noted that the quantum efficiency for the direct ex- 
citation of donor electrons is very high, approximately 
10 electrons per quantum, and seems to be greater 
than the exciton-induced process at room temperature. 

The spectral dependence of photoemission of BaO 
has already been studied at considerable length by 
Apker, Taft, and Dickey,’ and Philipp'* has studied 
the changes with degree of activation. The annealed 
BaO films obtained in the manner described above 
show little direct photoemission from F centers and the 
photoemission in the region of the exciton absorption 
peaks show structure reproducing that of the optical 
absorption with the photoemission continuing to rise 
toward shorter wavelengths. The positions of the photo- 
emission peaks appear between those of the transmission 
curves and Jahoda’s reflectivity curve. Structure in the 
photoemission of BaO in this region has also been re- 
ported by Dueker and Hensley and by Taft and Apker.!® 

There is negligible photoemission from most of the 
other materials as originally prepared in the region of 
the first two strong absorption peaks and at longer 
wavelengths. Since the first two peaks are interpreted 
as being caused by the creation of excitons, this implies 
that the method of preparation of the films with an 
abundance of the electronegative element has nearly 
eliminated donor centers of the type required for either 
direct or exciton-induced photoemission. The possi- 
bility that the photoemission comes entirely from a 
thin invisible layer of sulfur, selenium, or tellurium on 
the surface (other than one or two monolayers) is 
considered slight. At somewhat lower annealing tem- 
peratures excess Te (or Se) gives BaTe (or BaSe) a 
pinkish color, perhaps associated with a type of color 
center, but this is eliminated at 390°C. Although the 
thresholds observed are near those of the electro- 
negative elements,'® the high quantum yields indicate 
that the photoemission is probably intrinsic to the 
compounds. In BaTe, for example, the yields measured 
are an order of magnitude higher than those observed 
for tellurium.!® 


2B. D. McNary, Phys. Rev. 81, 631 (1951). 

13H. R. Philipp, Phys. Rev. 107, 687 (1957). 

“JT. Pelchowitch, Philips Research Repts. 9, 42 (1954). 

16 J, E. Dueker and E. B. Hensley, Bull. Am. Phys. Soc. Ser. II, 
2, 271 (1957); E. A. Taft and L. Apker, Bull. Am. Phys. Soc. Ser. 
IT, 3, 46 (1958). 

16 Photoelectric “work functions” of these elements have been 
given as follows: sulfur 5.3-5.5 ev, M. J. Kelly, Phys. Rev. 16, 
260 (1920) ; selenium 5.11 ev, R. Schulze, Z. Physik 92, 212 (1934) ; 
and tellurium 4.76 ev, Apker, Taft, and Dickey, Phys. Rev. 74, 
1462 (1948). 





OPTICAL ABSORPTION 

The assumption that direct donor and exciton- 
induced photoemission is suppressed in the films 
implies that adding sufficient extra Ba or Sr should 
allow such photoemission by creation of the required 
donor sites. This is verified in Fig. 4 which shows the 
photoemission from BaTe before and after excess Ba 
was evaporated onto the film and diffused into it at 
320°C.!7 

The photoelectric thresholds observed are inter- 
preted as mainly emission from the valence band and 
hence should allow a determination of the separation 
of the top of the valence band from the vacuum level. 
If one were to assume that the bottom of the conduction 
band is at or below the vacuum level,'* than an upper 
limit to the band gap would be obtained. Some photo- 
emission measurements were made on tubes cooled to 
—160°C but the yield curves obtained had a greater 
long wavelength tail than the room temperature curves, 
presumably associated with the creation of metastable 
centers. This photoemission in the tail could be en- 
hanced by irradiation with ultraviolet well within the 
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Fic. 4. Photoemission of 
BaTe with and _ without 
excess Ba. The curve at 
right shows photoemission 
from the films as originally 
prepared; that at the left 
shows photoemission when 
excess Ba is present. 
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strong photoemitting region and decreased with time 
during irradiation in the tail similar to the effects 
reported for BaO.”:8 

Yield curves for the barium and strontium com- 
pounds as originally prepared are shown in Figs. 5 and 
6. Since these photoemission measurements were made 
for the most part on only two tubes too much weight 
should not be given to their detailed shape. Neverthe- 
less, it is felt that fairly reliable estimates of the valence 
band to vacuum level energy may be determined from 
them. The criterion for the determination of the valence- 
vacuum energy was arbitrarily selected to be that 
photon energy at which the quantum yield equaled 
17 While the above interpretation is considered the most likely, 
there is another possibility that should not be completely over- 
looked. Excess barium or strontium on the surface of the electro- 
negative elements may sufficiently reduce the surface barrier to 
allow greater quantum efficiencies and reduce the threshold 
energy. 

18H. R. Philipp and E. A. Taft, J. Phys. Chem. Solids 1, 159 
(1956); E. A. Taft and H. R. Philipps, J. Phys. Chem. Solids 3, 
1 (1957). 
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Fic. 5. Photoemission of 
BaS, BaSe, and BaTe. 
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10-° electrons per quantum of incident radiation. The 
yield curve for that compound which showed a mini- 
mum tail was used. If a different arbitrary value were 
selected such as 107’ electrons/quantum or 10™° 
electrons /quantum the values obtained would be shifted 
by 0.1 to 0.2 ev toward lower or higher energies, 
respectively. The estimated values of valence to vacuum 
energy on this basis are: BaS 4.9 ev, BaSe 4.7 ev, 
BaTe 4.9 ev, SrSe 4.7 ev, and SrTe 4.9 ev. The value 
4,5 ev optained for SrS by the above criteria was felt 
to be too low because of the somewhat greater tail to 
the yield curve and 4.7 ev is probably a more reasonable 
value. 


INTERPRETATION OF STRUCTURE 


Most of the structure observed in the optical trans- 
mission measurements is believed to be intrinsic to the 
pure compounds. If impurity or defect centers were 
responsible for the absorption, then from the widths 
of the absorption peaks and the magnitude of the 
absorption constant it is clear that the concentration 
of such centers would have to be of the order of 1%. 
Such an argument loses some of its force, of course, 
when the weaker. peaks which are barely measurable 
are considered. However, the rather good agreement 
between films of different thickness and for films of 
different barium purity for the barium compounds 
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Fic. 6. Photoemission 
of SrS, SrSe, and SrTe. 
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indicates that even the weaker peaks are not associated 
with a uniform contamination on the surface of the films 
or introduced by impurities in the barium metal. 
Comparison of the structure between different com- 
pounds also supports the contention that at least the 
major peaks are not caused by impurities. The absorp- 
tion peaks are believed to be associated with the 
creation of exciton states of a type similar to those 
responsible for the ultraviolet absorption peaks ob- 
served in the alkali halides. There is also a qualitative 
similarity between the structure observed here and 
that recently observed in the silver halides by Okamoto 
and by Tutihasi. 

In the alkali halides with the NaCl-type crystal 
structure the traditional view of the exciton is that an 
electron from the electronegative ion is excited to one 
of the neighboring positive ions. The splittings between 
the first two strong peaks are observed to be nearly 
equal to the separation in the ground-state doublets of 
the halogen atoms. Thus the separation of the first two 
exciton peaks is attributed to the spin-orbit splitting 
associated with the hole on the negative ion. Although 
the spin-orbit splittings associated with the p-type 
atomic orbitals on the negative ions O-, S~, Se~, and 
Te are not known, they can be estimated to be nearly 
equal to those of the halogen atoms of nearly the same 
atomic number, i.e., F 0.03 ev (O-), Cl 0.11 ev (S~), 
Br 0.44 ev (Se), and I 0.94 ev (Te~). These values 
may be compared with the separations given in Table 
I, where the symbols 7, and J, designate the initial 
strong doublet (after von Hippel’s designations in the 
alkali halides). It is observed that the value for the 
oxides, especially BaO is much larger than that ex- 
pected, only slightly larger for sulfides (actually less 
than for BaO) and a little smaller than expected for the 
selenides and tellurides. Krumhansl” has attributed 
the extra splitting for BaO to the hole spending part 
of its time (about }) in the vicinity of a neighboring 
barium atom and attaining a considerable spin-orbit 
splitting as a result. The splitting of the doublet in 
SrO, which can only be estimated because of the lack 
of resolution, is consistent with this view and is about 
what one might expect if the hole spent about j of its 
time in the presence of a neighboring Sr ion. The de- 
crease in splitting observed in the selenides and tel- 
lurides over that expected also indicates that the hole 
may not be a simple p-type atomic orbital localized 
on the negative ion as would be expected with the simple 
model. There may also be some spin-orbit interaction 
associated with the excited electren. 

Overhauser® has stressed the exchange between the 
degenerate exciton states with the traditional exciton 
model and the splitting that should result in the crystal- 
line field. This group-theoretical treatment using wave 


1 Y. Okamoto, Nachr. Akad. Wiss. Géttingen, Math.-physik. 
KI. No. 14, 275 (1956); S. Tutihasi, Phys. Rev. 105, 882 (1957). 

J. A. Krumhansl, Photoconductivity Conference (J. Wiley 
and Sons, Inc., New York, 1956), p. 455. 
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functions made up of a linear combination of atomic 
orbitals (LCAO) predicts two to five lines in’ the optical 
absorption spectra depending upon the relative im- 
portance of spin-orbit interaction.”! Unfortunately, the 
treatment has not been extended to the point where 
detailed comparison between theory and experiment is 
possible. Approximately five absorption peaks have 
been observed for several of the compounds studied 
here. However, when considering the expected corre- 
spondence between the compounds, it appears that a 
greater number of peaks have been observed than those 
predicted by Overhauser and at least some must be 
accountable for in another way. 

It would be of significance to the interpretation to 
know the relative magnitude of the spin-orbit inter- 
action and the exchange energies between degenerate 
states. Experimental evidence supporting spin-orbit 
interaction as the dominant splitting factor is furnished 
by measurements of the molecular absorption of alkali 
halide vapors.” These molecules interpreted as being 
highly ionic show bands separated by the amount 
expected for the spin-orbit interaction of the “hole on 
the negative ion.”’ Although not in the crystal lattice 
field, these separations are approximately equal to the 
splittings observed in the ultraviolet in the crystalline 
alkali halides. 

One might attempt to explain the two strong ab- 
sorption peaks observed in BaO as split by the crystal 
lattice field and the two weak peaks on the long wave- 
length side as allowed because of spin-orbit interaction. 
In this event, however, one would expect the weaker 
peaks to become more prominent down the series BaS, 
BaSe, and BaTe as spin-orbit interaction increases. 
Such is not the case as the weaker peaks have not been 
observed in the other compounds, although they may 
be weak and obscured by the somewhat larger “‘tail.”’ 
It is not known whether the larger tail is an intrinsic 
function of the compound or is caused by imperfection 
in the films. It seems more reasonable to assume spin- 
orbit interaction to be the dominant factor with ex- 
change perhaps being sufficiently important in the case 
of BaO to account for the two weaker lines. 

Several of the absorption peaks at higher energies in 
the barium compounds are thought to be associated 
with transitions to higher excited states of the exciton 
type. Such higher excited states have been discussed 
by von Hippel* on the basis of a classical electron 
transfer model for the exciton and by Muto, et al. on 
the basis of more refined models. The splitting of the 


21 Dexter has recently criticized the use of LCAO wave functions 
of this type in alkali halides as a “zero-order” approximation to 
the excited electron wave function. D. L. Dexter, Phys. Rev. 
108, 707 (1957). 

2 W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957); R. F. 
red and A. D. Caunt, Proc. Roy. Soc. (London) A219, 120 
(1953). 

3 A. von Hippel, Z. Physik 101, 680 (1936). 

* T. Muto and H. Okuno, J. Phys. Soc. Japan 11, 633 (1956) ; 
12, 108 (1957). T. Muto and S. Oyama, J. Phys. Soc. Japan 12, 
101 (1957). 
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second doublet in BaS is observed to be the same as 
that of the first within experimental accuracy. It is 
tempting to correlate the higher energy absorption 
peak at about 2085 A in BaO with the second doublet 
in BaS; indeed the width and shape of the 2085 A peak 
in BaO suggests that it might consist of more than one 
absorption line. 

The results of the photoemission measurements 
coupled with the assumption that the bottom of the 
conduction band is at or below the vacuum level 
indicates that some of these transitions, if of the 
exciton type, are to states above the bottom of the 
conduction band.” Alternatively these higher energy 

2 This situation appears to exist also in some of the alkali 


iodides if recent experimental results are correctly interpreted. 
H. R. Philipp and E. A. Taft, J. Phys. Chem. Solids 1, 159 (1956) ; 
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peaks may be associated with band-to-band transitions 
although it seems unlikely that such sharp structure 
would occur in this case. No prominent features may 
readily be associated with the band-to-band transitions 
although part of the general rise in absorption toward 
higher energies may arise from this cause. 
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Refractive Index and Faraday Effect in Solid Solutions* 


D. L. DEXTER 
Institute of Optics, University of Rochester, Rochester, New York 
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The change in the index of refraction and the magnitude of the Faraday effect are computed for non- 
metallic crystals (or solutions) containing impurities or color centers. Both effects are found to be easily 


measurable 
gestion is made for further experiments. 


GREAT deal of experimental and theoretical work 
has been done on the optical properties associated 
with impurities and other imperfections in nonmetallic 
solids.! Almost all of this work has dealt with absorption, 
emission, and excitation spectra; for powdered samples 
the reflection spectrum has also been investigated. 
Recently a few papers have appeared in the Japanese 
and Soviet literature on the effects of imperfections on 
the index of refraction of the crystal. Such effects are 
usually small, but some powerful experimental optical 
techniques are available for their investigation, e.g., 
the Faraday effect and interferometry. Since no theory 
has yet appeared in the literature, adequate to interpret 
the existing experiments or to predict new results, it 
seems worthwhile to describe the following extremely 
simple calculation, which should be approximately 


* Research supported in part by the U. S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1 See, for example, F. Seitz, Revs. Modern Phys. 26, 7 (1954); 
M. Lax, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954 (John Wiley and Sons, Inc., 
New York, 1956), p. 111; C. C. Klick and J. H. Schulman, in 
Solid State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1957), Vol. 5, p. 97; D. L. Dexter, in Solid 
State Physics edited by F. Seitz and D. Turnbull [Academic Press, 
Inc., New York (to be published) J, Vol. 6. 

?P. D. Johnson, J. Opt. Soc. Am. 42, 978 (1952). 


\ brief comparison with previous experimental and theoretical work is presented, and a sug 


valid under many experimental conditions.’ Although 
the discussion will be in terms of crystals, the argu- 
ments, equations, and conclusions are equally valid for 
liquid solutions. 

We consider a host crystal with atomic density Q%, 
and real index of refraction o(£), where £ is the energy. 
It is explicitly assumed that the host crystal is trans- 
parent at the waveiengths of interest, i.e., near the 
absorption bands introduced by the impurities. Upon 
introduction of \; impurity atoms of type 7 (e.g., 
F centers), the system will be characterized by the 
complex bulk polarizability ag=[ (m—ik)?—1 ]/4m. Here 
k(E) is the extinction coefficient which is nonzero in 
the vicinity of the absorption band or bands associated 
with the jth impurity. It is assumed that the impurities 
are randomly dispersed, and that V;<<9, so that we 
expect the index change n— and k both to be small 
quantities in comparison with unity. 

The complex polarizability of an oscillator at energy 


E is given by 
eh ( f; ) 
m \E?—E’+17;E 


3 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), Chap. 17, contains the necessary 
background for the present work. 


a;(E) (1) 
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where f; is the oscillator strength, ; is the resonant 
energy of the oscillator, and y; is the natural line width. 
An absorption band in a solid really results from a 
large number of oscillators with slightly different 
resonant frequencies, because of interaction with 
lattice vibrations. Thus Eq. (1) must be modified to 
read 
Ch’ f; 7% G;(E)dE’ 
a;(E)=—— f —_—_—_———, 
m 09 E®—E+i7;E 
where G(E’) describes the normalized distribution in 
resonance energy of the oscillators making up the total 
oscillator strength f;. If the impurity of type j con- 
tributes more than one band, the polarizability consists 
of a sum of terms like (2): 


eh? 2 G;(E)dE’ 
tia P ace Oe 
m il 0 E®°—-F+17;'E 


and if several impurities are present, each in concen- 
tration V;, the total contribution to the polarizability 
by the impurities is given by 


a(E)=>); Nja;(E). (4) 


We may proceed under either of two conditions. 
Where the tight-binding model is valid, the crystal is 
cubic, and the center is well localized, it can be shown‘ 
that the influence of the crystal on the oscillator is 
approximately equivalent to the Lorentz local field, 
so that the Lorentz-Lorenz law and the principle of 
additivity of molar refractivities are applicable.* Under 
these conditions we obtain 


(n—ik)?—1 


o~a42 


If the center is diffuse so that it experiences the average 
field in the crystal, the Lorentz local field concept is 
not applicable, and each denominator in Eq. (5) should 
be replaced by 3. Further, for the diffuse center an 
effective mass should be used in Eq. (3).° In Eq. (5), 
¢ is a small dimensionless parameter to account for the 
possible reduction in the polarizability of the medium 
by the removal of some of the atoms of the pure crystal. 
Thus, for example, in the case of an interstitial impurity 
atom, ¢ would be zero except insofar as the presence of 
the impurity changes the atomic density of the host 
crystal. For a substitutional impurity, such as TI* 
replacing K* in a KCI crystal, ¢ would be equal to the 
fractional concentration of K* replaced, multiplied by 
the fractional contribution of K* to the bulk refrac- 
tivity of KCl. If several impurities or color centers are 
simultaneously present, ¢ is the sum of the fractional 
concentrations of each, weighted by the relative con- 
tribution to the refractivity in Eq. (5), or to the 


4D. L. Dexter, Phys. Rev. 101, 48 (1956). 
5 M. Lax, reference 1. 
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polarizability, in the case of the diffuse center, of the 
constituent replaced. 

Equation (5) may be simplified considerably by 
making use of the circumstance that k(E£) and 
An=n(E)—no(E) are proportional to V;/9 and are 
thus small in comparison to unity. Expanding the left- 
hand side in Eq. (5) in terms of An and k, we find from 
the first-order terms 


Qrer-h? (ne+2)? 
k(E) =—————__ °° N;>o af G)(E) dE’ 
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Imno i 0 


Ey; 
ey 
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Piel Bp crs 
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2reh? (no?+ 2)? ae x 
ries ssalvlied M87 | G(E)dE' 
I ! 0 


Imny 
E?- FE 
x| | (7) 
(E?— E*)?+ (y,;'E)* 


For the diffuse center the parameter (’+2) should 
be replaced by 3 in each place where it appears, and 
again an effective mass should be used. 

If we make use of the fact that the natural line widths 
y;' are usually many orders of magnitude smaller than 
the widths of absorption bands in solids, we may replace 
the function in square brackets in Eq. (6) by (4/2) 
times a Dirac delta function, 6(£’—£), perform the 
integration, and obtain 

Crh? (ne+2) 
k( E)=————_— ND f#G) (2. (8) 
OmngoE i l 
In terms of the absorption coefficient u(F)=2kE/hic, 
we may express this result in the more familiar form 


Ir eh (ny?+2)? 
u(E)=— 


DNs Dd f/G;}(E). (9) 
i 1 


OMNoC 
Similarly in Eq. (7) we may ignore the natural line 


breadths y;', and the quantity in square brackets 
becomes (/’?— £?)-!. Thus we obtain the general result 


—e(ne—1)(me?+2) 2ne*h?(ne?+2)* 
An=— $$$ —__— 
9mno 


> G!(E/)dE’ 
E2~F 


are 
? i 0 


=AnatAny. (10) 


The first term in this equation, Ang, represents the 
diminution of the refractive index as a result of the 





FARADAY EFFECT 
removal of part of the atoms of the host lattice, and 
this is usually a small effect. It can, however, be readily 
computed from the measured index of the pure crystal. 
The rest of the right-hand side of Eq. (10) is the effect 
of the impurities, and in the neighborhood of the 
absorption bands this term is about a factor of thirty 
greater than the first term and varies much more 
rapidly. From comparison of Eqs. (9) and (10), it is 
apparent that An; may be written 


[o(£)?+2 Phe f u(E)'dE’ 
0 E°-F 


An;(E)=— 
mno(E) 


no(E’) 


(mr(E)+27° 


and thus the change in index may be readily predicted 
from a measurement of the absorption coefficient and 
knowledge of the index of the pure crystal. In many 
cases the quantity [mo?(£)+2]*/mo(E) varies only a 
little over the range of interest, and it is seen that in 
such a case the index m no longer appears in the ex- 


pression for Any, i.e., 
he ¢ u(k’)dE’ 
xJ, E°-F 


This is a well-known dispersion relation, whose con- 
nection with the principle of causality has been recently 
discussed by Toll.® 

It has been shown by several workers that for many 
centers, for which the luminescent Stokes’ shift is 
sizable, an absorption band is to a first approximation 
a Gaussian in shape.’ For such a center we may obtain 
an explicit expression for An;(£), in terms of the 
oscillator strength for the transition and the width of 
the absorption band. 

Let us consider the case of a single Gaussian absorp- 
tion band of the (normalized) shape 


W-'x- exp[— (E— E)?/W*], 


where 2(In2)!W is the full width at half maximum of 
the absorption band. Then from Eq. (10) we may write 


An; (12) 
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6. S. Toll, Phys. Rev. 104, 1760 (1956). 
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The integral is a well-known and tabulated function, 
so that when an absorption band is close to a Gaussian 
in shape, Eq. (13) is the simplest way of predicting the 
index change. In other cases Eqs. (10), (11), or (12) 
should be used with a numerical integration. 

Far from the absorption band, i.e., when | E—FEy| >W, 
the asymptotic value of Eq. (13) is given by 


2reh?fN fne+2\? 1 
An;(k)=— ( - ) echt 
MN 3 E,2— F2 


That is, the index change behaves just as if the ab- 
sorption were all concentrated at /o. 

For many centers the width of the absorption band 
is much less than the energy of the midpoint. In such 
cases little error is made in replacing the factor (E’+ E) 
in the denominator of Eq. (13) by (£o+£), and we 
obtain the simple result 


de PR nd +2\?  f 
An;(E)=——_— (* ) —ae 
mnoW 3 (Eo +£) 


(E—E,)? (B-Eo/W 
x{e(-— - yf exp( at] (15) 
Ww 0 : 


The function in square brackets, referred to below as 
K(E—£,), represents the principal energy dependence 
of the index, and varies inversely with its argument for 


(14) 


large values of | (E—Eo)|/W. 

As a specific example, let us consider a case repre- 
sentative of the F center in KCl, where we may approxi- 
mate the absorption band by a Gaussian centered at 
2.30 ev, with a width at half maximum of 0.20 ev at 
liquid nitrogen temperature, i.e., W=0.120 ev. Since 
W/E is indeed much less than unity, we may use Eq. 
(15) and obtain 

(no?-+2)? K(E— Ep 

An;(E)= —1.274X 10-"-V f—_ —— 


No 


where V is in units of cm™, and £ and £, are in electron 
volts. The quantity « in Eq. (10) is equal to (V/%) 
times 9.00/(9.00+ 2.23) =0.802, where 9.00 and 2.23 
are the refractivities of the Cl- and the K?* ions, 
respectively.* (This value for ¢ of course results from 
the circumstance that each F center replaces one Cl- 
ion.) If we arbitrarily assign the value 0.6 to the 
oscillator strength,’ and set NV equal to 10'* cm“, we 
may evaluate Eqs. (16) for An; and (10) for Ang, sum 
the two contributions, and obtain the curve marked a 
in Fig. 1. (The contribution from Ama varies from 
—0.028X 10~* to —0.031X 10- in the region 1.1 to 3.5 
ev, and thus represents only a small fraction of the 
total index change.) Curve a in Fig. 2 shows the same 


7 Values close to this have been obtained by several workers, 
e.g., 0.58 by R. H. Silsbee, Phys. Rev. 103, 1675 (1956); 0.50 by 
C. J. Rauch and C. V. Heer, Phys. Rev. 105, 914 (1957); and 0.81 
in the older work of F. G. Kleinschrod, Ann. Physik 27, 97 (1936). 




















Fic. 1. The predicted change in the jndex of refraction versus 
energy (in ev) resulting from the introduction of 10!* F centers 
per cm’ in KCI at liquid nitrogen temperatures. Curve a is the 
result of the present treatment, curve 6 results from the assump- 
tion of a Lorentzian band shape, and curve ¢ (in arbitrary units) 
represents the Davydov theory." 


result on an expanded energy scale, and the curve 
labeled uw is the Gaussian absorption band postulated 
(in arbitrary units). The other curves will be discussed 
below. 

These results may be used to treat the Faraday 
effect in crystals containing absorption bands associated 
with imperfections. It will be recalled that the Faraday 
effect is the rotation of the plane of polarization of a 
light beam, propagating in a medium in the direction 
of a magnetic field, because of a difference in the index 
of refraction of the medium for the two components 
comprising a plane-polarized beam. That is, if we 
consider a plane-polarized beam to consist of two 
circularly polarized components, for which the energy 
of transitions in the medium is split by the Zeeman 
effect, we may write the angular rotation of the plane 
of polarization in the form 


2rrin 2nr dn 


9=- —_s -—|Z+—Z-|, (17) 
ho Ao dE 


where r is the path length in the medium, Ao is the wave- 
length of the light im vacuo, and where 6n is the differ- 
ence of the index, and Z+—Z~ the difference in Zeeman 
splitting for the two components of circular polari- 
zation. The “weak-field” magnetic energy of an 
electron with the magnetic quantum number m is 
given by® 


eh 
Z=——Hgm, 
2m 


(18) 


SL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 283. 
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where H is the magnetic field strength, g is the Landé 
g factor, and m, is the effective electronic mass. The 
constant of proportionality between the angular ro- 
tation @ and the product Hr is called the Verdet 
constant. 


2x dn eh 
U=— ——|m+—m-|, (19) 
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which is usually expressed in minutes of arc per gauss 
cm. For the F center in KCl, the g factor® is very close 
to 2, and |m+—m_7| is equal to 2. Thus, setting m, 
equal to the electronic mass, we obtain for the Verdet 
constant the result 


dn 
U=4.04E— min (gauss cm). 
dE 


(20) 


The approximation of replacing 6n by | Z+—Z~|dn/dE 
is extremely good for our purposes, since even with H 
as large as 10‘ gauss, the splitting is only 4.7 10~ ev, 
which is very small compared with the energy in which 
n changes appreciably. Since the Zeeman splitting is 
very small indeed compared with the band width of 
most impurity bands (for the KCl F center the ratio 
is 2X10~*), one would not expect to be able to observe 
the Zeeman effect on color centers, but the Faraday 
effect may still be sizable because of the possible high 
concentration of centers. In some of the semiconductors 
where absorption lines associated with impurities are 
much narrower, the Zeeman effect should be measurable 
at liquid helium temperature, thus allowing the deter- 
mination of the effective-mass tensor in Eq. (18). 

The Faraday effect in nominally pure crystals of 
KCI has been investigated, and a Verdet constant of 
0.0286 min/gauss cm has been reported at 5893 A at 





Fic. 2. The same as 
Fig. 1 in an expanded 
energy scale. Curve yu is 
the absorption band 
postulated (in arbitrary 
units). 
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°C. A. Hutchison, Jr., and G. A. Noble, Phys. Rev. 87, 1125 
(1952), have found the value g=1.995+0.001. 





FARADAY EFFECT 
16°C.” The removal of a small fraction of the Cl- ions 
by the introduction of F centers may therefore be 
ignored, since, as we shall see, each F center has a much 
larger influence near the / band than has the Cl ion 
it replaces. This argument is further strengthened by 
the approximate constancy of the quantity Am, in Eq. 
(10), so that in comparing the difference in the Faraday 
effect in pure and in colored crystals, it is a good 
approximation to consider only the variation with 
energy of An;. Thus, making use of Eqs. (16) and (20), 
we may obtain the quantity, V, defined as the difference 
between the Verdet constant in the hypothetical system 
of 10'8 F centers/cm* in a KCI crystal at liquid nitrogen 
temperature and in an uncolored crystal. This quantity 
is plotted against energy in Fig. 3, and is labeled curve 
a. Its magnitude at the center of the absorption curve 
is seen to be about —0.153 minute per gauss cm. It 
will be recalled that in the pure crystal the value was 
0.0286 in the same units, so that this is a large effect. 
Indeed, at the center of the F band each F center has 
an effect about 10° greater than that of the Cl- ion it 
replaces. 

Experimental results qualitatively similar to the 
above have been obtained in recent years. Gorban’ and 
Shishlovskii! have compared, with a Rayleigh mirror 
interferometer, the index of refraction of two parts of 
a NaCl crystal, one part of which was colored by 
x-irradiation. Uchida and Fukuda! have investigated 
the Faraday effect in electrolytically-colored NaCl, and 
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Fic. 3. The change in the Verdet constant associated with the 
index change of Figs. 1 and 2. Curves a, }, and ¢ result, respec- 
tively, from the present treatment, the assumption of a Lorentzian 
line shape, and from Davydov’s theory." 

10 Handbook of Chemistry and Physics (Chemical Rubber Pub- 
lishing Company, Cleveland, 1946), thirtieth edition, p. 2303. 

[. §. Gorban’ and A. A. Shishlovskii, Doklady Akad. Nauk 
S.S.S.R. 108, 53 (1956). 

2Y. Uchida and K. Fukuda, Mem. Coll. Sci., Univ. Kyoto 
Ser. A, 26, 63 (1950). 
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Matumura ef al.’ have made similar measurements, 
as well as on the temperature dependence, on KCl 
crystals colored with cathode rays. In all of these 
experiments there presumably were other color centers 
produced by the method of coloration used, and in- 
sufficient experimental detail is given to allow quanti- 
tative comparison. 

Gorban’ and Shishlovskii suggested an interpretation 
of their results on the basis of a theory of Davydov™ on 
the dispersion and absorption associated with centers 
which interact strongly with their environment, e.g., 
with the host crystal. For absorption this theory 
predicts the usual Gaussian curve, and the index of 
refraction is computed to be of the form 


n=1+C(Eo—E) exp[—(Eo— £)?/W?], (21) 


where C is proportional to the oscillator strength and 
to the concentration of centers. The index change and 
Verdet constant predicted by Eq. (21) are shown 
plotted in arbitrary units in Figs. 1-3 on the curves 
labeled c. Although the two treatments are formally 
dissimilar, it is surprising that they should give such 
different results, when the absorption bands are of the 
same shape. The source of the disagreement has been 
traced to the approximate evaluation of Eq. (39) of 
reference 14. Evidently Davydov’s treatment for the 
Gaussian band shape would give a result essentially 
equivalent to Eq. (15), except for the “local field” 
factor (m°+2)?/9, if one were to evaluate his Eq. (39) 
correctly. His computed index change is proportional 
to a function [see Eqs. (37) and (39) of reference 14] 


F(E—E, W) 


dE’, (22) 


~] f FE! exp[—(Ev— E-E'?/W?] 
Y+k” 


» W/a _ 


Since y, the natural, atomic line width, is negligibly 
small for all centers of interest here, we may drop it 
from the denominator and obtain, except for a multi- 
plicative constant, the same function K(E—E£p) 
defined here in Eq. (15). Davydov, however, replaced 
his shape function F(E—Eo, W) by a function [see 
Eq. (42) of reference 14] (E— Eo) exp[— (E— Ey)?/W?], 
which is not even approximately of the same form as 
his Eq. (39) except very close to the center of the ab- 
sorption band. Thus we conclude that Eq. (21) above 
and curves ¢ of Figs. 1-3 are incorrect, not because of 
a basic fault in Davydov’s theory, but rather as a result 
of a simple mathematical error. 

Yamashita and Watanabe'® have attempted to 
interpret the observations of Uchida and Fukuda on 
the Faraday effect in colored NaCl. Applying Rosen- 

18 Matumura, Inomata, and Okazaki, Mem. Fac. Sci. Kyisyi 
Univ. Ser. B, 1, 103 (1954). 

Pros. S. Davydov, J. Exptl. Theoret. Phys. U.S.S.R. 24, 197 

15 Z. Yamashita and M. Watanabe, Rept. Inst. Sci. and Technol. 
Univ. Tokyo 2, 124 (1948). 





124 D. 


feld’s theory’® of the Faraday effect in alkali atoms to 
the F center, they note that a negative Verdet constant, 
such as is observed in the F band, is not predicted 
unless a nonzero width is attributed to the F band. 
Upon approximating the absorption band by a classical 
Lorentzian band, they found that V should indeed be 
negative in the F band. According to the present 
treatment, the effect of a Lorentzian absorption line 
would be given by Eq. (7) with the distribution 
function G(E’) replaced by a delta function 6(E’— Eo) 
and with y equal to the width of the line at half- 
maximum. The results for the index change and Verdet 
constants for the hypothetical system discussed here, 
with the sole change of a Lorentzian rather than a 
Gaussian line shape, are shown in Figs. 1-3 on the 
curves marked 6. The absorption width at half-maxi- 
mum is taken to agree with our previously postulated 
value 0.20 ev. Far from the absorption line the Gaussian 
and Lorentzian curves become very similar, as one 
would expect. It will be noticed that the Verdet 
constant becomes considerably less positive for the 
Lorentzian curves on the edges of the absorption band, 
consistent with the circumstance that the Lorentzian 
is a less rapidly varying function than the Gaussian in 
this region. Since the great breadth of absorption bands 
in solids does not arise from a source consistent with the 
Lorentz line shape but rather from interaction with 
lattice vibrations, the curves marked a are probably 


more nearly applicable in most systems. 


‘6 L. Rosenfeld, Z. Physik 57, 835 (1930). 
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Yamashita and Watanabe were particularly con- 
cerned with the experimental result that V remained 
negative in regions of lower energy than the F band. 
They suggest that transitions of the F center to excited 
states of higher energy than the first are responsible for 
this anomaly. It is not clear to the writer how higher 
energy transitions could cause a negative Verdet 
constant at lower energy than the F band, and in any 
case it seems more plausible that the negative value is 
associated with additional absorption bands, e.g., the 
M, Ri, and R, bands, introduced by the electrolysis. 
The absorption data are not shown, but additional 
centers are usually created by such treatment. 

It appears to the writer that such experiments as 
have been mentioned here could profitably be performed 
on additively colored crystals, such as KCl, which have 
been quenched to liquid nitrogen temperatures to 
prevent the formation of colloid bands or M or R 
centers. Thin crystals containing concentrations of the 
order 10!7 cm~* should be convenient for investigation, 
and the absorption spectrum should be measured for 
purposes of comparison. 
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The mobility of electrons in germanium-silicon alloys with compositions varying from 0 to 30 atomic 
percent silicon has been measured between 77 and 300°K and the contribution of ionized impurity scattering 
has been subtracted. The resulting mobility for electrons in the conduction band with (111) symmetry was 
found to vary with composition as a combination of a constant term and a term varying as {a(1—a)}~, 
where a@ is the mole-fraction of minority component in the alloy. In the region where either these (111) 
electrons or electrons in the (100) conduction band are dominating the conductivity, a subtraction of a 
constant mobility due to scattering by phonons leaves a mobility which varies with temperature as 7°? 
to T~-8, Both of these observations are in qualitative agreement with what is to be expected on the basis 


of presently available theories for the scattering by disorder. 


INTRODUCTION 


BSERVATIONS of mobility in germanium-silicon 

alloys reported by Levitas!' and the author? 
showed a decrease in the mobility as the alloy content 
was increased. The results reported by Levitas are for 
p-type material and include single crystals only in the 
composition region 0-4 atomic percent silicon. The 
results reported previously by the author have included 
only measurements made at room temperature and 
have dealt exclusively with m-type material. Measure- 
ments have been made of the mobility in n-type 
germanium-silicon alloy single crystals in the region 
(0-30 atomic percent silicon and between 77 and 300°K. 
These results are reported below, and an explanation 
in terms of scattering by disorder is presented. 


OBSERVATIONS 


In Fig. 1 are plotted measured values of the Hall 
mobility (the product of the Hall coefficient and the 
conductivity) as a function of temperature for a number 
of alloy crystals. Further information about these 
samples is contained in Table I. As can be seen from 
the third column of the table, the crystals contained 
appreciable concentrations of ionized impurities. Esti- 
mates of these concentrations were made from a 
knowledge of the Hall effect in various slabs cut from 
each crystal. These have been used to apply corrections 
to the observed mobility to obtain the mobility due to 
scattering by the lattice alone. For the corrections, the 
ionized impurity scattering was assumed to follow the 
Brooks-Herring relation,’ with an effective mass of 
im, and a dielectric constant of 16. These values are 
those used in a fit to germanium experiments; the 
effective mass does not change much in the alloys, at 
least at low silicon compositions,*® and the dielectric 
constant is also changed only a small amount in the 

1A. Levitas, Phys. Rev. 99, 1810 (1955). 

2M. Glicksman, Phys. Rev. 100, 1146 (1955). 

3Quoted by P. P. Debye and FE. M. Conwell, Phys. Rev. 93, 
693 (1954). 

* Dresselhaus, Kip, Ku, Wagoner, and Christian, Phys. Rev. 
100, 1218 (1955). 

5M. Glicksman, Phys. Rev. 102, 1496 (1956). 


i 


alloys of low silicon content, the estimate from trans- 
mission data® being a six percent decrease for the 30% 
silicon alloy compared to pure germanium. An analysis 
of such data yields as large a change’ in dielectric 
constant when the temperature is lowered to 77°K. 
Both of these small effects have not been included. The 
last column of Table I lists the mobilities of the electrons 
in the alloys, corrected for the effects of ionized im- 
purity scattering. 

Figure 2 is a plot of these corrected mobilities as a 
function of alloy composition. Some points included in 
this plot are not shown in Table I but have been de- 
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Fic. 1. The Hall mobility of germanium-silicon alloys as a function 
of temperature. The compositions are given in Table I. 


6 Braunstein, Moore, and Herman, Phys. Rev. 109, 695 (1958); 
R. Braunstein (private communication). 
7G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 
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Fic. 2. The Hall mobility of germanium-silicon alloys as a 
function of alloy composition. The curves are calculated; the 
unlabelled dashed curve includes both (111) and (100) bands 
without intervalley scattering, and the solid curve has included 
an arbitrary form of intervalley scattering. 


scribed before.”:* The curves shown are calculated under 
the assumption that the scattering is given by a phonon 
term and a contribution due to the disorder in the 
lattice. This latter term should be proportional to the 
number of disordered atoms and their scattering 
factors®:” and should lead to a mobility proportional to 
{a(1—a)}~', where a is the mole fraction of minority 
component in the alloy. As is the case in scattering by 
acoustical phonons, the mean free path for the scat- 
tering should be independent of the carrier energy. If 
this is assumed, the two scattering processes then 
having the same dependence on energy, the resulting 
mobility may be expressed as 


Soa | 
a (1) 
Kk Bph HMdis 


where yw, is the contribution from the scattering by 
phonons, and gis is the contribution from the scattering 
by the lattice disorder. 

Earlier work?:*.* has shown that at room temperature 
the conduction band minima are of the L; type [(111) 
minima, as in germanium ] for 0<a@<0.10, and of the 


8M. Glicksman and S. M. Christian, Phys. Rev. 104, 1278 
(1956). 

9 L. Nordheim, Ann. Physik 9, 607, 641 (1931). 

10H. Brooks (private communication). 
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A; type [ (100) minima as in silicon ] for 0.20<a< 1.00. 
For compositions between these two ranges, both 
conduction bands are populated and contribute to 
conduction. The curve labeled ‘‘(111) alone” is the 
result of assuming 4)n,=4330 cm?/v-sec, and fitting the 
expression at a=0.065. The fit in the range 0 to 10 
percent silicon is good. For the curve ‘‘(100) alone” 
Kpn Was assumed to be 1800 cm?*/v-sec, in agreement 
with measurements of Cronemeyer," and fitted at 
a=0.26. Here the fit is good from 14% on to 29%, the 
highest composition of single crystal available for these 
studies. Knowing these mobilities and the variation of 
the energy of the two conduction bands with com- 
position,® one can calculate what the observed product 
of Hall coefficient and conductivity should be. Ex- 
pressions for these two quantities, assuming that the 
relaxation time (and mobility) in one band is inde- 
pendent of the position of the other, have been given.® 
The results of a calculation using the ‘‘(111)” curve 
are shown in Fig. 2 as a dashed curve. The combination 
does not give a good fit, the calculated mobilities being 
as much as a factor of two too high in the composition 
range 12-17%. 

It might appear from an observation of Fig. 2 that 
a translation of the values in this region of composition 
to higher values of a would improve the fit. Since the 
band-gap determinations were not made on the same 
samples, some error in the knowledge of the composition 
of these crystals might be involved. However, there is 
available additional information which relates the 
samples measured directly to the conduction band 
configuration, and relative spacing of the (100) and 
(111) bands: the magnetoresistance. If these measure- 
ments are compared, it is evident that these samples 
agree in this detail with the observed band-gap vari- 
ation. Indeed the form of disagreement in the mobility 
is evident, since the points which have mobilities of 
the (100) band arise from crystals which show in their 
magnetoresistance evidence that both bands contribute 
to the conduction. It was suggested® that interband 


TABLE I. Data on n-type germanium-silicon alloy crystals. 


Hall 
mobility corrected 
for impurity 
scattering 
(300°K) 
(cm?/v-sec ) 
4330 
2960 
2590 
2280 
1855 
856 
502 
550 
464 


Hall 
mobility 
(~290°K) 
(cm?2/v-sec) 
4250 
2710 
2390 
2180 
1790 

840 
495 
540 
438 
9 384 


Electron 

conc, at 
~290°K 
(cm~*4) 


0.24105 


Atomic 
percent 
Crystal silicon 
674 

870 5. 
87N 5 
106S 1. 
106R 1, 
106H the 1. 
106/ i: 
1. 

4 

9. 


Hun 


“ 


3 
2 
2 
3 


106D 
164G 
164B 





1D). C. Cronemeyer, Phys. Rev. 105, 522 (1957). 
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scattering,” i.e., between the two conduction bands, 
could explain these observations, and a fairly crude 
model for such a scattering process was included in an 
earlier paper’ to give a satisfactory fit to the experiment. 
This gives the solid curve shown in Fig. 2. Since a more 
satisfactory treatment of this interband scattering is 
not yet available, the discussion of what information 
may be derived from the measurements will be limited 
to a study of the scattering in each of the bands, and 
alloys in which it is fairly certain the observations are 
limited to this case. The question of the details of the 
interband scattering and what can be learned about 
them from these data is left for a later study. 

The mobility may be written as the sum of two 
terms, as was done in Eq. (1), over the temperature 
range studied. At the lowest temperatures, the cor- 
rections to the observed values for the impurity scat- 
tering become quite large. Thus at the lowest tempera- 
ture, 78°K, and the point of largest magnitude of 
correction, the mobility of 87Q is increased by 50%, 
while that of 106R is increased by 26.5%. For the 
crystals with the conduction essentially dominated by 
electrons in the (111) conduction band, the germanium 
as Mpn=6.56 
the 


lattice phonon scattering (measured 
X 1077 cm?/v-sec) was then subtracted. In 
case of the two crystals 164, in which the conduction 
is dominated by electrons in the (100) conduction band, 
the silicon lattice phonon scattering was subtracted. 
This was assumed to have the value up, = 2.81 X 10°7?* 
cm*/v-sec, fitting the temperature dependence observed 
by Ludwig and Watters'’® together with the Hall 
mobility values measured by Cronemeyer." Figure 3 
is a plot of the resulting mobilities as a function of 
temperature for the six crystals which are believed to 
involve conduction in only one of the conduction bands 
in each. These mobilities can be fairly well represented 
by a power law dependence on the temperature, with 
the power between —0.7 and —0.85. Because of the 
magnitude of the corrections for the ionized impurity 
scattering and the attendant uncertainties in these, 
the variation in values from —0.7 to —0.85 is probably 
not significant. 


DISCUSSION 


From the measurements reported above, one might 
conclude that in the alloys there is an additional scat- 
tering mechanism which can be represented by a 
mobility having the form 


2.8X 104T—0-8 
pills - shied (2) 
a(1—a) 
22H. Brooks and W. Paul, Bull. Am. Phys. Soc. Ser. IT, 1, 48 
(1956). 

3G. W. Ludwig and R. L. 
(1956). 


Watters, Phys. Rev. 101, 1699 


ELECTRONS IN 


Ge-Si ALLOYS 


Fic. 3. The dis- 
order-scattering mo- 
bility as a function of 
temperature. Scat- 
tering by ionized 
impurities and by 
phonons has_ been 
subtracted from the 
experimental values. 
The upper four 
curves are for alloys 
with electrons mainly 
in the (111) conduc- 
tion band, and the 
lower two curves are 
for alloys with elec- 
trons mainly in the 
(100) conduction 
band. 
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for electrons in the (111) conduction band, and 


oT xXivrT 


p10 — oooh 
a(1—a) 


for electrons in the (100) conduction band. As was 
noted earlier, it is expected that in disordered alloys 
there will be a contribution to the scattering of carriers 
from the randomly positioned perturbations of the 
lattice by the alloy atoms. This can be discussed, at 
least in a qualitative manner, from a perturbation 
approach suggested by Nordheim’ and also used by 
Brooks” with an added assumption about the magni- 
tude of the perturbation. 

Nordheim described the potential energy of the 
electron in terms of a nonperiodic function, which he 
separated into a periodic part, consisting of the average 
of the constituent potentials, and the nonperiodic 
residue which contributed the scattering. The result of 
such a calculation is the following expression for the 
relaxation time: 


1 8r 
== Wao). (4) 
4 


r 


Here U is an integral over scattering angles of the 
square of the matrix element for the difference of the 
potentials of the germanium and silicon atoms, V is 
the atomic volume, m, and m, are the electron effective 
masses in the longitudinal and transverse directions of 
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the energy ellipsoid, respectively, and E£ is the electron 
energy. There is then one unknown, the parameter U’. 
Brooks has suggested that this difference in potential 
be represented by AE, the difference between the 
germanium conduction-band energy and the silicon 
conduction-band energy. If the various numbers are 
substituted in the resulting expression for the mobility, 
the result is 
2.91X10'T-3 
Nordheim: yp!!! =——- 


ran, (5) 
a(1—a)U 


72807-4 
ise DM (6) 
a(1—a) (AE)? 


Brooks: 


for the electrons in the (111) conduction band; and 


8i417-+ 
Nordheim: y!®=——_——., (7) 
a(1—a)U 

2035T-} 

Brooks: = y!®=——_-—— : (8) 
a(1—a)(AF)? 
for the electrons in the (100) conduction band. U is 
appropriately averaged over the energy and both U 
and (AE)? are in ev’. These results should then be 
compared with experiment. 

First, it is apparent that the calculated temperature 
dependence is not quite the same as that observed. The 
experiments yield a power law dependence as 7~" with 
n being something between +0.7 and 0.8, and the 
results represented in Eqs. (2) and (3) use the most 
likely value of 0.8. The difference between this power 
and the 3 power may be in some dependence of the 
mean free path on the energy. Of course, under Brooks’ 
assumption that the scattering potential is a delta- 
function, the mean free path is energy independent. 
Actually, however, the integral l’ may be dependent 
on the energy—fairly weakly, since the contribution 
to the mobility would indicate a dependence like E*°? 
or E°*, or a scattering which is stronger for the higher 
energy electrons. This direction is opposite to what one 
would get for a Coulombic or screened Coulombic 
potential. This proportionality of the scattering to the 
energy could arise from a scattering potential which 
involves a hard core of opposite sign. 

Of interest is the strength of the scattering in the 
(111) band as compared to that in the (100) band. The 
ratio of the calculated mobilities is 


pill /y100— 3.58 


independent of temperature, while the experimental 
value of this ratio is 2.9, and also independent of tem- 
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perature within experimental uncertainty. This agree- 
ment (about a 20% difference) is reasonably good, 
considering the uncertainties in the experimental 
figures (about 10%) and the relative crudeness of the 
theories. In addition, one can derive values for U or AE 
by comparing Eqs. (2) and (3) with Eqs. (5)—(8). For U, 
neglecting the difference in temperature dependence, 
one gets the value 1.04 ev’ from the (111) expression 
and 0.84 ev? from the (100) expression. If the difference 
in temperature dependence is ascribed to an energy 
dependence in the integral U, this value for U would 
be affected. For AF, again neglecting the difference in 
temperature dependences, one gets 0.51 ev for the (111) 
scattering, and 0.46 for the (100) scattering, or about 
0.5 ev for the Scattering energy. On Brooks’ model, 
this is the energy difference between the silicon and 
germanium atom conduction bands in the alloy. This 
value is not far from what one might then expect, 
being about equal to the difference in band gaps. 


CONCLUSIONS 


The observations show fairly clearly these two 
features: the scattering of electrons in the alloys 
includes a contribution from scattering by the disorder 
present which depends on the composition as a(1—a), 
and the disorder scattering mobility depends on the 
temperature as something like 7~°-*. These observations 
are in qualitative agreement with calculations based 
on the work of Nordheim and Brooks. In comparing 
the theory with experiment, one finds that the strength 
of the scattering potential is about the same for the 
electrons in the (111) band as in the (100) band: this 
is what is expected since the interacting potential 
should in major share be determined by the type of 
atoms and their electronic states, and not in major 
share by the band index or reciprocal lattice momentum 
of the electron being scattered. The increased tempera- 
ture dependence over the theoretical 7~°* may be due 
to an energy dependence in the mean free path. If so, 
this could arise from a scattering potential with a hard 
repulsive core (giving stronger scattering at higher 
energies). However, the difference in temperature 
dependence between the observed values and the 
energy-independent mean free path calculations is not 
large, and such an energy-dependent scattering term 
should probably be a small correction. 
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An Auger-type process is proposed for a possible means of nonradiative annihilation of free holes at 
electron traps in phosphors. A rough calculation is made of the cross section for the process, and some of 


the consequences are considered qualitatively. 


I. INTRODUCTION 


T has been realized by a number of investigators!“ 


that to account for such phenomena as the marked 
decrease of photoluminescence efficiency at high tem- 
peratures and at the shorter wavelengths of ultraviolet 
excitation, it is necessary to postulate the existence of 
nonradiative recombination in phosphors. Using the 
energy-band model to approximate the crystal. phos- 
phor, a brief qualitative explanation for the decrease 
of photoluminescence efficiency will be given in what 
follows. The schematic energy diagram for the band 
model is shown in Fig. 1. The crystal phosphor is 
assumed to have impurities and defects so that there 
will exist deep traps (marked Z in Fig. 1, and usually 
called activators) to which radiative transitions can 
take place. Moreover, there are also a large number of 
shallow traps (marked 7 in Fig. 1 and to be called 
electron traps hereafter) which can trap a free electron 
in the conduction band and later release it. 

In the photoluminescent process an_ ultraviolet 
quantum can ionize an activator center (which is 
normally filled) so that there will remain an empty 
activator and a free conduction-band electron. This 
electron can then be captured by another empty acti- 
vator by a radiative process which will give off a light 
quantum, or it can be captured by an electron trap 
(with presumably only the emission of phonons). It 
would appear that in most phosphors the latter process 
is more probable. 

An electron held in an electron trap will fill an empty 
activator by either of two main processes. In the first 
process, the electron will be released from the trap (by 
thermal agitation) and may directly, or even after 
being retrapped several times, migrate to an ionized 
activator and be captured. This process will be a 
radiative one since the final capture (marked R in Fig. 
1) will take place with the emission of a light quantum. 
In the second process, the empty activator is first 
filled by a thermally agitated electron jumping up from 
the valence band and thus creating a hole. This hole 
can migrate to one of the filled electron traps and 
annihilate the bound electron. It has been postulated!” 


1M. Schon, Z. Physik 119, 470 (1941). 

2H. A. Klasens, Nature 158, 306 (1946). 

3H. A. Klasens and M. E. Wise, J. Opt. Soc. Am. 38, 226 (1948). 

4G. F. J. Garlick and A. F. Gibson, J. Opt. Soc. Am. 39, 935 
(1949). 


that this hole-annihilation process is a nonradiative 
one (marked WN in Fig. 1). 

It now becomes possible to explain the decrease in 
photoluminescent efficiency with increase of tempera- 
ture already mentioned. Whether a trapped electron 
returns to a vacant activator by a radiative or by a 
nonradiative process will depend on the ratio of the 
rate of release of electrons in filled electron traps to 
the rate at which electrons in the valence band jump 
into empty activators. The greater this latter rate, the 
greater will be the proportion of nonradiative recom- 
binations and the lower will be the efficiency. For most 
phosphors the trap levels and activator levels are such 
that, in general, an increase in the temperature will 
increase the jumping rate of the valence electrons much 
faster than it will increase the release rate of the 
electron traps, and will thus produce a decrease in the 
photoluminescent efficiency. 

In a similar manner it is possible to explain the 
efficiency decrease at the shorter wavelengths of ultra- 
violet excitation. The efficiency will begin to drop when 
the excitation wavelength becomes short enough to 
create pairs as well as ionize activators. The holes from 
these pairs can theoretically be annihilated both at 
filled activator and at filled electron trap sites, but, in 
practice, the process at the trap sites seems to pre- 
dominate. A hole annihilated at an electron trap will 
remove an electron in a nonradiative process which 
could eventually have been captured radiatively by 
an empty activator. This, then, would account for the 
observed decrease of photoluminescent efficiency. 

The purpose in presenting the above brief review of 
the theory of photoluminescent efficiency was, first, to 
compile the very scattered background information on 
nonradiative transitions in phosphors and, second, to 
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Fic. 1. The energy level diagram of the band model of a phosphor. 
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130 LEON 
illustrate the importance of the process involving the 
nonradiative annihilation of a hole at a filled electron 
trap site. The purpose of this paper is to propose and 
study a possible detailed mechanism for this recom- 
bination process.’ The nature of this mechanism and 
the procedure for calculating its cross section will be 
very similar to those of the radiationless recombination 
scheme proposed by the author in a previous work.® 

The proposed mechanism is again an Auger-type 
process resembling the process corresponding to o4, in 
(I). An additional assumption which must be made 
here is that a single electron trap can trap more than 
one electron. Thus, in the process to be described here, 
both electrons will be trapped initially instead of one 
of them being free as in the a1, process. The process will 
then consist of a free hole moving with thermal velocity 
and approaching an electron trap containing two or 
more electrons. It will then be possible for one of the 
electrons and the free hole to annihilate each other with 
the excess energy absorbed by the other electron, which 
will be ejected into the conduction band to become an 
energetic free electron. Just as in (I), the energetic 
electron will rapidly lose most of its kinetic energy 
through various types of collisions so that excess energy 
will ultimately be turned into heat. 

In order to obtain an estimate of the probability of 
the process and how it will depend on various physical 
parameters, the cross section, oz, for the hole annihi- 
lation described above will be calculated in the same 
manner and under the same three main assumptions 
as in (I). In the calculation which will follow it will be 
assumed that the electron trap at the annihilation site 
contains just two electrons. To estimate roughly the 
cross section for an electron trap containing more than 
two electrons, it is only necessary to multiply the 
derived cross section oi, by the factor (V—1), where 
N is the number of electrons in the trap. 


II. CROSS-SECTION CALCULATION 


As mentioned above, the calculation for o will 
closely resemble that for oy, in (I).”? One difference, 
however, is that V,(r,/) [in Eq. set (5) of (I)_] must be 
substituted for V,(r,/). The justification for this is that 
the model for an electron trap to be used here is to be 
a structure similar to the parahelium atom in atomic 
physics. However, instead of using the complicated 15 
wave functions for the helium atom, both of the electron 
wave functions are assumed to have the relatively 


® Incidentally, from the fact that in the succeeding sections no 
mention is made of other types of nonradiative recombination 
processes, it is not to be inferred that the position has been taken 
that these do not exist. The Auger-type process is presented here 
as one possible answer, but not necessarily the entire one, to the 
problem of radiationless recombination in phosphors. Other 
possible processes are not treated primarily because they fall 
outside the main interest of this paper. 

6 Leon Bess, Phys. Rev. 105, 1469 (1957). This work will here- 
after be referred to as (I). 

7 Moreover, the notation which will be adopted here will be 


that of (I). 
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simple form of the 1s hydrogen wave function. Physi- 
cally, this is equivalent to deriving the wave function 
for one electron by assuming the other electron to be 
always at the position of the nucleus. The “trap 
radius,” a;, can then be given by Eq. (6) of (I). Since, 
as in (I), all that is desired here is a rough order-of- 
magnitude calculation, this type of simplification is 
felt to be justified. 

Moreover, the form of V;,(r,/) (i.e., the wave function 
for the hole) must be altered to include the interaction 
of the hole with neutral trap. This was not necessary 
in (I) because the wave function will be significantly 
changed only in the volume region of the order of a; 
around the trap, and the matrix element integral 
obtained most of its contributions in a volume region 
of the order of Lp*® (which is much larger than a,'). 
Thus, the alteration in wave function would not greatly 
affect the result. However, as will be seen later, in the 
present case the matrix element integral will receive 
its significant contributions from a volume region of 
the order of 4a,*, so that the alteration in V,(r,/) due 
to trap interaction will be very important. 

In accord with the previous treatment of these 
problems, it will be assumed that the interaction 
potential of the hole and the neutral trap will be of the 
form [2e?/e# | exp[ —2r/a,]. where r is the distance of 
the hole to the trap nucleus and ¢,=a,/ay. The wave 
function V,(r,/) can thus be shown to take the following 
form: 


WV, (r,t) =[B(bo)G(po,r)/L*] exp{ (i/hc) 
X [bo-r— (Eo— AE/2)t]+ (i/hc) 


X[po-r— po't/2m*c?}}. (1) 


The factor G(po,r) can be approximately evaluated by 


the WKB method and for small values of fo can be 
shown to approximate the following form: 


G(po,r)=Go(r) 


(4me’a,/€:)!] ” fexp(—2u)}! 
OE (canted (gh ame 
h r/at u 


(2) 


=exp{ —2()!{1—erf((r/a,)*) }}. 


Since p?/2m*c?> Er, it is justifiable to use a plane 
wave for the wave function of V,;(r,t) just as in (I). 
Another difference in the calculation is that instead 
of Eq. (7) in (I) H; can now be given by 
H;=e?/(€o|t1—fe! ). (3) 
Since interaction between electrons at a large distance 
will be unimportant in this process, the Debye “cutoff” 
need not be used. 
When one makes the proper substitutions in Eq. (3) 
of (I) and carries out the indicated integration, the 
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result for the matrix element will be’: 


(b,b| H;| fh) = 2m(e?/ €) (a,/L)*{ F?(4 pa, [14+ 9F (pa) | 
— (16/81) F?(3.pa,)[24+ (25/4) F (Spaz) J} [141], (4) 


where F(x) =[1+ (x/hc)? }. 

Upon using the result of Eq. (4) with Eqs. (1) and 
(2) of (1), performing the dQ, integration, and averaging 
over spin directions as in (I), the result for the cross 
section a, becomes 


Otn(Po) = 4r(a?/ an)? (pm*/ eo” pom) 
X { F? (par; 2)[1+9F (pa) ]— (16/81) F?(pa,/3) 
X [2+ (25/4) F(pa:/2) ]}?. (5) 


Instead of Eq. (10) of (I), the energy relation which 
must be satisfied here is 


po?/2m*c?— 2(E.— Er) + AE= p?/2m*c’. (6) 


To obtain an estimate of the magnitude of the cross 
section o4,, a substitution in Eq. (5) will be made using 
the following typical values at 300°K for the various 
physical parameters: AE=3 ev; E.—Er=0.5 ev; 
m*/m=1; a,=2.5X10-* cm; hc/po=1.2XK10-" cm; 
he/p=1.3X10-*§ cm; and e9=8. The result of the calcu- 
lation is that 62:2 10-" cm’. 


III. GENERAL REMARKS 


If the numerical values of the various physical 
parameters in the previous section are substituted in 
Eq. (19). of (I) for the radiative capture of a hole, it is 
found that the radiative capture cross section, ¢,,, has 
the value of about 10~! cm’. Thus, the most significant 
result of this treatment seems to be that the cross 
section for nonradiative hole capture is very much 
larger (a factor of 10‘) than that for the radiative 
capture. 

In addition to the multiply occupied electron traps 
spoken of above, it seems probable that there should 
exist singly occupied electron traps (i.e., traps able to 
capture a maximum of one electron). Unless there 
exists another type of radiationless process, these 
would not be able to nonradiatively annihilate a hole 
and would in a sense protect the electron (since the 
radiative process would have a very small cross section). 
Thus, it would appear, high ratios of singly occupied 
traps to multiply occupied traps might work toward 
high photoluminescent efficiencies. 

It should be pointed out that the type of radiationless 
recombination processes considered in (I) probably 
does not play a large role in phosphors (at least not 
in the bulk). This is because all of the cross sections of 
these processes are proportional to one of the mobile 
carrier concentrations which are generally very small 
in phosphors. It was the inadequacy of these processes 


8 See Appendix A for the details of the matrix element inte- 
gration. Just as in (I), the variations resulting from the factor 
| B(bo) |? being different from unity have been neglected. 
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to explain nonradiative phosphor recombination that 
led to the present investigation. 

It is now accepted that nonradiative recombination 
plays an important role also in cathodoluminescence® 
where their main effect seems to be to limit the effi- 
ciency. It is suggested that exactly the same type of 
hole annihilation process postulated above for photo- 
luminescence should also operate for cathodolumi- 
nescence. 
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APPENDIX A 
Just as in Eq. (1A) in (1), it can be shown that 


(b,b| H;| f,h) = (e?/ €0) (ra? L*)“ 


xX {T(r Qt} port To ‘a1; pre) |[1+1 J, (1A) 


where 


ard’ ry 


I (r1/at3 pors| 12 aus pr= f - Go(r1) 
4" Fy 


Xexpl (1/hc) (ipo: 11— ip: te—171/ai—re/ar) |. (2A) 


In Eq. (1A) use has been made of the identity 
T(ri/ae; pori|r2/ar; pro) =I (r1/ a1; pore|r2/ ae; pri). (3A) 


The only problem now remaining is the evaluation of 
I (r1/az; pori|r2/a2; pre). To simplify the calculations it 
will be noted that, in the temperature range and the 
trap depths of interest, #c/jio>>a;. Thus over the range 
of volume from which most of the contributions to the 
integral of (2A) arise, the factor exp(ipo-1/ftc) will be 
nearly unity, and the assumption can be made in the 
following that the factor is unity over the whole range 
of integration. Moreover, to simplify the calculation 
without falling out of the adopted limits of accuracy, 
the following empirical approximation will be made for 
the function Go(r;): 


(4A) 


Go(r1)~G (11) = 1—exp(—1 a1). 


It will be found that Gi(r;) does not deviate from 
Go(r1) by more than 15% over the whole range 
0<7r1< 0. 

Thus, after the following substitutions have been 
made: 


r,/atc=Xx, %/Ac=y, and 1/a,=a. (5A) 


Equation (2A) will become 


dxd*y 
= (no ff —G)(x) exp[—ax—ay—ip-y], (6A) 


|x—y| 
9 See, for example, G. F. J. Garlick, Proc. Inst. Radio Engrs. 
43, 1907 (1955). 
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x 1 
1=2n(ho) f f dyduyy’ expl —ay—ipyuo |[72(a; y) 
0 -1 
—I,(2a;y)], (7A) 


where 


a 


. 1 
T,(a; y)= 2x f x°dxe «f dp[a?+y’— xy]. (8A) 
0 «fi 


In writing the results of the uw integration in Eq. 
(8A), they must be arranged so that the factor (x—y) 
will always be greater than zero since |x—y|>0. Thus 
it can be shown that 


1 v , 
T,(a; y) 4] (- yf vewart f pe O% “| (9A) 
yUre y 


T (a; y) = (4/y)[2/08— (y/a?)e~*¥— (2/a*)e-2”]. (10A) 


Upon substituting Eq. (10A) in Eq. (7A) and per- 
forming the yo integration, the result will be 
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(49)*(hc)>] 7% 2 2 
r-| —— lf dy sinpye ol [-—ye ala en] 
ap 0 la a 


1 1 
-| -— ye2av— —¢ lh (11A) 
Qa a 


When the y integration in Eq. (11A) has been per- 
formed, J will take the explicit form 


(| p+ 100° 
[= abs : as 
a (p? +a’) (p?+4a?)? 


2p°+33a" 
(p?-+4a*) (p?-+9a?)? 
Upon using the results of Eq. (12A) and the sub- 
stitutions of Eq. (5A) in Eq. (1A), the result can be 
brought into the form of Eq. (4) of the text. 
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Superconducting Transition in Aluminum* 


Joun F. Cocurant AnD D. E. MApoTHER 
Physics Department, University of Illinois, Urbana, Illinois 
(Received February 19, 1958) 


Further results on the superconducting properties of aluminum are given which supplement those previ- 
ously reported. The critical field curve for pure Al has been measured by using a paramagnetic salt as a 
thermometer. Except for a region very near 7., our data are accurately represented by the parabolic rela- 
tion, H.=Hol1—(7T/T-.)?], where T-=1.196+0.005°K and H, is about 99+1 gauss. The excellent repro 
ducibility of the S-N transition in Al suggests that it may serve as a useful secondary thermometric standard 
near 1°K. Further observations are reported on the broadening tendency of magnetically measured transi- 
tions in single-crystal specimens near 7,. It is also found that polycrystalline specimens of the same material 
do not show the broadening effect. A semiquantitative theory of the intermediate state is applied to explain 
the observation that the magnetic transition is sharper than predicted on the basis of specimen geometry at 
temperatures well below T.. The difference in sharpness can be explained as a contribution of the interphase 
free energy whose order of magnitude has been estimated with fair success from the observed shape of the 


magnetic transition. 


I. INTRODUCTION 


N a previous article! (to be referred to herafter as I) 

a cryostat was described for investigating the super- 
conducting transition in metals having critical tempera- 
tures down to about 0.8°K. Although the cryostat was 
found to be very satisfactory for studying the properties 
of the transition at constant temperature, a carbon 
resistor was used as a thermometer and our experience 
indicated that the resistance-temperature relationship 
for such resistors could not be reliably extrapolated to 
temperatures below our calibration range of 1.5-4.2°K. 
Because of the lack of a reliable thermometric element, 


* Assisted by the Office of Ordnance Research, U. S. Army. 

+ Present address: Physics Department, Massachusetts Insti- 
tute of Technology, Cambridge, Massachusetts. 

1 Cochran, Mapother, and Mould, Phys. Rev. 103, 1657 (1956). 


it was decided to redesign the inner helium container of 
the cryostat described in I so as to incorporate into it a 
paramagnetic salt pill. The use of this modified cryostat 
to measure the temperature dependence of the critical 
field in pure aluminum is reported herein. 

The attempt in the present work has been to obtain 
precise information about the critical-field curve of 
pure Al. Previous study of the superconducting transi- 
tion under isothermal conditions has shown that the 
S-N transition in pure aluminum is very reproducible 
from specimen to specimen. Thus accurate measure- 
ments of the critical field curve, in addition to yielding 
information about the properties of Al, may also pro- 
vide a practical secondary thermometric standard for 
a range in which absolute temperature determinations 
are difficult. 
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Il. APPARATUS AND PROCEDURE 
A. The Cryostat 


The cryostat and solenoids described in I were used 
in these experiments, and the same measuring tech- 
niques were employed. The only change was in the 
design of the inner helium chamber. 

A diagram of the modified inner vessel is shown in 
Fig. 1. The specimen chamber (S) is loaded through the 
removable plug (K) which is sealed with a nonsuper- 
conducting soft solder.! Liquid helium from the main 
body of the pot flows through holes in the upper part 
of each tube S to fill the sample chambers. The salt 
pill, A, is contained in a 4-inch long, }-inch diameter 
brass tube, closed at each end, and supported from the 
bottom so that it is coaxial with a second brass tube of 
slightly larger diameter. The inner tube is filled from 
the bottom by means of a removable screw cap. The 
upper end of the outer tube opens directly into the 
inner pot so that the salt pill is surrounded by a sheath 
of liquid helium (#). It is our experience that this 
sheath must be generously proportioned if the salt pill 
is to remain in thermal equilibrium with the helium 
bath. In early designs, where the radial clearance for 
helium was under 0,010 inch, the salt pill temperature 
was frequently observed to differ appreciably from the 
bath temperature because of magnetic heating in the 
process of measuring a superconducting transition. No 
such difficulties were experienced with the design shown 
in Fig. 1 where the radial clearance was about 0.030 inch. 

It was necessary to encase the salt pill in a vacuum- 
tight container in order to prevent its dehydration 
when evacuating the inner vessel. Evacuation of the 
inner vessel was necessary during cool-down in order to 
keep the orifice clean of condensable vapors. 

C is a copper sleeve into which the carbon resistance 
thermometer is screwed, and which is machined with 
fins to improve the thermal contact with the helium 
bath. The helium in the inner vessel is pumped through 
the orifice O and the }-inch diameter 0.006-inch thick 
wall Inconel tubing P. The orifice is a half-inch length 
of ;}s-inch outer diameter, 0.004-inch thick wall Inconel 
tubing soldered into the nipple (V). A 300-ohm heater 
coil was would directly on the upper end of the vessel 
(not shown in the diagram). 

Because of space limitations the pickup coils X, Y 
and dummy coils Dx, Dy could not be thermally iso- 
lated from the inner vessel, as in I, but had to be 
attached directly to the sample tubes and salt pill tail 
as shown in Fig. 1. The electrical leads were wrapped 
around and cemented to the pumping tube P to reduce 
heat leakage. However, the heat leak was always greater 
than in the apparatus described in I, and the ultimate 
stable temperature obtainable with this vessel was 
about 0.85°K. The temperature of the inner vessel was 
stabilized to better than +10~*°K by the same pro- 
cedure described in I. 

The salt pill was made up of a mixture of potassium- 
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Fic. 1. Schematic 
cross section of the 
inner helium vessel 
containing the speci- 
mens and salt pill. 
This vessel was sus- 
pended within the 
vacuum jacket of the 
apparatus described 
in I. 
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chrome-alum crystals (approximately 1 mm on a side) 
and Araldyte AN-102. The Araldyte served to bind the 
crystals of alum together to provide thermal contact 
with each other and with the walls of the salt pill 
chamber. A 3'y inch thick copper strip ran through the 
center of the salt pill and was soldered to the walls of 
the salt pill container to reduce the length of the 
maximum thermal conduction path. 


B. Temperature Determination 


The susceptibility of the salt pill was measured by 
means of the coil Y, Fig. 1, and the identical dummy 
coil Dy connected in series opposition through a galvan- 
ometer and the secondary of a variable mutual inductor. 
The primary of the mutual inductor was connected in 
series with the air solenoid. The galvanometer deflection 
was measured as a function of the external mutual 
inductance setting when an air solenoid field of 5 gauss 
was quickly turned off. In this way curves were ob- 
tained which could be fitted by least squares to a linear 
function of the form 6=a+6M. For 6=0, one has 
Mo=-—a/b, where My is the desired value of mutual 
inductance. In this way Mo could be determined with a 
precision of about +} microhenry, and this quantity 
is proportional to the susceptibility of the salt pill. The 
total variation in Mo between 4°K and 0.845°K was 
400 uh. 

In order to calibrate the salt pill, the inner bath was 
sealed off from the pumps and connected to a mercury 
manometer, while the jacket insulating the inner from 
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the outer bath was flooded with helium gas. With the 
outer bath stabilized at the desired temperature, simul- 
taneous values of the vapor pressure over the helium 
in the inner vessel and the salt pill mutual inductance 
were recorded. The vapor-pressure readings were trans- 
lated into temperatures by means of the vapor-pressure 
tables prepared at the Naval Research Laboratory on 
the basis of the vapor-pressure equation proposed by 
Clement, Logan, and Gaffney.? Vapor pressures above 
the A point were corrected for a 12-cm hydrostatic 
head of helium above the salt pill. As shown in Fig. 1, 
the apparatus also carried a carbon resistance ther- 
mometer in good thermal equilibrium with the inner 
helium bath and the salt pill. Its values were recorded 
as a further check on the temperature. Calibration 
points were measured throughout a temperature region 


~ 


extending from about 1.5 to 4°K. 


C. Superconductivity Measurements 


During the measurements each search coil was con- 
nected in series opposition with the dummy coil 
through the 600-ohm critical damping resistance galvan- 
ometer as described in I. The interpretation of gal- 
vanometer response in terms of flux penetration into 
the superconducting specimen has also been described 
in I, and applies in the present case. The essential 
point is that the magnetic field is increased monotoni- 
cally through the transition in discrete steps of approxi- 
mately 0.08 gauss each. The average magnetic induction 
of the specimen, expressed as the effective permeability 
ue, is determined from the ballistic deflections of the 
galvanometer which accompany each stepwise change 
in the external magnetic field. 


D. The Specimens 


The specimen blanks were cylinders 2 inches long, 
; inch in diameter, and pointed at one end to promote 
nucleation for single-crystal growth. The blanks were 
machined from 99.99% pure aluminum bar stock sup- 
plied by the Aluminum Corporation of America, and 
grown into single crystals using the soft mold technique 
of Noggle*® in conjunction with the Bridgman method 
for growing crystals.‘ Grain boundaries were made 
visible by means of a macro-etch due to Beck ef al.® 
Polycrystals of three different grain sizes were produced 
by heat treating the blanks at 550°C for one, two, and 
four hours. This treatment yielded specimens with 
average grain sizes of 1 mm, 2 mm, and 4 mn, re- 
spectively. The specimens used for this investigation 
are listed in Table I. 

Several of the specimens were investigated after 
having their surfaces polished by means of the Alcoa 
2 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 

3T. S. Noggle, Rev. Sci. Instr. 24, 184 (1953). 
4 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 305 (1925). 


5 Beck, Kremer, Demer, and Holzworth, Trans. Am. Inst. 
Mining Met. Engrs. 175, 372 (1948). 


AND 


D. E. 


{ 


MAPOTHER 


RS Bright Dip chemical polish. The polished surfaces 
appeared to be smooth under a magnification of 50 000. 
The specimens were centered in the sample chambers 
by means of Lucite caps. The caps fitted the cylinders 
sufficiently loosely so that they did not pinch the 
crystals when the apparatus was cooled to 4°K. 


Ill. RESULTS 
A. Superconducting to Normal Transition 


As discussed in I it is convenient to display the 
transition from the superconducting to the normal state 
at constant temperature in terms of the effective perme- 
ability, u., where yu, is essentially the average magnetic 
induction within the specimen divided by the critical 
field. For an ellipsoidal specimen whose dimensions are 
very large compared to the penetration depth, A~10~° 
cm, the effective permeability should be given by 


1 
Me i—-(1—k), 
n 


where m is the demagnetizing coefficient characteristic 
of the axis along which the field is directed, and h 
=H,/H, is the ratio of the applied field to the critical 


TaBLeE I. Characteristics of specimens measured. 


Physical characteristics 


Specimen 


Single crystal 

10 Single crystal 
Single crystal 
Single crystal 
Polycrystal 
Polycrystal 
Polycrystal 


Structure 


1 mm average grain size 
2 mm average grain size 
4 mm average grain size 


field. In the ideal case u,, when plotted as a function of 
h, should be a straight line passing through the point 
(ue=1,h=1) with a slope equal to the reciprocal of 
the demagnetizing coefficient. 

Although the specimens used in these experiments 
were cylinders rather than ellipsoids it is to be expected 
that they can be characterized by a demagnetizing co- 
efficient equal to that of an ellipsoid having the same 
ratio of length to diameter. In the present case this 
ratio is 16:1, and from Stoner’s tabulation® the value 
for this ellipticity is n=0,0097. 

In Figs. 2(a) and 2(b) are shown graphs of yu, versus 
h=H_./H, for single crystal 7 for a number of tempera- 
tures. Similar results were obtained for the other single 
crystals and, in agreement with the results reported in 
I for an accurately ellipsoidal specimen, the curves 
reveal deviations from the expected ideal behavior in 
three respects. 


(1) The points for sufficiently low temperatures 
[Fig. 2(b)] do indeed follow a straight line as ye 


°E. C. Stoner, Phil. Mag. 36, 803 (1945). 
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approaches unity, but a straight line corresponding to 
a smaller demagnetizing coefficient than that calculated 
from the specimen geometry. In the present instance 
the four single-crystalline specimens appear to have an 
average effective demagnetizing coefficient of n,=0.008. 

The tailing off of the points at low-field values 
indicates that the field begins to penetrate into the 
specimen sooner than would be expected for an ideal 
ellipsoid, and seems to be caused by the deviation from 
ellipsoidal geometry. Similar curves for accurately 
ellipsoidal specimens do not show such pronounced 
rounding near u.=0. 

(2) As the temperature approaches the critical tem- 
perature, i.e., for small //,, the permeability curves 
become rounded over as u, approaches unity [ Fig. 2(a) ]. 
Under these circumstances it becomes difficult to decide 
what exactly is the critical field, so that the following 
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Fic. 2. (a) Effective permeability, wu, as a function of the re- 
duced field, /, for single crystal 7 at temperatures near the critical 
temperature. (b) u,- vs 4 for single crystal 7 at temperatures well 
below the critical temperature. 


nomenclature was adopted in I and also used here; the 
linear portion of a given mu, versus H, curve was ex- 
trapolated to intersect the line 4.=1 at that value of 
the external field defined as the critical field. A further 
field, H,,, was introduced in I, and defined as that value 
of the external field for which the transition was com- 
pleted. Experimentally speaking, H,, could be deter- 
mined with a precision which was limited only by the 
magnitude of the step-intervals in the magnetic field 
(0.08 gauss in the present case) used to traverse a 
transition. Because of the gradual smearing out of the 
transition curves as the temperature approached 7, it 
was hard to determine 7, with the same precision as 
H,,; but within experimental accuracy the difference, 
H,,—H., was the same for each single crystal at a given 
temperature, was zero for temperatures less than about 
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Fic. 3. Transition width for single-crystal specimen 7 as a 
function of the square of the temperature. The straight line gives 
the ideal transition width for a specimen having a demagnetizing 
coefficient of »=0.008. Similar behavior was seen for all the other 
single-crystal specimens. 


1°K, and appeared to increase to a maximum value of 
roughly 0.15 gauss near 7,. The difference, H,—H., 
and therefore the shape of the transition curves, ap- 
peared to be unaffected by surface treatment or handling 
of the specimens. 

(3) For temperatures approaching the critical tem- 
perature, the transition takes place over a much 
broader magnetic field interval than predicted for the 
ideal transition. The tailing off near u.=0 makes it 
difficult to determine precisely the breadth of a given 
transition, but if one extrapolates the linear portion 
of au, versus H, plot to ue=0 and calls the field interval 
between this intercept and H, the transition width, 
AH, such an interval should be a reasonable measure 
of the breadth to be expected for an equivalent ellipsoid. 
As can be seen from Fig. 3, the transition width goes 
through a minimum in the neighborhood of 1.05°K. 
On a T° plot, the ideal transition width to be expected 
for an ellipsoid with a demagnetizing coefficient of 
0,008 is the straight line shown in the diagram. 

In marked contrast with the single crystals, the poly- 
crystalline specimens exhibited the ideal behavior over 
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Fic. 4. ue vs 4 for polycrystal 28 at various temperatures. Note 
that the broadening effect apparent in Fig. 2(a) does not occur 
with the polycrystalline specimen. 
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Fic. 5. Difference between H,, for single crystal 7 and H, for 
several polycrystalline specimens shown as a function of the 
square of the temperature. 


the whole temperature range, with the exception that 
each polycrystal behaved as if it had a demagnetizing 
coefficient of 2,.=0.004 instead of the calculated value 
of 0.0097. Curves of u. versus h=H,/H, are shown in 
Fig. 4 for specimen 28. The curves for the other two 
polycrystals were practically identical with those shown 
in Fig. 4. Within experimental error the transition width, 
AH, was linear with H, over the whole temperature 
interval. For instance, at H.=0.6 gauss the transition 
in the polycrystals occurred within one step-width of 
0.08 gauss, the limiting resolution of the apparatus. 

In order to obtain an idea of the reproducibility of 
the superconducting transition from specimen to speci- 
men, runs were made in which each of the other speci- 
mens were measured simultaneously with crystal 7. H, 
and H, were the same for single crystals 7, 10, and 19 
to within 0.1 gauss over the whole temperature range. 
H, and H,, for single crystal 18 were consistently 0.3 
gauss smaller than those for specimen 7.’ In Fig. 5 are 
shown the results of the measurements for the poly- 
crystalline specimens in the form of the difference be- 
tween H,, for crystal 7 and the critical field for each 
polycrystal. The critical fields appear to be the same 
for all of the polycrystals over the whole temperature 
interval to within 0.1 gauss, i.e., to within the resolution 
of the apparatus. The rise exhibited by the points in 
Fig. 5 as T. is approached is due to the broadening of 
the transition in crystal 7 near T, discussed above and 
shown in Fig. 3. 

Clearly more data would be desirable, but in view of 

’ This statement is based on three comparison observations 
made at the conclusion of the present work. At critical fields of 
about 7, 19, and 35 gauss, shifts in critical field were respectively 
0.30, 0. 27, and 0.28 gauss with specimen 18 having in every case 
the smaller H,. These shifts are clearly outside the limit of resolu- 
tion of the measuring method and, therefore, this particular 
result is at variance with the generally excellent agreement be- 
tween H, values observed in all other comparison measurements. 
The fact that this shift is independent of temperature suggests 
that it may originate in a strained condition in one of the speci- 
mens, but, in view of the consistency of the overwhelming ma- 
jority of the data, no further study of this particular anomaly 


was made. 
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the sharpness of their transitions and the reproduci- 
bility from specimen to specimen, the possibility pre- 
sents itself of using the superconducting transition in 
polycrystalline aluminum specimens as a secondary 
thermometer. For Al one can write approximately 


H.=100(1—T77/1.43) ; 
therefore 


AT~AH,/ (1407). 


An uncertainty in H, of 0.2 gauss would still suffice 
to fix the absolute temperature to within 0.003°K at 
0.5°K. If other superconductors in the range between 
0.1 and 1°K were found to have sharp, reproducible 
transitions, they could also be used to provide a number 
of secondary temperature points for calibration pur- 
poses. At the present time the paramagnetic salts used 
for thermometry below 1°K must be calibrated against 
the vapor pressure of liquid helium, a procedure which 
is always long and tedious. 

In connection with the above possibility, it should 
be mentioned that it is desirable to leave the specimens 
with an etched surface in order to provide points of 
nucleation for the growth of the normal phase. The 
single crystals invariably displayed evidence of some 
superheating when polished, although this usually 
manifested itself as a delayed entry into the inter- 
mediate state rather than as an increase in the critical 
field. One polycrystal (27) showed a very large super- 


heating effect when polished. The effect was a maximum 
in the neighborhood of 1.1°K where the transition took 
place directly from the superconducting to the normal 
state within an interval of 0.08 gauss and at fields of the 
order of 1.5 gauss greater than the critical field for the 
same specimen with an etched surface. 


B. Temperature Dependence of the 
Critical Field 


In I we tried to extrapolate the R versus T equation 
of a carbon resistor calibrated against the vapor pres- 
sure of liquid He, but the empirical nature of the R 
dependence upon T makes this a dubious procedure if 
temperature values are needed beyond the limits of the 
calibration range. In the present work we have used the 
susceptibility of potassium chrome alum as the thermo- 
metric parameter. Again it has been necessary to deter- 
mine temperatures beyond the limit of the calibration 
range, but the paramagnetic salt thermometer has the 
advantage over the more convenient carbon ther- 
mometer that there exists a substantial theoretical 
basis for deriving an analytic relation between the sus- 
ceptibility and the absolute temperature. We hoped to 
obtain the temperature dependence of 7, with sufficient 
accuracy to permit its use to standardize other tempera- 
ture measurements near 1°K. 

The experimental procedure followed in determining 
the temperature magnetically has been described above. 
Table II gives the results of the calibration measure- 
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ments on two separate experimental runs, where M> is 
the mutual inductance of the coil system containing the 
salt pill and 7 is the corrected absolute temperature 
determined from simultaneous measurements of the 
vapor pressure of liquid He. The susceptibility of 
potassium chrome alum should follow a Curie-Weiss 
law which, in terms of the observable My, may be 
written as 

(1) 


M, A-B (T—A), 


where 7 is the absolute temperature, A is the Curie- 
Weiss constant, and 4 and B are constants depending 
upon specimen and coil geometry and the susceptibility 
of the salt.* 

In fitting the calibration data to Eq. (1), A was com- 
puted from the relation 


A=4nrfC=0.017°K, (2) 
where f=0.6 is the filling factor for the salt pill (ie., 
the ratio of the mass of salt contained in one cc to the 
density of the crystalline salt), and C=6.71X10™* emu 
is the Curie constant per cc for potassium chrome alum. 
In calculating the above value of A, it is assumed that 
the individual salt crystals were randomly oriented. 
If this were not the case, the value of A might be in 
error by as much as a factor or two, but, fortunately, 
it turns out that temperatures calculated from calibra- 
tion data fitted to an equation of the form of (1) are 
not sensitive to changes in A. Having determined A, 


TABLE II. Magnetic thermometer calibrations. 


Run 1: Run 2 
Tt Me 
(°K) (uh) 


3.408 145.4 
2.980 126.3 
2.652 106.8 
2.034 56.9 
3.914 158.8 
3.624 151.6 
3.324 138.8 
3.054 127.4 
3.081 128.4 
2.839 116.8 
2.678 107.2 
eos 96.8 
2.375 86.7 
2.229 73.9 
2.158 66.9 
2.084 59.8 
1.740 17.7 
1.914 41.3 
1.737 17.8 
1.829 30.9 
1.837 32.3 
3.227 135.2 
2.325 82.0 


T» 
(°K) 


3.944 
3.745 
3.511 
3.326 


~ 
(mm Hg) 


584.6 
473.3 
362.0 
287.7 
219.1 
179.2 
150.7 
120.0 
99.4 
80.3 
68.4 
54.6 
47.3 
34.75 
27.35 
24.36 
19.39 
13.24 
7.46 
5.69 
15.81 
10.84 


ps 
| (mm Hg) 


319.2 
177.6 
103.6 
26.30 
566.9 
413.2 
287.0 
198.2 
206.0 
142.2 
108.5 
79.70 
60.28 
43.41 
36.60 
30.17 
10.02 
18.29 
9.89 
13.81 
14.19 
252.6 
54.13 


* Values of p are observed vapor pressures of He bath corrected for 
hydrostatic head, gravity, and temperature of mercury manometer. 

b Values of 7 are obtained from the Tssg scale of Clement, Logan, and 
Gaffney, reference 2. See their note added in proof. 

¢ Least-squares fit to M =A —B/(T —0.017) gives for Run 1: A =272.03, 
B =437.33; for Run 2: A =262.64, B =426.71, 


8D. De Klerk, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), Vol. 15, p. 38. 
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TABLE III. Critical-field data. 


Run 1: 
Specimen 19 


He Hs 
(gauss) (gauss) 


42.07 25.00 
Saki 19.5 
28.54 14.5 
24.34 11.5 
18.77 8.4 
5.9 
4.0 
1.9 


Specimen 18 
He HA, 
(gauss) (gauss 


42.02 29.2 
34.93 22.9 
26:52 172 
24.48 14.1 
18.82 9.4 
14.53 6.1 
10.33 3.9 

$,42 1.6 


Obs. M 
No. (uh) 


II — 220.2 
ITI 192.7 
IV —172.0 
V — 157.6 
VI -141.8 
VII — 130.9 
VIII —120.4 
IX - 108.9 
X(a) —100.5 
pt — 98.5 
XI —114.2 
XII — 124.6 
XITI — 135.4 
XIV — 202.6 


Run 2 


- 
(°K) T? 


0.906 0.820 
0.958 0.918 
1.002 1.004 
1.035 
1.074 
1.102 
1.131 
1.165 
1.191 
1.197 
1.149 
1.120 
1.090 
0.938 
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0.881 
Specimen 10 
He A, 

(gauss (gauss 


Specimen 7 

Obs M T H. H, 
No. ph (°K T? (gauss) (gauss 
36.53 
44.04 
47.58 
39.66 
29.90 
32.94 
24.93 
19.65 
14.16 
9.35 

4.01 

17.32 
1.28 

1.15 

3.05 


19.5 
26.8 
29.3 
23.8 
17.4 
19.3 
14.3 
11.6 
8.9 
6.3 
2.8 
10.5 
0.4 
0.4 


0.953 
0.896 
0.866 
0.930 
1.001 
0.979 
1.035 
1.072 
1.109 
1.140 
1.180 
1.088 
1.196 
1.197 
1.187 
1.164 


19.5 
25.6 
28.6 
22.0 
14.4 
16.8 
10.6 

8.1 


36.46 
43.93 
47.56 
39.50 
29.77 
32.88 
24.84 
19.56 
14.13 
9.39 
4.01 
17.25 
1.39 
1.26 
3.06 
6.77 


12.13 


I ~ 193.1 

II — 223.0 

— 239.9 

IV ~ 204.9 
V —171.1 
VI — 180.9 
VII —156.4 
VIII — 142.0 
IX 128.2 
X —117.2 
pa — 104.3 
XII — 135.8 
XIII - 99.2 
XIV ~ 99.0 
XV — 102.0 
XVI — 109.3 
XVII — 123.6 


0.909 
0.802 
0.750 
0.864 
1.002 
0.959 
1.072 
1.148 
1.229 
1.301 


4.6 
7.8 


the calibration data were subjected to a least-squares 
analysis to determine the best values for A and B for 
each run. The resulting calibration constants are given 
in Table II. For reasons discussed below, we estimate 
that the over-all accuracy achieved in the extrapolation 
of these calibration equations is of the order of 0.005°K. 

As described in more detail in I, the procedure fol- 
lowed in measuring critical fields was to stabilize the 
cryostat temperature at various points in the super- 
conducting region, and for each stabilized temperature 
to observe the variation of u, with applied field for each 
specimen as well as the equilibrium value of Mo for the 
salt pill. In each of the two runs for which an accurate 
salt pill calibration was made, two different pure single 
crystals were present in the apparatus (specimens 18 
and 19 in the first run and specimens 7 and 10 in the 
second). The data obtained are presented in Tabie III 
together with 7° and T values deduced from the appro- 
priate salt pill calibration equation. The H, values 
listed for each specimen are the values of external field 
for which the supercooled transition occurred. The H, 
values are shown graphically in Fig. 6 as a function 
of T°. 

Within the accuracy of the present measurements H, 
has a parabolic dependence on T over most of the range 
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SPECIMEN '8 
SPECIMEN !9 


SPECIMEN 7 
SPECIMEN 10 


T*(°K’) 


Fic. 6. Critical-field values of the single-crystal specimens as a function of 7*. The two straight lines represent 
Eq. (3) with the constants given in the text. Note tendency of experimental points as H, — 0. 


of temperature studied. Below about 1.12°K the data 
of the two runs are accurately represented by the 
formula, 


H,=H{1-—(T/T.)"], 
where, for Run 1, 


T.=1.196°K, 


H,)=97.8 gauss, 


and, for Run 2, 


H,y=100.0 gauss, 7.=1.196°K. 


The difference in Ho values for the different runs is 
almost certainly a sole consequence of the inaccuracies 
introduced in extrapolating the absolute temperature. 
The difference between the two curves of Fig. 6 at the 
lowest temperature could be explained by an error of 
about 8 millidegrees, and it is doubtful that our ex- 
trapolations are any better than this. As can be seen 
from Table III the agreement between H, values of 
specimens measured on the same run approaches the 
accuracy of the measuring method. This excellent agree- 
ment between pure aluminum specimens when measured 
together has been found to hold in a large number of 
similar comparison measurements. 

The experimental points show appreciable deviation 
from the 7? relation for temperatures above about 
1.12°K. They also begin to show more scatter. To some 
extent this may be due to the anomalous broadening 
of the transition in single crystals which makes our 


criterion for determining H, more difficult to apply as 
T—T, since the uw. curves become blurred and dis- 
torted. However, the uncertainty in H, caused by this 
effect is only a few tenths of a gauss while the experi- 
mental points can be seen to deviate from the straight 
line of Fig. 6 by as much as 1.5 gauss. It would seem 
that uncertainty in fixing H, is not the reason for the 
trend of the data near T,, although it may be more 
than coincidental that the anomalous broadening and 
the deviation from 7? dependence occur in the same 
temperature interval. Although such deviations have 
not been described by previous investigators, there is 
no reason for surprise that Al should show deviation 
from a 7° dependence. The recent work of Goodman’ 
on the specific heat of Al in the superconducting state 
has shown that it varies exponentially with 7, and on 
thermodynamic grounds this result is incompatible 
with a rigorous dependence of H, upon 7°. Of course, 
the critical field curve could appear parabolic to within 
experimental error in a limited temperature range as 
the present results attest. 

We have indicated by the dashed line in Fig. 6 the 
general course of the data as T— T,. This dashed line 
extrapolates to H,.=0 at a temperature of 1.205°K. 
Logically this would seem to be the value that we 
should give as T, for pure Al, but we are not entirely 
convinced that this is correct. Although calibrated salt 
pill runs were not made with polycrystalline specimens, 


9B. B. Goodman, Compt. rend. 224, 2899 (1957). 
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the comparison observations (see Fig. 5) suggest that 
the polycrystals would follow the parabolic temperature 
dependence with a smaller (or possibly no) deviation 
near 7.. Whether the behavior of the polycrystals or 
the single crystals is more intrinsically characteristic 
of aluminum is not clear at present, and we are inclined 
to regard the magnitude of 7, as uncertain within the 
limits set by the extrapolations of the straight and 
curved lines of Fig. 6. 

As inspection of Table III shows, the values of H, 
for two specimens on either run agrees in practically all 
instances to within 0.1 gauss, which is essentially the 
limit of resolution of the field measurement. It is 
readily shown from (3) that an uncertainty, AH,.=0.1 
gauss, is equivalent at 1°K to less than a millidegree 
uncertainty in 7. This is small in comparison with the 
uncertainties associated with the actual measurement 
of T in the experiment, and we may disregard the 
errors in /7, in the present discussion. 

The error in the temperature determinations can be 
considered as arising from two uncertainties: (a) the 
precision of a given mutual inductance reading, and 
(b) the uncertainty in the calibration constants of (1). 
The uncertainty in Mo was essentially constant at all 
temperatures and equal to +0.5 wh. Using the calibra- 
tion constants in (1) it may be shown that this uncer- 
tainty in My corresponds to a temperature uncertainty 
which varies from about a millidegree at 1°K to about 
18 millidegrees at 4°K. A statistical analysis of the 
calibration data shows the constants A and B to have 
probable errors of about 0.1 and 0.3%, respectively, 
with a resultant uncertainty in 7 at 1°K of about 3.6 
millidegrees. It would thus appear that the magnetic 
temperatures near 1°K are good to +0.005K°. Actually 
the error may be somewhat greater since the statistical 
treatment does not take into account (1) the probable 
error in the Curie-Weiss A (which is thought to be 
unimportant) and (2) error associated with incomplete 
thermal equilibrium between the salt pill and the liquid 
helium bath. This second factor may be appreciable, 
but it is difficult to evaluate. Equilibrium times of at 
least 30 minutes were allowed when taking the calibra- 
tion points, but in the subsequent reduction of the data 
a few instances were noted in which the scatter of the 
M) values was greater than could be explained by the 
uncertainty in reading the mutual inductance. Pre- 
sumably this indicates lack of thermal equilibrium. 

No direct experimental check on the accuracy of 
our extrapolations is possible without going to much 
more elaborate procedures. However, if, as we believe, 
the critical field for pure Al is a highly reproducible 
thermometric parameter, the agreement between the 
critical-field curves obtained on the two runs shown in 
Fig. 6 provides an independent check on at least the 
self consistency of the extrapolations. The two runs 
were performed several months apart and analyzed 
separately. Temperature-wise the agreement between 
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the two runs ranges from complete agreement at 7, to 
about 8 millidegrees at 0.8°K, which is about the pre- 
dicted uncertainty of the extrapolation. 

Before leaving the question of thermometry, it is of 
interest to mention some results obtained with the 
carbon resistance .thermometer which was present in 
the apparatus on all runs. The resistance readings were 
recorded for most of the calibration points and it was 
thus possible to determine an R versus T calibration 
equation. The R-T relation could then be extrapolated 
into the superconducting temperature region and the 
“resistive” temperature compared with the magnetic 
temperature. 

The procedure followed in determining the “re- 
sistive’”’ temperature was similar to that described by 
Corak et al.” The calibration values of R and T were 
fitted by least squares to the Clement 2-constant 
equation 

1 a’ 
—=——+ P logR+2ab, 
Tr logR 


and then a correction curve was determined by plotting 
(Tr—Tssz) vs Tssz. The correction curves for the two 
runs are shown in Fig. 7.{ The points clustered near 
1°K give (Tr—Tmag) 1S Tag and they appear to repre- 
sent a reasonable continuation of the correction curve 
obtained in the calibration region. It would therefore 
seem that by judicious extrapolation of such a correc- 
tion curve, one might obtain absolute temperatures 
from a carbon resistor with an accuracy comparable 
to that achieved in the present magnetic measurements. 
The data of Fig. 7 also indicate that the extrapolation 
of an R-T equation without using the correction curve 
can lead to substantial errors since, for all we know, the 
correction curve may continue to rise as T— 0°K. 


C. Supercooling and Quenching 


Despite the many runs performed on the four single 
crystals, very little new information can be added to 
the discussion contained in I. The supercooled transi- 
tions were very sharp, less than 0.08 gauss wide, the 


Fic. 7. The differ- 
ence between tem- 
peratures determined 
from the resistance- 
temperature equa- 
tion and from the 
Tsse Vapor-pressure 
scale. Temperatures : 35 
near 1°K were deter- Tun 
mined from magnetic we 
measurements. 
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10 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 

t The rather large scatter of the data in Fig. 7 warrants the 
following explanation. In the present work, the carbon resistor 
was used primarily to indicate temperature variation rather than 
absolute magnitude. Accordingly, less attention was paid to such 
details as stabilizing the measuring voltage and balancing out 
thermal emf’s. 





140 pee 


TABLE IV. Summary of critical-field constants for aluminum. 


2Ho/Te 
Ho (gauss 
(gauss) Te (°K) deg) 


~1.17940.010° 173 


Author 
Daunt and 
Heer* 
together with 
Shoenberg® 


Technique 
Adiabatic demagnetization, 
irregular pieces of Al im- 
bedded in salt pill. Shoen- 
berg: Pumped liquid helium, 
temperature from vapor 
pressure over He bath cor- 
rected to 1948 scale. 
Adiabatic demagnetization, 
measured field for which 
flux first penetrates speci- 
men and corrected for de- 
magnetizing factor of speci- 
men. Polycrystals. 

Pumped liquid helium, tem- 
perature from vapor pres- 
sure over bath. 


102 


Goodman and 106.0 1.197 +0.01 


Mendoza‘ 


Faber¢ 96241 1,.172+0.003 


Present work 
Run 1: Pumped liquid helium, tem- 

perature from salt pill im- 

mersed in helium bath. 


97.8 1,196 +0.005 


Run 2: 100.0 1.196+0.005 167 





* J. G. Daunt and C. V. Heer, Phys. Rev. 76, 1324 (1949). 
b D. Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940). 
¢ B. B. Goodman and E. B. Mendoza, Phil. Mag. 42, 594 (1951). 

4 See reference 11. 

© The accuracy of this value is uncertain. See discussion in reference c. 


dependence upon temperature was roughly the same 
for all of the single crystals and appeared, in each 
specimen, to be stable from run to run. Only single 
crystal 10 exhibited a quench effect. Before the follow- 
ing run this crystal was severely bent and allowed to 
anneal at room temperature for about 12 hours (the 
customary time between assembly of the apparatus and 
the start of a run), with the result that the quench 
effect disappeared. 

The maximum degree of supercooling occurred near 
T., where the ratio H,/H, became less than 0.07, in 
rough quantitative agreement with Faber’s work." 

Each of the polycrystals exhibited a quench field at 
one time or another, but neither the supercooled transi- 
tion fields nor the quench fields were reproducible from 
run to run, although the quench effect was particularly 
erratic. 


IV. DISCUSSION OF RESULTS 
A. Critical-Field Constants 


In Table IV the results of our two runs are compared 
with those reported by previous investigators. In 
listing our results we have disregarded the curving 
tendency of our data near T,. 

Inspection of Table IV shows the following regu- 
larities. Ho values determined in experiments where 
cooling was by adiabatic demagnetization are somewhat 
greater than when determined by extrapolation of 
measurements near 1°K. T, values from the vapor 
pressure of liquid helium are consistently smaller than 
those determined by magnetic thermometry. The rela- 
tive steepness of the critical-field curves as evidenced 
by values of 2H/T, (i.e., the slope at TJ.) is greater in 
the low-temperature measurements than in the meas- 
urements made near 1°K, but agreement between 


1 T. E. Faber, Proc. Roy. Soc. (London) A231, 353 (1955). 
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measurements made by one or the other cryogenic 
technique is reasonably good. 

The agreement between Faber’s value of (dH,./dT)r, 
and those obtained in the present work probably re- 
flects the superiority of a liquid-helium bath over 
adiabatic demagnetization techniques with respect to 
temperature stability and control in the range near 7,. 
Although appreciable differences in the absolute tem- 
perature are indicated by the 7. values, it is to be 
expected that the temperature differences measured 
by Faber and in this work will be more accurate than 
the absolute values themselves, and the tabulated 
values bear this out. We also note that the recent 
calorimetric data of Goodman’ indicate a value of about 
150 gauss/deg for (dH ./dT)r,.. This is roughly inter- 
mediate between the most recent values given in 
Table IV and the value obtained from the slope of the 
dotted curve of Fig. 6, which represents our data best 
near 7. and for which (dH ./dT)r,=142 gauss/deg. It 
would thus appear that of the various constants of 
superconducting aluminum, at least (dH./dT)r, is in 
reasonably good shape. 

As regards the other regularities noted in Table IV, 
it is difficult to tell whether they are characteristic of 
the properties of aluminum or are indicative of sys- 
tematic errors in the various measurements. Taken at 
face value the combined results appear to show that the 
critical-field curve for Al deviates from a parabolic law 
in the same qualitative way known to occur in the case 
of the elements Sn, V, In, and Tl. However, the dis- 
agreements between values in the regions where the 
various measurements overlap suggest either that the 
superconducting properties of aluminum are sensitive 
to the history of preparation of the specimen or that 
the measurements are less accurate than supposed. In 
this connection, we remark that in this and other work 
on Al in this laboratory all measurements show that 
the H, vs T curve is not sensitive to polycrystallinity, 
annealing, or strains deliberately introduced at room 
temperature (except for the effects noted near 7,).” 
On the contrary, it appears sufficiently reproducible 
from specimen to specimen to suggest that the super- 
conducting transition in pure Al might make a satis- 
factory auxiliary thermometric standard near 1°K. We 
are therefore inclined to view the disagreements in the 
values of Table IV as primarily indicative of experi- 
mental error—in particular, the difficulty of accurate 
determination of the absolute temperature near 1°K. 
However, in view of the disagreement between the most 
recent determinations of 7, it would appear that addi- 
tional measurements of aluminum will be required 


12 Strains introduced into a superconducting specimen at low 
temperature are another story. Various evidence indicates that 
strains introduced at low temperatures can produce marked effects 
on the superconducting transition. While such effects have not 
been demonstrated for Al, this is an objection which may be 
raised against the method of specimen preparation used by Daunt 
and Heer and also that of Goodman and Mendoza. 
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before its critical field can be used as an accurate stand- 
ard of thermometry. 


B. Transition Broadening 


Transition broadening in superconductors has been 
observed by many experimenters and has in most 
cases been attributed to the effect of impurities or to 
strain. This does not seem to be a likely explanation for 
the broadening observed in the present experiments 
near 7. because the aluminum single crystals are of 
high purity and certainly have lattices which are more 
nearly perfect and free of residual stress than the poly- 
crystals which do not exhibit the effect. 


C. Effective Demagnetizing Coefficient 


In the appendix it is shown that owing to the exist- 
ence of a surface energy between the superconducting 
and normal phases, the effective permeability should be 
roughly a linear function of h=H,/H,, at least for h 
close to unity, but with a slope corresponding to an 
effective demagnetizing coefficient 


7 +} 
=—+- -—. 
hy & FONE 

A is a characteristic length used to specify the surface 
free energy between the normal and superconducting 
phases, and Z is the length of the specimen. In Table V 
are listed the values of A which would be required to 
explain the effective demagnetizing coefficients ob- 
served for the specimens reported herein, as well as for 
the ellipsoidal specimens investigated in I. Bardeen" 
has estimated that A for aluminum should be of the 
order 10-4 cm at temperatures low compared with the 
critical temperature. It would therefore appear that 
the difference between the observed and calculated de- 
magnetizing coefficients can be definitely attributed to 
the surface free energy at the interface between super- 
conducting and normal material. Considering the 
crudity of the model used to derive (14), there is prob- 
ably not much point in worrying about the discrepancies 
between the various values calculated for A in Table V, 
but one could be surprised by the difference between the 
polycrystalline and single-crystal cylinder results. The 


(4) 


TABLE V. Values of the surface energy parameter, A, as deter- 
mined from the breadth of the magnetic transition. 


A (cm) from 
Eq. (14) 


Length n Ne 

Specimen L (em) calculated observed 
Ellipsoid 

described in I 
Single-crystal 

cylinders S34 
Polycrystalline 

cylinders oi 


6.4 0.019 0.014 9.6 10~4 


0.0097 0.008 13X10 


0.0097 0.004 2.2X 10-3 


13 J. Bardeen, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), Vol. 15, p. 274. 
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difference is undoubtedly due to a difference in shape; 
the single crystals had rounded ends because they were 
grown from the melt, whereas the polycrystalline speci- 
mens had the sharp corners characteristic of the 
machined blanks. 


ACKNOWLEDGMENTS 


We are grateful to F. E. L. Witt for his contributions 
in the design and construction of the apparatus used in 
this work, and to J. C. Wheatley for advice on problems 
of magnetic thermometry. R. S. Kaeser and R. W. Shaw 
gave important assistance in performing the experi- 
ments, and D. L. Decker and C. L. Wolff helped in 
reducing the thermometric data. One of us (J. F. C.) is 
indebted to the Graduate College of the University of 
Illinois for fellowship grants which provided support 
during the course of this work. 


APPENDIX 


In order to calculate the effect of a surface free 
energy term on the intermediate-state behavior of a 
long cylinder, we shall use a model in which it is 
supposed that the intermediate state structure consists 
of long superconducting filaments imbedded in a matrix 
of normal material. Each filament has a circular cross 
section of radius a. Following the procedure of Cochran 
and Kaeser," the thermodynamic potential per unit 
volume at constant temperature for such a structure 
can be written as 


H2; kh I 
(A-1) 


2x 
se ~—— i s-+-—Ai, 
8r ((1—n) I a 


G= 


where x is the ratio of the volume of superconducting 
material to the total volume of the specimen, / is the 
magnetic moment per unit volume of the specimen due 
to the interaction of the superconducing filaments with 
the external field, Jo>= —H./[42(1—2) | is the magnetic 
moment per unit volume of the specimen subjected 
to uniform field H, when completely superconducting, 
h=H./H. is the ratio of applied field H, to the critical 
field H,., n is the demagnetizing coefficient for the 
specimen, and A=82a/H, where a is the surface free 
energy per unit area of interface between supercon- 
ducting and normal phases. 

Expressing / in terms of H,, x, and D, the demag- 
netizing coefficient for a single superconducting fila- 
ment, we obtain 


IT x(i—n) 
~— [1+ 
Io (1—nx) 


(1—x)D 
(A-2) 
(1—nx) 


where D is assumed small and terms beyond the first 
power in D are neglected. Inserting (A-2) in (A-1) 


gives an expression for G to which we can apply the 


4 J. F. Cochran and R. Kaeser, Physica 33, 727 (1957). 
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equilibrium conditions 
(0G/0%)a,r=9, 
(0G/da) x, .=0, 


(A-3) 
(A-4) 


to determine the equilibrium values, x,, and dm, as a 
function of h. 
From (A-3) we obtain 


Xm = Xot €, 
where x9= (1—/)/n, and to first order 
h 2A ( 1 — 2x0) 
2nL a h 
and from (A-4), 
(1—29) (a/L)(adD/da)=2A/L. (A-6) 


The demagnetizing coefficient for an ellipsoid equiva- 
lent to a cylinder having a length to diameter ratio of 
L/2a is, following Stoner,‘ 

D= (4a°/L?)[In(L/a)—1], 
so that 


a(dD/da) = (4a?/L?)(2 In(L/a)—3]. 


Within the range of interest, 10-°<(A/L)<10-%, the 
disagreeable analytic properties of In(Z/a) may be 
by-passed by using the crude approximation 


a(dD/da)=12(a/L)”, (A-7) 


without making more than a 30% error in the correct 


AND D> iB: 
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equilibrium value of a. From (A-6) we now obtain 
Am/L=[6(1—x0) 4(A/L)4. (A-8) 


To first order in € the equilibrium value, G,,, may now 
be approximated as 


Gn= (H 2/8r)[1—nxP+7.3x0(1—a)#(A/L)*] 


4 


(A-9) 


The magnetization is now obtained from the relation 
I=(1/nH,)(0G/0x0), and the effective permeability, 
ute, becomes 


be=1—nxpt+ (4r/H,)I(1—n) 


7.3(1—n) (3—4x9) A\! 
6n (1—ap)I AL 


The effective demagnetizing coefficient, ”,, is given by 
the reciprocal of the slope of u., ie., 1/n-=du./dh 
= —(1/n)dp,/dxo. Since the validity of this treatment 
is limited to small values of wo (i.e., near ue=1) we 
evaluate du,/dxo in the limit as x» > 0 with the result 


that 

n 2.47A\! 

“=1+—(-). 

Ne n XL 

An alternate model of the intermediate-state struc- 

ture assumes the superconducting regions to consist of 
laminar strips of small thickness. The method of refer- 
ence 14 applied to this model always gives a higher 
value of G,, than is obtained for the filamented model 
treated in the foregoing. 


(A-11) 
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Mechanical resonance and antiresonance frequencies were measured on barium titanate single-crystal 


elements maintained under electric dc bias from —50°C to +150°C. 
and dielectric constants of the tetragonal modification at 25°C is obtained. 


A complete set of elastic, piezoelectric, 
The elastic compliances show 


substantial deviation from cubic symmetry. Measurements in the orthorhombic state show longitudinal 
compliance four times higher than in the tetragonal state. 


INTRODUCTION 


NOWLEDGE of the elastic constants of single- 

crystal barium titanate is required for any quanti- 
tative theory of ferroelectricity in this material. An 
early partial set of elastic constants at room tempera- 
ture was given by Bond, Mason, and McSkimin.' They 
found nearly cubic symmetry for the open-circuit 
elastic constants c?. This may, however, have been due 
to incomplete domain alignment, which is also indicated 
by a free permittivity €3;7 more than ten times that now 
generally found for good single-domain crystals.’ Devon- 
shire’ used power expansion of the free energy to derive 
a complete set of elastic, dielectric, and piezoelectric 
constants from the c? values of Bond ef al., from crystal 
axial ratios of Kay and Vousden,‘ and from permit- 
tivities e? and spontaneous polarization of Merz.? More 
recently Huibregtse, Drougard, and Young® gave a 
partial set of compliances, measured on high quality 
crystals, as functions of temperature. 

In the following, we give complete sets of elastic 
constants for the tetragonal crystal at 25°C and the 
cubic crystal at 150°C. Measurements were made under 
closely controlled conditions on selected crystals grown 
by the Remeika® method. Resonances were also ob- 
tained in the orthorhombic state which is stable below 
about 10°C, but since twinning at the transformation 
point cannot be avoided, our data on the orthorhombic 
crystal do not refer to a true single crystal. 

A complete set of piezoelectric constants for the 
tetragonal crystal at 25°C and partial piezoelectric data 
for orthorhombic crystals are also given. 


MEASUREMENT METHODS 


The elastic and piezoelectric constants of tetragonal 
crystals were determined from resonance and anti- 
resonance measurements. Bars and plates were cut 
with an abrasive wire saw from carefully selected 


* Supported in part by the Office of Naval Research. 

1 Bond, Mason, and McSkimin, Phys. Rev. 82, 442 (1951). 

2W. J. Merz, Phys. Rev. 76, 1221 (1949). 

3A.F. Devonshire, Phil. Mag. 40, 1040 (1949); 42, 1065 (1951). 

4H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 

5 Huibregtse, Drougard, and Young, Phys. Rev. 98, 1562(A) 
(1955). Curves were reproduced by W. Kinzig in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1957), Vol. 4, p. 50. 

6j. r. Remeika, J. Am. Chem. Soc. 76, 940 (1954). 


portions of barium titanate crystals. All measurements 
except those in thickness shear were made with a 
maintained electric bias field of 10 kv/cm. All test 
specimens were first poled at 10 kv/cm while being 
cooled from 120 to 50°C. (The term ‘‘to pole’’ describes 
the process of imparting remanent polarization to 
multidomain ferroelectric crystal or ceramic by treat- 
ment in a dc electric field.) This poling treatment was 
found necessary, since otherwise the maintained 10 
kv/cm bias field was not always sufficient to remove all 
90° and 180° twinning. 

The elastic compliance s;,” was obtained from reso- 
nance frequencies of bars elongated in the [100] 
direction with thickness along [001 ] [ Fig. 1(a) ], using 
the relationship 


E 


$11" =1/(4pN 2’), (1) 


where p=density in kg/m* and Nr=resonance fre- 
quency constant in cycle meters/second. 

The elastic compliance s}2” was obtained from s)," 
above and the resonance frequencies of square plates 
oriented with sides along [010] and [100] [Fig. 1(c) ]. 
The frequency constant for the extensional “‘breathing”’ 
mode of a square plate was given by Ekstein’ as follows: 


1 8 Si2 
Net ——|1+(1-=)(—-) (2) 
40(s11+512) SutSi2 


An isolated mode is obtained with barium titanate, 
since his conditions, 53;= 522 and 533= 5o9=0, are met. 


Bo TiOs Crystal 


(0)Ber [Od)Squore Plate [lid]Bar 
(b) (c) (d) 


‘a Qi 


{/'0) Square Plate 
(e) 


NS ie 


fog Bor 


—— Ep = Poling Field 


——--*E,= Signal Fiel 
Shear Resonator pane 
(f) 


Fic. 1. Barium titanate crystal plate, showing orientation of test 
specimens for resonance measurements. 


7H. Ekstein, Phys. Rev. 66, 108 (1944). 
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TABLE I. Measured frequency constants at 25°C. 


Specimen 


[100] bar 


i bar 


100] square plate 
[110] square plate 
[100] square plate 
[100] square plate 
[100] plate 

(side-electroded ) 
[100] plate 


(side-electroded ) 
[001] bar 


Mode 


Transverse expander 
Transverse expander 
“Breathing” 
extensional 
“Breathing” 
extensional 
Thickness expansion 
fundamental 
Thickness expansion 
3rd harmonic 
Thickness shear 
fundamental 
Thickness shear 
3cd harmonic 
Longitudinal 


Cycle 
Na 


2365 
3060 


2920 
2940 
2710 
8170 
2090 


5510 


meters/second 
Nr Na/n 


2275 
2862 
2640 
2690 


2360 


1805 


expander 1960 1670 


To obtain the shear compliance 5¢5, an elastic compli- 
ance $;;'” was determined from the resonance frequency 
constants of bars oriented with length along [110] 
[ Fig. 1(d)]. In terms of unrotated compliances, 


Si = 351 +-3512+ J 506. (3) 


The stiffness c3;? was determined from overtones of 
the antiresonance frequencies of square plates with 
thickness along [001 ] [ Figs. 1(c) and 1(e) ], 


C332 =4pN 4? n?, (4) 


where n=order of harmonic and V4=antiresonance 
frequency constant. 


TaBLE II. Elastic, piezoelectric, and 
dielectric coefficients at 25°C.* 


Devonshire 
crystal values 
11.2 
23.2 
—1.3 
—8.2 
54 
8.1 


Ceramic 


D 90S Bw 00 o0 
Te wu 


ww | 
Se Bw wronoin 
Do 


| 
Ln 
oO 


—1.95 


_ 
oo 
w 


e117 /€ 1436 
€337 /€0 1680 
€115/€0 1123 
1256 
270 
—79 
91 : 
18.8 
—4.7 
11.4 
0.208 
0.494 
0.466 


€335/€0 


dis 
ds 
d33 
£15 
831 
833 
ka 
ks 
his 


392 

— 34.5 
85.6 
15.2 

— 23.0 
57.5 
0.315 
0.560 
0.570 





* sin 10-2 m?/n; d in 10-2 coul/n; g in 10~* volt m/n. We use mks units; 
1 n =1 newton=105 dynes. 1 coul/n =1 volt/m =3 X10‘ esu, 
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The fundamental antiresonance frequencies of [001 ] 
bars [ Fig. 1(b)] were measured to obtain 533”. In this 
case, the ¢ direction was oriented along the length of 
crystal bar by the poling process. This introduces some 
strains in the crystal, since most domains are oriented 
with c parallel to the thickness of the crystal plate as 
grown. The antiresonance frequency constant for this 
case gives 
5332 =1/(4pN 22). (5) 
The shear compliance s4,? was obtained from over- 
tones of the antiresonance frequencies of plates with 
thickness along c, but electrodes on edges perpendicular 
to an a axis [ Fig. 1(f) ]. Test plates were first poled to 
eliminate domain twinning; the poling electrodes were 
then removed and new electrodes were placed on 
opposite edges perpendicular to a. The equation for 


this case is 
1 


D a» 


=—_— < (6) 
(4pN 4?/n’) 


S44 


The coupling coefficient ks; was obtained from the 
resonance and antiresonance frequencies of [100] bars 
[ Fig. 1(a) ] by using the relationship* 


ks" T F, TT AF 
enn GI me ‘tan(* —), where AF=F4—Fr. (7) 
1—k:;;° 2 Fr 2 Fr 


The coupling coefficient 3; was obtained from the 
resonance and antiresonance frequencies of [001] bars 
by using the relationship 


(8) 


The shear coupling coefficient ky; was determined 
from a measurement of the free and clamped capaci- 
tances of plates with thickness along c and electrodes on 
edges perpendicular to an a axis [ Fig. 1(f)] by using 
the relationship 


(9) 


€15= e117 (1— Ais’). 


The constant-field compliances s3;” and sq,” were 
determined from s33? and s44”, respectively, as follows: 


(10) 
(11) 


$33" = $33? (1 - k33°) ; 
$44” = S44? /(1— Ris’). 


The constant-charge density compliances s,;? and 
Sig? were obtained from s,," and 5,2" by the relations?’ 


Sux? = (1h? )511*; (12) 
(13) 


$12? = $19" — Rss". 
8W. P. Mason, Piezoelectric Crystals and their A pplication to 
Ultrasonics (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950), p. 66. 
®The relationships (13), (20), and (21) are derived in the 
appendix. 
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The piezoelectric constants were determined from 
the respective coupling coefficients, compliances, and 
permittivities as follows: 


£31= Rgi(Sir”/€337)}, 
£33= k33(S33”/€337)), 
815= Ris(Saa”/er17)!, 
(17) 
(18) 


(19) 


d3\= €33’ £31, 

d33 ss €337 £33, 

d\5= €117 £15. 

For both constant-field and constant-charge density 

conditions, all values in the s matrix except 5:3 have now 

been determined, and in addition ¢3;? is known. From 

the constant-charge density matrix and c33?, a value for 
$13? was calculated. s,;” was then obtained by’ 


Si3% = $132 + g33d 1. 


The clamped permittivity €335 was measured directly, 
and was in addition derived from the free permittivity 


(20) 
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€337, the piezoelectric constants ds; and d33, and the 


elastic compliances 513”, 533”, 51:%, and S12” as follows’: 


2d 317533" + d33°(s 1 E4 S12 ) — 4d 31d 3351 3 6! 


(S11 ° +512”) 533” — 2(513”)? 


- 
€337 — ss =— 


(21) 


The elastic compliances 51;,512, and sq, of the cubic 
crystal were determined by measurements of the 
fundamental resonance frequencies of [100] bars [ Fig. 
1(a) |, [110] bars [ Fig. 1(d)], and [100] square plates 
[ Fig. 1(c) ] above the Curie point, by using a maintained 
bias field of 10 kv/cm. In this case, Eqs. (1) to (3) give 
a complete set of elastic constants for the cubic crystal. 
With this bias at 150°C, piezoelectric coupling is so 
weak that resonance and antiresonance practically 
coincide. 

Data on orthorhombic barium titanate were largely 
obtained on [100] and [110] bars. Measurements were 
again made under maintained bias. Elastic compliances 
have not been calculated from the resonance and anti- 
resonance frequencies, but piezoelectric coupling coeffi- 
cients were obtained upon assuming @ simple transverse 
expansion [Eq. (7) ]. 


PIEZOELECTRIC 


COEFFICIENTS 
TABLE III. Frequency constants at 150°C. 
Nr 
cycle meters/second 


2230 
2845 
2650 


Test specimen 


[100] bar 
[110] bar 
[100 } square plate 


RESULTS’ 

Average frequency constants of the various bars and 
plates at 25°C are listed in Table I. The third harmonic 
of the thickness expansion of the [100] square plates 
occurred at about 21 Mc/sec, and it was not possible to 
detect any higher-order harmonics. The value obtained 
from the third harmonic was therefore used in calculat- 
ing ¢33? [Eq. (4) ]. It was also not possible to detect any 
higher order harmonics with the thickness shear mode, 
so the value obtained from the third harmonic was used 
in calculating s44? LEq. (6) ]. The free and clamped 
permittivities €:;7 and ¢,,% were measured on plates 
with thickness along c, but electrodes on edges perpen- 
dicular to one of the a axes. In this case, the funda- 
mental resonance frequency was at about 4.8 Mc/sec. 
The free capacitance was measured at 1 Mc/sec, and the 
clamped capacitance was determined from measure- 
ments in the range 20 to 30 Mc/sec. Free and clamped 
permittivities €33;7 and e338 were obtained on face- 
electroded [100] plates. The free capacitance was 
measured at about 1 Mc/sec, and the clamped capaci- 
tance was determined from measurements in the range 
25 to 45 Mc/sec. 

Values for all compliances at constant-field and 
constant-charge density are listed in Table II. Permit- 
tivities, piezoelectric constants, and coupling coefficients 
are also listed in this table. Values compiled by Bech- 
mann” for polycrystalline ceramic barium titanate are 
shown for comparison. 

Table III lists average values of measured frequency 
constants at 150°C, and Table IV shows the com- 
plete compliance matrix of the cubic crystal at this 
temperature. 

Figure 2 shows the lemperature dependence of the 
fundamental resonance frequencies for [100] and [110] 
bars and [100] square plates in the range 25 to 150°C. 
It will be noted that the compliances all become much 
greater near the Curie point. The temperature depend- 
ence of the fundamental resonance frequencies for [100] 
and [110] bars in the range 25 to —40°C is shown in 


TABLE IV. Elastic constants of cubic crystal at 150°C 
in units of 10~" meter?/newton. 


Experimental Devonshire 


$11 = 8.33 9.1 
Sig= — 2.68 —3.2 
Sqq2= 9.24 2 


1 R. Bechmann, J. Acoust. Soc. Am. 28, 347 (1956). 
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Fig. 3. At the tetragonal-orthorhombic transition the 
resonance frequencies drop very sharply. Piezoelectric 
coupling data, obtained from resonance and anti- 
resonance frequencies by assuming a simple transverse 
expansion in the orthorhombic as well as the tetragonal 
crystal, are plotted in Fig. 4. 

It will be noted thai at 25°C the coupling coefficient 
ks, for the [100] bar and ks,’ for the [110] bar differ 
(Fig. 4). As we have already seen, the elastic compliance 
is not single-valued in the (001) plane, i.e., suxsq’. 
The piezoelectric constants are, however, single-valued 
in the (001) plane, i.e., ds:=ds;’. We may write 


k3°= gids su” and ksi?=gsidsi 51, (22) 


Therefore, 
ks? =k." /s11 *, (23) 
or 
ksi’ =RsN r'/ Nr. (24) 
A comparison of Figs. 3 and 4 indicates that these 
data fit the requirement of Eq. (24). 
A determination of Poisson’s ratio for a [110] bar is 
rather interesting, since it leads to a negative value. 


One has 
$12’ = 451 +4512—}5¢6= +0.63X10-" m*/n, (25) 


o/ F=—s,,/# $11/2 = —0.63 5.06= —0.124. (26) 


A similar negative value is found for the cubic crystal 
(Table V). 

As a check on the elastic constants in the (001) plane, 
we can use Ekstein’s relationship to predict the reso- 
nance frequency of a [110] square plate from our values 
of sy)’ and s2’¥. In this case, the predicted value of 
Ne is 2715 cycle meters/second compared to a measured 
value of 2690 (Table I). The lack of exact agreement 
may be attributed to variations in crystal quality, 
imperfect dimensions of individual plates, and the use 
of an approximate expression relating 5;; and sj2 to the 
frequency constant of a square plate. It should be 
pointed out that values of piezoelectric coupling ks; for 
expander bars were quite variable from one specimen 
to another. Highest values are listed, since these are 
considered most representative for a true single-domain 
crystal. Differences in k3; were connected with variation 
in the antiresonance frequency constants, while reso- 
nance frequency constants showed little variation be- 
tween samples. Measuremenrs were made on four or 
five specimens each of [100] bars, [110] bars, and [100 ] 
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square plates. Standard deviations from mean values of 
Nr were, respectively, less than 0.5%, 0.5%, and 0.9%. 
Only two or three specimens each were used for determi- 
nation of resonances on [001] bars and side-electroded 
[100] bars (thickness shear). Variations in N4 and 
N4/n respectively were less than 1%. Measurements 
of ¢3;? were made on only two plates, and N4/n was 
nearly identical for these. 

It will be noted that the value for €33”/€335, calculated 
from measured values of d3s, ds1, $12”, 511%, 533”, and 513%, 
agrees quite well with the measured value (Table II). 
Since 5,3” was calculated from all the other elastic and 
piezoelectric constants (except shear), we must consider 
our value for it the least reliable of the elastic data. The 
good agreement between the measured and calculated 
values of €33”/€33% serves, then, as a confirmation of the 
value for 513”. 

The elastic constants of single-crystal barium titanate 
were found to exhibit aging effects after poling similar 
to, but smaller than, those in the ceramic. Typical 
data for the crystal are shown in Fig. 5. These data 
were taken with a signal field of only two millivolts/mm 
and without a bias field; the crystal was not touched 
during the aging period. Even very slight mechanical or 
electric stress can cause rather severe changes in reso- 
nance frequencies after removal of the poling field; 
with a bias field such effects are largely absent. It 
appears that the aging process is due to stress relief by 
re-establishment of some 90° twinning. 


DISCUSSION OF RESULTS 


A comparison of elastic data for the single crystal and 
the polycrystalline ceramic readily indicates that the 
anisotropy of the crystal far exceeds that of the poled 
ceramic. This may be ascribed to the averaging due to 
random orientation in the ceramic. The poled ceramic 
has isotropy in the (001) plane, while comparison of 
Tables II and V shows that the single crystal has large 
anisotropy in this plane. We can calculate the elastic 
constants of the unpoled ceramic from the elastic 
constants of the single crystal. As Devonshire* has 
pointed out, this average can be taken over any one of 
the matrices s¥, s?, c?, or c®. We chose to average over 


fod) Bar [1 BAR 








r?) ee ——_—— 
-40 -20 Oo 20 40-40 -20 0O 20 40 
°c 


Fic. 4. Temperature variation of the transverse coupling 
coefficients ks; and ks:’ for [100] and [110] bars through the 


tetragonal-orthorhombic transition. 





ELASTIC AND 
s®, since local piezoelectric fields in the unpoled ceramic 
should largely cancel. This is borne out by experiments 
of Moseley,’ who found that the isotropic compliance 
of the unpoled ceramic is much closer to 51,” and 533” 
than sy,” or 533? of the poled ceramic, and Marutake 
and Ikeda,” who showed that sy for the isotropic 
ceramic is closer to 544” than S42. The averages are 
taken as follows; using relationships derived by Voigt": 


§n1= (1 5) (2syi+533)-+ (2 15) (2533 +512) 
+(1 15) (2544 +5e6), (27) 


Si2= (1/15) (254,-+533)+ (4/15) (2513+ 512) 
—(1 30) (2544+ 566), (28) 

with 

844= 2(811— S12). (29) 
Resulting calculated values, s;;=7.69, s;.=—2.82, and 
$44= 21.0, all in 10-" m?/n, are in fair agreement with 
Bechmann’s” s¥ for the poled ceramic and hence by 
references 11 and 12 with experimental s-values for the 
unpoled ceramic. The fact that the poled ceramic at 
constant E£ is not far from elastically isotropic indicates 
that 90° domain switching plays a relatively small part 
in the poling process. 

The elastic data tabulated in Table II allow some 
conclusions regarding the bond structure in barium 
titanate. In both the cubic and tetragonal crystal, the 
compliance is considerably higher along [100] than 
[110], indicating that the Ti-O chains are much more 
compliant than the Ba-O chains. This is confirmed by 
the high cross-contraction for [100] stress. 

In the tetragonal crystal, ss; is much higher than s), 
even at constant D, probably due to weakened bonding 
between the titanium and the farther removed oxygen. 
The remarkably high compliances 544” and s44? reflect 
the loosening of the BaO network in the (100) plane, and 
perhaps indicate the spontaneous shear in this plane at 
the transition to the orthorhombic phase. 

Table II includes the constants calculated by Devon- 
shire.’ Devonshire’s elastic constants show the type of 
anisotropy found by our direct experiments, but to a 
much greater degree. Exact validity of Devonshire’s 


TABLE V. Coefficients for coordinate system rotated 45° 
around Z axis, in units of 10°" m?*/n. 


Cubic 
150°C 


‘me: 


retragonal 
25°C 
si/* 5.06 
$1/P 4.25 
$i2/F +0.63 
$2/? —O0.18 
See. 20.8 
ky’ 0.399 


+0.51 
11.3 


4D. S. Moseley, J. Acoust. Soc. Am. 27, 947 (1955). 

2M. Marutake and T. Ikeda, J. Phys. Soc. Japan 12, 233 
(1957). 

SW. Voigt, Lehrbuch der Kristall physik (B. G. Teubner, Leipzig, 
1910), p. 963. 
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Fic. 5. Aging of the 
resonance frequency con- 
stant and AF/F z for a 
prepoled barium titan- 
ate crystal disk. 
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treatment of elastic constants can hardly be expected, 
however, since his formalism does not take cognizance 
of the geometric changes at the Curie point, which 
include three independent atomic parameters.'* More- 
over, the experimental data available to Devonshire 
were obtained on rather imperfect crystals. 

If we regard the piezoelectric effect as an electro- 
strictive phenomenon of the combined applied signal 
and spontaneous polarization of the tetragonal crystal, 
the piezoelectric coefficients g;; and gs; may be ex- 
pressed as 
(30) 


(31) 


OS; OP3=833= 2P 3433, 
2P 


OS,/OP3= g31= 2P3us1, 
where #33 and #3; are the electrostrictive coefficients of 
the cubic crystal with P as independent variable. The 
coefficients “33 and #3; can be obtained as the ratios of 
spontaneous strains of the tetragonal crystal as meas- 
ured by Kay and Vousden‘ to the square of the spon- 
taneous polarization.'> We obtain 


U33= S3 P=0.0075 (0.26)?=0.111 m?! coul’, (32) 


43,;= S,/ P= —0.0030/ (0.26)?= — 0.044 m!4/coul?, 


£33= 58X10 volt m/n, (33) 


gs1= — 23X10" volt m/n, 


in excellent agreement with Table IT. 

The exceptionally high piezoelectric coupling in the 
orthorhombic state (Fig. 4) is striking and is indeed very 
surprising in view of the fact that the driving and bias 
fields are in the [001 ] direction, while the polar axis is 
now [011]. This orientation of the polar axis was first 
indicated by Forsbergh'® and by Kay and Vousden,* 
and it was recently confirmed by Jona and Pepinsky'’ 
and by Shirane, Danner, and Pepinsky.'* Cook, in our 
laboratory, obtained a further proof by x-ray diffraction 
studies on ceramic barium titanate. He showed that the 
longer face diagonal of the orthorhombic phase is 
oriented preferentially parallel to a high applied electric 
field. 


44 Shirane, Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 
1738 (1955). 

16 W. J. Merz, Phys. Rev. 91, 513 (1953). 

16 P, W. Forsbergh, Phys. Rev. 76, 1187 (1949). 

17 F, Jona and R. Pepinsky, Phys. Rev. 105, 861 (1957). 

18 Shirane, Danner, and Pepinsky, Phys. Rev. 105, 856 (1957). 

19 W. R. Cook, Jr. (private communication). 
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At a preliminary state of the present work, the 
authors” tried to explain the remarkably high piezo- 
electric coupling observed in the orthorhombic state by 
assuming that the polar axis in the orthorhombic 
symmetry remained parallel to a cube edge [001]. 
Another argument was disappearance of the longi- 
tudinal resonance on [100] bars at the transition to 
the orthorhombic state. Later on we found a strong 
resonance at less than one-half the longitudinal reso- 
nance in the tetragonal state (Fig. 3). This astonishing 
drop in resonance frequency, corresponding to an 
increase by more than a factor of four in compliance 
Su, is well established by measurement on four 
specimens, and should be accounted for by any theory 
of the orthorhombic state. 


APPENDIX 


The relations between elastic, piezoelectric, and 
dielectric constants used in this paper follow from the 
standard piezoelectric equations.” By introducing the 
symmetry of crystal class 4am=C4,, we have 


Si = S127 +5128 T24+513"T3+dyi Es, (34a) 
So=S12®Ty +511" T24+513"T3+dsEs, 
S3= 51371 +513" T 24533" T 3+ 33Es, 
S4= Sag” Tyt+day Eo, 

Ss= Sa" T5+duE, 

Se= Se6l 6, 

D,=duT5+ e117 Ey, 

Dy= dT 44+ €11:7 Ed, 

D3=d3:T 1+ 3:1T 24-337 34+ €537 Es. 


(34b) 
(34c) 
(34d) 
(34e) 
(34f) 
(34g) 
(34h) 
(34i) 


The relations (13), (20), and (21) follow from the 
set (34) by considering specific combinations of the 
variables. First, we apply stress 7, with 7;=7\=0 


*” Berlincourt, Jaffe, and Shiozawa, Bull. Am. Phys. Soc. Ser. IT, 
1, 132 (1956). 

21 Referred to cubic axes. 

2 TRE Standards on Piezoelectric Crystals (Institute of Radio 
Engineers, New York, 1949). These Standards were printed in 
Proc. Inst. Radio Engrs. 37, 1378 (1949). 
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with electric charge density constant. Equations (34a) 
and (341) then become 
Si =512®T2+d3E;, 
O= ds) T2+ €33’ Es, 
whence 
S1= $32" T2—d3T2 €33", 
and (13) is obtained in the form 


(13’) 


Ae fj ee ene 2 ee E 2¢..E 
Sy} T2=S12 = >is —d3; €33 = 3512 — Rss 


Next we consider applied stress 7; with T,;=7T.=0, 
again at constant charge density. In this case, from 
(34a) and (34i), 
Si= 513" T34+dyiEs, 
0= d331'3+ €337 E3, 
whence 
S; = $13°T3— (d3:d33 €337 ) T3, 
and (20) results in the form 
S1/T3= 513? = 513" — did 33/ €337 = $13" — gssdai. 
Finally, we apply a field E; to a totally clamped crystal, 
Si =S.=5;=0. Equations (34a) and (34b) then require 
T,=T». This reduces the set (34) to 
O= (51. +512") T14+513°T3+dsi Es, 
O= 2513"T1+ $33” T3+d33E3, 


D; = 2d; Ti+ d337'3+ €337 Es. 


(35a) 
(35b) 
(35c) 


Also, by definition 


€335 = D;/E3. (36) 


By substituting (36) in (35c), one finds 


€335 = 2d3:T) E3+d33T3 E;+ €337. (37) 


Then by solving the simultaneous equations (35a) and 
(35b) for 7,/E; and 7;/E; and substituting into (37), 
one obtains Eq. (21). 
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The free energy of a two-domain cube of iron is considered with and without an applied magnetic field. 
It is shown that the two-domain configuration may exist only beyond a certain critical size (200 A), that 
the wall characteristics are size dependent and that their values are substantially different from the values 
assumed in bulk material. Moreover, magnetization by wall motion is shown to be a “‘hard process.” 


I. INTRODUCTION 


HE magnetic behavior of large multidomain 

particles is similar to that of bulk material. We 
therefore reserve the name of multidomain particles to 
those particles that are too large to be single-domain 
and too small to contain more than a few domains 
(i.e., two or three). The study of these particles raises 
some basic problems in ferromagnetic theory, and some 
of the questions long settled for bulk material reappear 
in a new and more complex form due to the greater 
role of the magnetostatic energy. Some of these ques- 
tions are: What are the width and energy per unit area 
of the walls in the multidomain particles? How do these 
properties depend on particle size and shape? What is 
the magnetization mechanism in these particles, or 
more specifically, can wall motion still be considered as 
an “easy process”? Directly related to these questions, 
are the problems of inertia, viscosity, and motion of 
the wall in high-frequency fields. 

We consider in this paper some of the questions 
raised above, confining ourselves to the two-domain 
cube. Brief preliminary investigations'? have already 
suggested substantial differences between the wall 
properties in bulk material on one hand, and thin films 
and fine particles on the other hand. We undertake 
here a more systematic and more complete study. In 
part II, we outline the methods used in computing the 
magnetostatic energies involved in the subsequent 
parts. These methods are based on a paper by Wright,* 
extended and corrected by Rhodes and Rowlands,‘ 
hereafter referred to as RR. The essential results of 
the latter paper are summarized in Appendix A. We 
have recast and extended some of these results in a 
form more suitable for our needs. In part III we analyze 
the characteristics of a wall in a two-domain cube of 
iron, the size dependence of these characteristics, and 
the criteria for the existence of such a two-domain 


* This research was supported in whole or part by the U. S. 
Air Force under a contract monitored by Aeronautical Research 
Laboratory, WCRRL, Wright Air Development Center. 

1L. Néel, Compt. rend. 241, 533 (1955) ; Jan Kaczer, Czechoslov. 
J. Phys. 6, 310 (1956). 

2H. Amar, J. Appl. Phys. 28, 732 (1957). 

3C. E. Wright, Phil. Mag. 10, 110 (1930). 

4P. Rhodes and G. Rowlands, Proc. Leeds Phil. Lit. Soc., Sci. 
Sect. 6, 191 (1954). 


configuration.’ In part IV we calculate the character- 
istics and the position of the wall in presence of an 
applied field. 


II. MAGNETOSTATIC ENERGIES 


We start out by defining an “effective demagneti- 
zation factor.” Let FE, be the magnetostatic energy of 
a body of volume 2 of arbitrary shape uniformly mag- 
netized in some direction x, the magnetization density 
being designated by J. We define the “effective de- 
magnetizing factor” V, by the equation 


E,=0(3N,J*), or Nz=2E,/vl’. (1) 


This average energy definition disregards entirely 
the field distribution and reduces to the standard 
definition when the shape of the body is ellipsoidal. 
Moreover, the effective demagnetization factors along 
three mutually perpendicular directions satisfy the 
relationship 

Nit N,+N.=41, (2) 


just as in the classical case of the ellipsoid. The proof 
of this (or a similar) relation has been independently 
established by several authors (in particular, Brown 
and Morrish,® Rhodes,’ and the author). It is to be 
noted however, that the only published proof, that of 
Brown and Morrish, applies only to cases where the 
demagnetizing field H is uniform, and this reduces 
considerably the generality of relation (2). The proof 
that we give in Appendix B makes absolutely no 
assumption on the demagnetizing field distribution. 
Using the relations in Appendix A, we calculate the 
magnetostatic energy /, of a rectangular parallelepiped 
of dimensions a, b, c uniformly magnetized along the 
c direction. This energy is made up of the self-energy 
of two “charged” rectangular areas and of their inter- 
action energy. This leads us to the following result : 


E.= 021g (b/a,c/a) = 210g (p,q), (3) 
and the corresponding demagnetizing factor: 


N.=4g(b/a,c/a)=4g(p,q), (4) 


5 The results of part III and their derivation were reported at 

the Washington Conference on Magnetism and Magnetic Ma- 

terials, November, 1957 [H. Amar, J. Appl. Phys. 29, 542 (1958) ]. 
6 W. F. Brown and A. H. Morrish, Phys. Rev. 105, 1198 (1957). 
7 P. Rhodes (private communication). 
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TABLE I. The function g(p,g) =[F(p,0) —F (p,q) ]/pq. 


0.2 0.3 


0.7 0.8 0.9 


1.0 1.1 





1.0261 
1.4321 
1.6655 
1.8172 
1.9233 
2.0016 
2.0622 
2.1100 
2.1488 
2.1810 
2.2077 


where v=abc, p=b/a, g=c/a. Similar expressions for 
E., Ey may be obtained by cyclical permutation of a, 
b, c. We have introduced a new function g(p,g) expressed 
in terms of RR functions by the equation 


g(p,9)=LF(p,0) — F (p,q) ]/ pg. 


The introduction of this function is justified by its 
important physical meaning as proportional to the 
magnetostatic energy and the demagnetization factor. 
Equation (A5) shows the elaborate computations 
involved in evaluating g(p,g). These computations 
have been considerably reduced by using two properties 
of the function g(~,g). These properties, obtained by 
simply transcribing Eqs. (A4) and (2), are, respectively, 


g(p,g)=a(p gp") 
g(p,q)+e(g,p)+8(pg |g’). 


Inspection of these properties shows that if g(p,g) is 
known over the “unit square”: 0<p<1, 0<q<1, its 
value for any pair of positive values of p,q can be simply 
derived. Table I gives g(p,g) over the “unit square.” 
The energy of a rectangular block uniformly mag- 
netized in a direction defined by its direction cosines 
a, 8, y (with respect to axes parallel to a, 6, c) can be 


(5) 


(5a) 


(5b) 




















Fic. 1. (a) Charged rectangular areas, energies given in Appendix 
A; (b) parallelopiped partitioned in two antiparallel domains. 


0.3703 
0.5758 
0.7244 
0.8393 
0.9313 
1.0065 
1.0693 
1.2135 
1.1680 
1.2072 
1.2416 


0.3352 
0.5238 
0.6616 
0.7691 
0.8560 
0.9277 
0.9880 
1.0393 
1.0835 
1.1217 


1.1555 


0.3062 
0.4804 
0.6088 
0.7097 
0.7918 
0.8600 
0.9178 
0.9672 
1.0099 
1.0472 
1.0800 


0.2818 
0.4435 
0.5636 
0.6586 
0.7363 
0.8013 
0.8565 
0.9041 
0.9453 
0.9815 
1.0134 


0.4139 
0.6392 
0.8002 
0.9231 
1.0204 
1.0993 
1.1646 
1.2194 
1.2661 
1.3061 
1.3409 


determined from considerations in the appendix and 

in this section. It is 

E(a,8,y) = 201*{a?g(p/9,1/¢) +872 (9,p) +7'2(p,9)}, 

and the corresponding demagnetizing 

N=2E/vI. For a cube (p=q=1), 
E=2v]*g(1,1) = fel x, 


(6) 


factor is 


N=4r, (7) 


which shows complete isotropy. For a parallelepiped 
with square cross section (a=) uniformly magnetized 
in a direction making an angle J with the c axis, the 
magnetostatic energy is 


E= 2v]*{ g(g,1)+sin*9[g(1,¢) —g(qg,1) J}. 


We conclude this section by considering a rectangular 
block of dimensions a, b= pa, c=ga partitioned by 
two planes perpendicular to edge 6 in three uniformly 
magnetized sub-blocks of respective widths: ga, na, fa 
[Fig. 1(b)]. The energy is made up of the respective 
energies of the three blocks and of the interactions 
between blocks. The interaction between the middle 
block and an end block may be shown to be zero, due 
to obvious cancellations. The only interaction left is 
that between the two antiparallel blocks, and it can be 
calculated with the help of Eqs. (A3), (5). The resulting 
expression for the energy Ey is 


Emu /2a°I?= g{ — pg(p,q) — ng (0.g) + (E+n)g(E+n, 9) 
+(ntO)e(nté, g+églég+he(F.9) 
+ng(n/q,1/q)}. 


(8) 


(9) 


III. TWO-DOMAIN CUBE IN THE ABSENCE 
OF AN APPLIED FIELD 


Consider a cubic single crystal of iron, whose edges, 
parallel to the easy axes of magnetization ([100] 
directions) have'a common length a. The cube is 
assumed to composed of two ferromagnetic domains 
separated by a 180° wall of width y=na. For symmetry 
reasons the two domains will be of equal width. Subse- 
quent analysis (part IV) will confirm this fact. The 
total magnetic energy is made up of two parts, the 
magnetostatic energy Ey and the wall energy Ey (sum 
of magnetocrystalline and exchange energies). Using 
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the same reducing factor 2a*/? as in the preceding 
section, we may write the total “reduced” energy as 
e=eutew. The term ey is found to be 


1+7 
éu= (1s) +(1+n)(- i 1) 


1—n 
+(1—ne( 1). (10) 


The derivation of this result and the detailed calcu- 
lations have been published elsewhere.’ The results are 
summarized in Table II and in Fig. 2. They indicate in 
particular that below the critical size of 200 A the 
single-domain behavior is energetically more favorable, 
and describe the size dependence of the wall character- 
istics. 


IV. TWO-DOMAIN CUBE WITH AN APPLIED FIELD 


We now proceed to analyze the effect of an applied 
field H on the width, energy, and displacement of the 
wall in a two-domain cubic particle in order to gain 
some understanding of the magnetization mechanism 
of multidomain particles. The field intensity adds to 
the variables of size, shape, wall width, etc. We shall 
therefore eliminate the shape and size factors by 
choosing a cube of edge a=400 A. The preceding 
analysis shows that in the absence of an applied field, 
the cube is divided into two equal antiparallel domains 
separated by a 180° wall of width 160 A approximately. 
The effect of an applied field will be to change the 
widths of the wall and of the domains. If one assumes 
the field H parallel to the magnetization density in one 
of the two domains, the width x= éa of that domain 
will be larger than the width z=¢a of the other domain. 
If y=na designates again the wall width, then 
x+y+z=a. The total energy may now be considered 
as a function of the three variables, x, y, H or &, n, H. 
For a given value of H the “reduced” energy will, be 
made of two parts: (a) the sum e+e of the magneto- 
static and wall energy which does not contain H 
explicitly, and (b) the energy ey of interaction between 
the particle and the field. Thus, 


e(&,n,H) =em (En) tew(n) ten (én). (11) 


The wall energy ¢.(n) is the same function as that 
used in the case (7=0). The magnetostatic energy 
may be obtained from formula (9) by setting p=q=1. 
It is found to be: 


em = —g(1,1)+ (&+n)g(E+n, 1)+ (nt+$)g(6+9, 1) 
+ég(é1)+ee(F,)), 


with &+n+{=1. The interaction energy between the 
wall and the applied field is zero provided the spin 
orientations are symmetrical about the median plane 
of the wall. Thus, the only interactions to be considered 
are those of the two domains with the field. The 


(12) 
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TABLE IT. Size dependence of the wall characteristics of a cubic 
two-domain iron particle. Columns 3, 4 give the width ymin and 
the energy omin (in erg cm™*). Columns 5 and 7 give the fraction 
of the total energy taken by the wall and its relative width. 
Column 6 gives the ratio of the energies of the two-domain cube 
and of the same cube uniformly magnetized. 


5 6 
Ew Enis 
a (A) émin ¥Ymin (A Emin E. 


300 0.840 145 3.5 0.238 
400 0.740 160 0.188 
500 0.690 175 0.145 
600 0.655 190 0.122 
800 0.620 205 0.094 
1000 0.595 225 0.067 


0.707 
0.659 
0.625 
0.592 
0.568 


interaction energy density is -}/H in the ‘x domain” 
and ‘‘z domain,” respectively. One thus obtains for 
e¢z=> Eu '2a°J?: 


en= (1—2£—n)H/41=1.705X10-4(1—2¢—)H. (13) 


O<é n, &+n<1, the absolute value of 


Since 0<§, 


- (1—2£—n) cannot exceed unity. In tabulating e or eg 


for a constant value of H, one must confine oneself to 
values of , n, satisfying £+n<1. A simple computation 
gives em, €w, en for every set of values of & 7 
(€,n=0, 0.1,0.2,---,1). Thus, the total energy 
e(H,é,n) is calculated in tables with two entries, and 
its minimum approximately located. It is found that 
for relatively small values of H (of the order of 100 
“static minimum” remains practically 
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Fic. 2. Reduced energy e per unit volume of a cubic two-domain 
particle as a function of the wall width y(=na) for various values 
of the size parameter a. 
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Fic. 3. Initial magnetization curve of a two-domain cube based 
on six calculated points and extrapolated for H >4000 oersteds. 
The illustration shows the position and thickness of the wall for 
increasing values of the applied field H. 


unchanged. The tables have been computed for the 
following values of H: 500, 1000, 2000, 3000, and 4000 
oersteds. 

Table III summarizes the results of these compu- 
tations giving for each H value, the position and width 
of the wall, the relative size of the two domains, and 
the specific magnetization tg=/4/I=&—€. 

Figure 3 illustrates the results of the table, showing 
how the wall position and width vary with the applied 
field. In the same figure an “initial” magnetization 
curve is sketched, using the data in the table, and is 
extrapolated for H>4000 oersteds. (For H 24000 
oersteds the second domain vanishes and the assump- 
tions underlying our computation break down.) 

The most striking result is that it takes a relatively 
strong field, H=500 oersteds, to move the wall even 
by a small amount and a very strong field, H>4000 
oersteds, to get rid of the wall and saturate the particle. 
This implies that in these particles, magnetization by 
wall motion is a hard process in contrast with the wall 
behavior in bulk ferromagnetic samples. In this par- 
ticular case the contrast is even stronger. Equations 
(6) and (7) show that the energy of a uniformly 
magnetized cube is independent of the magnetization 
direction and magnetization by rotation is a perfectly 
easy process. But this latter result holds only when 
N,=N,=N.. 


CONCLUSION 


The analysis of the energy and domain structure of 
a two-domain single-crystal cube of iron has been used 
to show, in small multidomain particles: 


(a) The wall characteristics may assume values 
remarkably different from those assumed in bulk 


AMAR 


TABLE ITI. Field dependence of the position ¢ and width 7 of 
the wall. The corresponding values of in[=(Jn//)=t—{] give 
the initial magnetization curve. 








H (oersteds) 


0 
500 
1000 
2000 
3000 
4000 j F 0.06 
6000 7 K 0 


material, and dependent on the size and shape of the 
particles. 

(b) Wall motion is not necessarily an “‘easy’’ process 
of magnetization. A single-domain criterion for cubic 
particles has been derived. An approximate method of 
evaluation of the magnetostatic energy of multidomain 
rectangular blocks has been described. It should be 
pointed out that the magnetocrystalline part of the 
energy has been evaluated indirectly (as part of the 
wall energy) and only for uniaxial anisotropy. 
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APPENDIX A 


Consider the three rectangular surfaces A, B, C 
[Fig. 1(a)] with uniform charge densities 0203, re- 
spectively, and let (AA), (BB), (CC) denote the self- 
energies and (AB), (BC), (AC) denote the mutual 
energies. These energies can be evaluated in terms of a 
function F (p,q) of two variables or of a derived function 
Z(p,q)= p °F (p,q). The results are 


(Al) 
(A2) 


(AA)=0;'a'F (p,0)=07a'p’Z(p,0), 
(AB) = 20,020°F (p,q) = 201020°p"Z (p,q), 


(AC) =a F(ptp'+r, g)+F (1,9) —F(p' +1, 9) 


—F(pt+r,q)}. (A3) 


Function Z(p,g) is shown to have the following prop- 
erty: 


Z(6,q)=P"2Z(p"'",qp")- (A4) 


The complete expression for F (p,q) as given by Rhodes 
and Rowlands is 


F (p,q) = (p?—q’) sinh [1/(p?+-q°)*] 
+p(1—g") sinh [p/(1+9*)!]+ pq’ sinh (p/g) 
+q? sinh“(1/g)+2pq tan (q/p) (1+ p?+q")*] 
—pq—}(1+p'—2¢°) (1+ p?-+q°) +3 (1—2¢’) 


X (1+9°)!+3(p?—2¢°) (p’ +9") +39. (AS) 





DOMAIN STRUCTURE OF 


A table of numerical values of Z (p,q) is given by Rhodes 


and Rowlands in the range 0< p<1.1, 0<q<1.6. 


APPENDIX B 


Consider an arbitrarily shaped body uniformly 
magnetized in the x direction. Let dS; dS. be two 
elements of area about points P; P2 on its surface, and 
dS, dS, the corresponding vector areas. The elementary 
“magnetic charges” about P:, P: are I-dS;=JdS,z, 
I-dS.=JdS21, respectively. the distance 
| PiP2| by ri2=1r21, we may express the total magneto- 


g dS, Sz 
r\2 


Denoting 


static energy as 


dS 24S 92 ; 
.r? ——- - 16. Vom 
T\2 v 


If x, y, z are three mutually perpendicular axes, we have 


1 d§S,-dS, 
N.ztN,+N.= g ‘ 
v i2 


(B1) 
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We shall now use the vector identity*® 


1 
fas xP=- fav xP, 


where ® may be a scalar, a vector, or a tensor (dyadic) 
and where the star stands for a dot product, a cross 
product, or an ordinary multiplication. Taking the 
origin at P; and allowing P2 to be any point of the body, 


we have 
dS» 1 Ii2 Io} 
f = fdravel )=- far = far sean 
r\2 r\2 ro ri 


The integral in (B1) may thus be rewritten as 


dS,-dS» d§,-¥2 
J = fanf = fentn _ 4irv, 
Ti2 ro1° 


and (B1) leads to Eq. (2) of the text, namely, 
Ne+N,+N,=4e. 


8H. B. Phillips, Vector Analysis (John Wiley and Sons, Inc., 
New York, 1933), p. 72, Eq. (127). 
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Large-Signal Surface Photovoltage Studies with Germanium 


E. O. JOHNSON 
RCA Laboratories, Princeton, New Jersey 
(Received July 2, 1957) 


Studies of the surface photovoltage of germanium were carried 
out over a considerably wider range of excess carrier densities 
than previously reported. Ambient induced inversion and accumu 
lation layer surfaces were studied on p- and n-type Ge with 
resistivities ranging from 1 to 15 ohm-cm. The photovoltage was 
measured with ac methods and the excess carrier density was 
monitored by changes in the specimen conductance. The observed 
dependence of the photovoltage on the excess carrier density 
agreed quite well with theory that considers the surface space 
charge, but neglects charge changes in fast surface states. Com- 
parison of the observed and theoretical curves is believed to give 
the surface potential to within about one k7/e unit for potentials 


I. INTRODUCTION 


HE model shown in Fig. 1 is the presently accepted 

one for semiconductor surfaces.' Electric charge 
represented by 2,, and 2;, is immobilized at the surface 
in two different types of surface states. The first type 
of state, called “slow,” is located on or within the 
surface oxide layer. These states are affected by the 
ambient atmosphere and usually contain a relatively 
large amount of charge. Charge exchange with the bulk 
occurs slowly, with time constants of the order of 


1R. H. Kingston, J. Appl. Phys. 27, 101 (1956) 


less than about 8k7/e units, even if the effect of previously 
reported fast states is neglected. Excursions of the surface po- 
tential over the ambient cycle were found to be about the same 
as those reported for other types of surface measurements. 

The large signal photovoltage, in the range of surface potentials 
covered in the present work, is insensitive to fast states having 
the range of parameters extant in the literature: sensitivity is 
largely restricted to unreported parameter values. Since no 
evidence for fast states was observed in the present experiments, 
it is concluded that the present results are at least consistent 
with previously reported fast-state parameter values. 


seconds. The model in the figure applies for n-type 
material where the slow-state charge 2,, is negative and 
the whole system is in thermal equilibrium with no 
injected carriers present. The second type of trap state 
is considered as existing at the interface between the 
oxide and the bulk material. These states, with a charge 
Yrs, are called ‘‘fast” because the charge transfer 
between them and the bulk is measured in times of the 
order of microseconds, or less. These states are thought 
to be relatively independent of ambient changes and 
also to be associated with the surface recombination of 
holes and electrons. 
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Fic. 1. Diagram of semiconductor surface. 


The algebraic sum of charge in these two types of 
states is balanced by a charge of donors, acceptors, 
free holes, and free electrons existing in a layer extend- 
ing into the bulk material for a distance of 10~* to 10-4 
cm. This aggregate charge, denoted by 2,, in the figure, 
is known as the surface space charge. The equilibrium 
electrostatic potential across the space-charge layer, 
denoted by Yo, is known as the surface potential. In 
many cases it is convenient to relate Vo to the bulk 
Fermi level and the midgap potential by the quantity 
@, which is shown in the figure and defined in Table I. 
The other symbols in the figure are also defined in 
Table I along with various other symbols to be used in 
the analysis. 

Studies of the electrical properties of semiconductor 
surfaces have been concerned with determinations of 
the surface potential and the energy levels and densities 
of both types of surface states. In such studies the 
surface is often “biased” by an ambient cycle that 
changes the charge in the slow states between positive 
and negative extremes. The desired surface parameters 
can be deduced from different experimental techniques 
which include field effect,~* channel,*:> back-surface 
diode,* and photovoltage measurements.’** The first 
two yield information through changes in the conduc- 
tivity of the bulk material in the layers adjacent to the 


2H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 

3S. Wang and G. Wallis, Phys. Rev. 105, 1459 (1957). 

‘Statz, deMars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 

5 Statz, deMars, Davis, and Adams, Phys. Rev. 106, 455 (1957). 

6 J. E. Thomas, Jr., and R. H. Rediker, Phys. Rev. 101, 984 
(1956). 

7W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 

*C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 

®W. H. Brattain and G. C. B. Garrett, Bell System Tech. J. 
35, 1019 (1956). 
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surface. There is some uncertainty in this information 
because the carrier mobilities in these surface layers 
have never been directly determined. Virtually all of 
the data on the fast surface states have been determined 
by these methods. The third method is independent of 
mobility considerations and is presently being studied 
in these laboratories. 

The fourth and last technique, the subject of this 
paper, also has the advantage that it is independent of 
surface mobility considerations. To implement. this 
technique the surface is illuminated with light chopped 
at a rate (~60 cps) so rapid that the charge 2, does 
not have time to change. Assume for the moment that 
charge changes in the fast states can be neglected. 
Then, since over-all electrical neutrality must be pre- 
served, the introduction of the light-injected carriers 
cannot produce a net charge change in the space charge 
but, instead, will cause a charge redistribution. Associ- 
ated with this is a change in the surface potential. This 
change in potential, defined as AY in Table I and 
called the surface photovoltage, is picked up by an 
electrode located close to the surface. From a knowledge 


TABLE I. Symbols. 


Yss=number of electron charge units per cm? of surface in 
slow states. 

Ys,=number of electron charge units per cm? of surface in 
fast states. 

Y.c=number of electron charge units per cm? of surface in the 
space charge. 

v=electrostatic potential. 

Y=electrostatic potential, in k7/e units, across the surface 
space-charge region. This has a negative value if the energy 
bands bend upwards in the conventional band picture, and a 
positive value if the bend is downwards. VY, refers to the equi- 
librium value of Y. 

#@,=Y—InA. This potential is frequently referred to as the 
surface potential. 

AY=Y-—YF¥o, the surface photovoltage. 

A= (po/no)?= po/ni=ni/no= eB(Po-Vo), 

, =the quasi-Fermi level for electrons, assumed to be constant 
across the space-charge region. 

#,=the quasi-Fermi level for holes, assumed to be constant 
across the space-charge region. 

#)=the Fermi level deep in the bulk where equilibrium condi- 
tions exist. 

e=the dielectric constant. 

P=B(@,—»). 

N= B(,, —p). 

B=e/kT, where e is the absolute value of the electron charge 
and k and T have their usual meanings. 

L=[¢/2ren;B]}*, a characteristic length differing only slightly 
from the Debye length. At room temperature L=1.4X10~ for 
Ge, and 5.8X 10° for Si. 

ny= free electron density deep in the bulk. 

po=free hole density deep in the bulk. 

n;=intrinsic carrier density. At room temperature n;=2.5 
X 10" for Ge, and 6.8X 10" for Si. 

Ns, Pe=surtace densities of free electrons and holes. 

ni, pi=equilibrium electron and hole surface densities for the 
case where the Fermi level passes through the trap energy level. 

Am, An, Ap=fractional increase in the minority, electron, and 
hole carrier densities due to injection. 

Cr=Ninon; Cp=Napop, where N;, is the fast-state density per 
cm? of surface, 7, and 2, are the thermal speeds for electrons and 
holes, and ¢, and a, are the fast trap capture cross sections for 
electrons and holes, respectively. 
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of the photovoltage and the fractional increase A, in 
the minority carrier density, due to the light, it is 
possible to deduce the value of Vo. Previous determi- 
nations of Yo by this method were made at low light 
levels where the concern was with differential variations 
of Y.*-* These give a limited amount of information 
about the surface unless they are combined with other 
types of measurements. It seemed expedient, therefore, 
to obtain more information by undertaking a study of 
the variation of the surface photovoltage over a wide 
range of the minority carrier injection factor An." 
This should show, first of all, how well the observed 
photovoltages agree with theoretical prediction. Sec- 
ondly, it should show the role played by the fast 
surface states and possibly give information about the 
density and energy levels of these states. 

In this paper the large signal photovoltage as a 
function of the minority carrier injection factor is first 
derived with neglect of charge changes in the fast 
surface states. The effect of charge change in the fast 
states is then introduced by means of a graphical 
treatment. The experimental techniques are described 
in the following sections and the results compared with 
theory. The results and conclusions from the present 
work are then discussed and compared with those 
obtained from the other types of surface measurements. 


II. THEORY 


The symbols to be used in the treatment of the space 
charge region are those of Brattain and Garrett.* These 
are listed in Table I and some are illustrated, along 
with other symbols to be used, in Fig. 1. For conveni- 
ence, the relation between A and resistivity for ger- 
manium at room temperature is plotted in Fig. 2. 

Solution of Poisson’s equation, using the usual 
Boltzmann relations for free electron and hole densities, 
gives the electric field at the surface edge of the space 
region as® 


(1) 


2 =370F for Ge 
ae 
BL 


dx = 8.93F for Si, 
where F, the space-charge factor, is a dimensionless 
quantity given by 


F=[Ae?(e-¥ —1)+A“e-® (e¥—1)+ (AA) VJ}. (2) 


The sign convention is such that the negative sign is 
used when Y <0, and the positive sign when Y >0. The 
first term on the right accounts for the hole charge, 
the second for the electron charge, and the third 
accounts for the charge due to donors and acceptors. 
It has been assumed that all donors and acceptors are 
ionized and that the carrier diffusion length consider- 
ably exceeds the width of the space-charge region 
(~10~ cm). 

The surface field can be converted to the surface 


10 E. O. Johnson, Bull. Am. Phys. Soc. Ser. II, 2, 66 (1957). 
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Fic. 2. Relation between A and resistivity for Ge. 


space charge 2.- per square cm of surface area by 
Gauss’ theorem which gives 


= 3.5 10°F for Ge 
‘Lec=(L JF (3) 
= 3.94 10'F for Si. 


It is a straightforward matter to show that 
eP=1+A,, é€ N={+A,, A?A,= An, (4) 


where A, and A, are the fractional changes in hole and 
electron densities caused by light injected carriers. In 
the last expression it has been assumed that the change 
in electron and hole density caused by injection is 
equal. These relations are valid for any value of A, or 
A,. Using the above relations the space-charge factor 
is converted to 


*=[A(e-Y—1)+A7(e¥-—1)+(A—A)V 
+A(e¥+e-¥—2)A,]§. (5) 


If there are no light-injected carriers, the last group of 
terms disappears. The resulting value of F, the non- 
injection value, will be designated as Fo. This is plotted 
in Fig. 3 as a function of Yo for depletion and inversion 
layers and in Fig. 4 for accumulation layers." The 
symmetry of the function Fo with respect to A and Yo 
makes it possible to handle both n- and p-type material 
with only two sets of curves. To use the curves with 
p-type material use the values and Yo polarities as 
shown. With » material the reciprocal of A is taken 
along with a reversal in the polarity of Yo. 

The shape of the space-charge curves is easily 
understood. For intrinsic material the space charge 
arises essentially from one sign of carrier and increases 
exponentially with surface potential. It thus appears 
as a straight line on the semilogarithmic plot, except 
for the region close to Yo=0. The gently sloping 
plateau on the curves in Fig. 3 arises from fixed donor 
or acceptor charge and corresponds to the region where 
the Schottky depletion-layer treatment is valid. The 


1 R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 
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Fic. 3. Space-charge factor Fo as a function of surface potential for inversion layers. 


knee on this plateau occurs at roughly one k7/e unit the fixed charge, to a significantly smaller value. The 
of surface potential. This potential is sufficient to plateau disappears at high surface potentials due to the 
reduce the majority carrier charge, opposite in sign to minority carrier charge which increases exponentially. 
This charge becomes dominant at higher surface poten- 
- x10* “ ° ° P ° " 
"pan Sonat wh 19 19° 5110? 10? Sa108 tials in heavily doped material because of lower bulk 
FOR P cone USE A . . . ° mi: b 
AS SHOWN. FOR N MAT; minority carrier density. This causes the curves to cross. 
ERAL TAKE” NO aEO Th J “4 " | : < } ‘ mn if e 1 t} 
wehse Pecans e curves do not cross, however, if ¢, is used on the 
abscissa instead of Yo."! The accumulation-layer curves 
show more charge than the inversion-layer ones because 
the majority carrier charge is involved. The knee in 
these curves also occurs close to one kT/e unit of surface 
potential because this potential is sufficient to make the 
majority carrier charge increase significantly above the 
fixed donor or acceptor charge. 
Charge neutrality requires that 


ae Ltet2ec= ). (6) 
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If Ys, is neglected and the carriers are injected at the 
SURFACE FIELD (vam) surface at a rate fast compared to the time constant 
et gS for Yss, then Y,,, and hence Y,-, will remain constant 
6 ° ° > ° — . ~ ° = 
* BL" sa93F, FOR si_| during an injection pulse. Consequently, relation (5) 
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Fic. 4. Space-charge factor Fy as a function of surface 
potential for accumulation layers, 
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It is more convenient to plot this expression directly, 





SURFACE 


rather than to try to get an implicit expression for Y 
and hence Y— Y»=AY, the surface photovoltage. Both 
Eqs. (5) and (8) can be expressed in terms of A, by 
use of the last relation in (4). 

If the exponential terms dominate in Fo and Fy in 
Eq. (8), and the surface potential has an intermediate 
value between zero and Yo, the photovoltage is a 
logarithmic function of the injection factor. The 
relationship between the photovoltage and the injection 
factor is a linear one if the photovoltage is less than 
about 0.05&7/e unit.” The symmetry between surface 
potential and A facilitates plotting the surface photo- 
voltage AY as a function of the injection parameter. 
The curves for intrinsic material, where A=1, are 
shown in Fig. 5. These curves also apply to accumu- 
lation layers if the majority-carrier injection factor is 
used on the horizontal axis. If the minority-carrier 
injection factor is used, the values along the abscissa 
axis must be multiplied by the factor A*. Characteristics 
of surfaces tending toward inversion, with A= 10? and 
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Fic. 5. Surface photovoltage as a function of carrier 
injection for A=1. 


10‘, are shown in Figs. 6 and 7. In these figures the 
abscissa refers to the minority-carrier injection factor. 
It will be noted that a curve for a particular value of 
Yo asymptotically approaches the same absolute value 
of AY at high injection levels. This a manifestation of 
the fact that the surface potential Y approaches zero 
at high injection levels. 

As might be intuitively expected from viewing the 
surface space region as a “quasi-junction,” there is a 
very close similarity between the surface photovoltage 
and the photovoltaic effect at a junction." In fact, the 
surface and junction photovoltages are identical func- 
tions of excess carrier density, the saturation regions 
excepted. 

2 This offers the possibility of measuring the minority carrier 
lifetimes with the surface photovoltage. The technique has the 
outstanding advantage that no physical contact need be made to 
the specimen; all contacts can be capacitive. See E. O. Johnson, 
J. Appl. Phys. 28, 1349 (1957). 

J am indebted to J. Loferski and P. Rappaport for bringing 
this to my attention. 
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Fic. 6. Surface photovoltage as a function of carrier 
injection for A= 10°. 


The preceding mathematical treatment, leading to 
Eq. (8), expresses the physical fact that the surface 
potential must decrease if the net charge in the surface 
space-charge region is to remain constant. In the 
particular case shown in Fig. 1, for example, the net 
charge in the space-charge region would increase with 
injection, due to the increase in hole charge, if the 
surface potential remained constant. The potential AY 
for the case where ,, remains constant, arises from 
the space-charge redistribution that takes place during 
injection. 

The relation between the injection and the surface 
photovoltage can be derived in a graphical way that 
more clearly brings out the physical relations, particu- 
larly when ,, changes or appears to change because of 
a change of charge in the fast states. Consider Fig. 8 
which applies to n-type Ge with A=10~'. Here the 
space charge function F, as given by Eq. (5), is plotted 
as a function of the surface potential Y with the hole 
injection ratio A, as the variable parameter. The curve 
with A,=0 is identical to the A=10 curve in Fig. 3. 
The other curves can be understood from the fact that 
an increase in the hole density with injection causes 
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Fic. 7. Surface photovoltage as a function of carrier 
injection for A= 104. 
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Fic. 8. Space-charge factor F as a function of injection. 
A=10"1, n-type Ge. 


the hole charge in the space-charge region to predomi- 
nate at lower surface potentials. For the case where 
there are no fast states and the slow-state charge 2,, 
remains constant with injection, the system must move 
along a horizontal line. The line A applies to the 
particular case where Y >= —6. The values of the surface 
potential for different values of A, are described by the 
intersections of line A with the F curves. The quantity 
AY=Y—Yp is the photovoltage. The curves shown in 
Figs. 5, 6, and 7 could have been constructed in this 
manner. If either 2,. or 2+, changes during the injection 
cycle, the system will move along some line other than 
A, the line B, for example. It is easy to see, depending 
upon the path that the system takes, that the surface 
potential could change more slowly or more rapidly 
with injection than for the case of line A. In fact, AY 
could remain constant or even change sign as the 
injection increases. Most of the various possibilities 
have been observed. However, as noted later, in all the 
cases observed so far these peculiarities could be 
accounted for by charge changes in the slow states. 

Restricting our attention to states located at a 
discrete energy level, the number of electron charges 
per square centimeter of surface in fast traps is 


Lrs=Nif, 


where JN, is the fast-state density per cm? of surface 
and f is the electron occupancy factor. The occupancy 
factor f is derived from the Shockley-Read treatment." 


14 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 


The form appropriate for the surface is 
Cats tCopt 


f=— 
Cr(ns+m)+Cp(pst+ pr 


where the various quantities are defined in Table I. 
An expression for f in terms of the energies of the fast 
states, the injection ratios, and the surface potential, 
can be derived'® by using the definition y’=C,/C,, 
and the relations 


m=ne"’, pi=ne’, 


where y is the energy difference, in k7/e units, of the 
trap level from the middle of the forbidden band. The 
quantity is positive when the traps are below gap 
center, and negative when above. The resulting 
expression is 


fa [1+ aban v) 
A,t+4,+4,A, 


1 
en 0) 
(1+A,,)e(%—!n 4+ + 7e” 


The definition 
xe" (Y 
T =——- 
1+A?A, 


InA+¥) 


and Eq. (9) lead to 


1+7(1+A°A,)(1+4,)\ 7° 
fa[ eerermssn( Se ‘)| : (10) 
(1+7)(1+A?A,) 


It is immediately seen that f reduces to the familiar 
Fermi factor if there is no injection. The effect of 
injection on f depends upon the factor 7. If T>1, 
Eq. (10) reduces to 


f=(1+(1+-4,)e-7 a P, (11) 


and injection tends to decrease f. If 71, Eq. (10) 
reduces to 


1 1 
j-[1+ es ). (Y—InA+ | , (12) 
1+A°A, 


and injection tends to increase f. This behavior is 
easily understood in terms of the capture cross-section 
ratio x”. The use of the above limiting forms of Eq. 
(10) facilitates calculation. On an f vs Y diagram it is 
found that the occupancy curve retains its general 
shape with injection, but is translated along the Y axis 
in a direction that depends upon which extreme value 
of T is used. 


Ill. EFFECT OF FAST STATES ON THE 
SURFACE PHOTOVOLTAGE 


It is a straightforward, but tedious, process to 
evaluate the effect of fast states on the surface photo- 


6C.G. B. Garrett and W. H. Brattain, Bell System Tech. J. 
35, 1041 (1956). 
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TABLE IT. Effect of fast states on surface photovoltage in n-type Ge, A=1071. 
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voltage. The possible combinations of the various 
parameters are legion so that only the representative 
sampling listed in Tables II and III was made. The 
computations were carried out as follows: 


(1) The space-charge curves, such as shown in Fig. 
8, were constructed for both inversion- and accumula- 
tion-layer conditions for the particular specimen to be 
considered. 

(2) Universal tables of values for f from Eqs. (11) 
and (12) were constructed. 

(3) A particular set of values of », 7, V,, and Yo, 
such as listed in Table II or III, was chosen. These 


Effect on AY vs Ap curve (relative to N =0 case) 


Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Small upward displacement, undetectable 
Large downward displacement with steep rise at end, detectable 
Small downward displacement, undetectable 
Large downward displacement with rise at end, detectable 
Marked droop beyond A,= 10, detectable 
Marked droop beyond A,=10?, detectable 
No effect, states remain empty 

Droop beyond A,= 10", detectable 

Very little effect 

No effect, states remain filled 

Marked droop at beyond A,=10, detectable 
Reversal of polarity, easily detectable 

Very little effect 


quantities fix the zero-injection values of F and f, and 
hence Y,. and Lys. The slow-state charge is then fixed 
by Eq. (6). 

(4) Starting with the zero-injection values of the 
various quantities noted in (3) one can conveniently 
proceed with the plotted space-charge curves to get a 
graphical solution for Y at each value of injection, such 


that Eq. (6) is always satisfied. The photovoltage, 
AY=Y—Yo, is thus determined at each value of 
injection. 

The slow-state charge is assumed to remain constant 
over an injection cycle. The final results are not affected 


TABLE III. Effect of fast states on surface photovoltage in p-type Ge, A= 10. 


Ne 
102 
10” 
10” 
10" 

3X10" 
10"! 
3X10" 
10" 
10” 
10" 
10” 
10" 
102 
10" 
102 
10" 
10 
10" 
10" 
10" 
10" 
10" 
10"! 
104 
10"! 
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Yo Effect on AY vs An curve (relative to N =0 case) 


1-6 None, states remain filled 
6 Small droop at A, = 10%, undetectably small 
6 Pronounced droop beyond A, = 10°, detectable 
6 Small effect, not detectable 
6 Small droop near A, = 10%, possibly detectable 
6 Very small droop at A, = 10%, not detectable 
4 Droop near A,,= 10%, just detectable 
4 Very small droop near A, = 10%, not detectable 
6 Pronounced droop beyond A, = 10°, detectable 
6 Small droop beyond A, = 10°, possibly detectable 
6 Droop beyond A, = 10°, detectable 
6 Droop beyond A, = 10%, detectable 
—3 Very slight effect 
—3 Very slight effect 
6 Negligible effect, states remain filled 
6 Droop followed by upsweep, detectable 
6 Droop followed by upsweep, just detectable 
6 Very slight effect, undetectable 
6 Small upward displacement, undetectable 
6 Small upward displacement, undetectable 
6 Small upward displacement, undetectable 
—2 Droops at end, detectable 
—2 No effect, states remain essentially empty 
2 Slight droop, undetectable 
2 No effect, states remain essentially empty 





160 Ter 


in any way by the sign of charge that the fast states 
are assumed to have when empty. States at a combi- 
nation of different energy levels can also be handled by 
the above technique. 

The results listed in Table II apply to n-type Ge 
where A=10~', and those in Table III to p-type Ge 
where A=10. The column entitled ‘Effect’ refers to 
the effect of the fast states on the photovoltage curve 
relative to the .V,=0 case. The range of x” noted for 
each case is not critical and can be broadened without 
affecting the results. For example, in the 7>>1 cases, 
the lower limit of x? can be decreased an order of 
magnitude in value. The first conclusion to be drawn 
from the tables is that the fast states, except in certain 
cases, have a surprisingly small effect on the photo- 
voltage curves. This indicates that the large-signal 
photovoltage method is not very well suited for use in 
studying fast states but, on the other hand, should 
provide a fairly good indication of surface potential 
when the fast states are neglected. There is a combi- 
nation of reasons why the fast states can have a small 
effect on the photovoltage. Firstly, depending upon v 
and Yo, the states can remain essentially full or empty. 
This situation is illustrated by cases 17 and 20 in 
Table II and cases 1, 23, and 25 in Table III. Secondly, 
the effect of injection on f in Eqs. (11) and (12) may 
be such as to compensate for the changes in surface 
potential occasioned by the injection, so that f remains 
roughly constant. This is exemplified by cases 1 to 11 
in Table II. For any of these reasons the system may 
move along a nearly horizontal path on the space- 
charge diagram and the experimenter will be unaware 
that fast states are present. Because of the exponential 
or near-exponential relationship between the space 
charge and the surface potential, the surface potential 
is relatively unaffected even by fairly large variations 
in the space charge. In this regard it should be men- 
tioned that the space-charge function for accumulation- 
layer conditions, with |VYo|<6 and _ low-resistivity 
material, is considerably steeper than that for inversion 
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Fic. 9. Effect of fast states on the surface photovoltage. A= 10™'. 
Solid curves with V,;+0 are experimentally distinguishable from 
the V,=0 curve, whereas the dashed curve is not. 
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layer conditions. This makes the accumulation layer 
photovoltage even less sensitive to space charge changes 
than the photovoltage generated under conditions 
where the surface tends toward an inversion layer. In 
addition, accumulation layers are less convenient to 
study because their exploration requires higher carrier 
injection. 

The fast states can have a pronounced effect on the 
photovoltage when the state level is suitably located 
and the injection and changing value of Y act on the 
occupancy factor in the same direction to produce a 
large combined effect. This situation is exemplified by 
cases 12 to 16 in Table II and cases 3 to 12 in Table III. 
However, the altered photovoltage curve may or may 
not be distinguishable in form from any one of the 
family of photovoltage curves obtained from a consider- 
ation of the space charge alone [Eq. (8) ]. In Figs. 9 
and 10 are photovoltage curves which illustrate both 
of these categories. The cases where the curves are 
clearly distinguishable from the V=0 case are shown 
by the solid curves: the dashed curves illustrate 
indistinguishable cases. The terms ‘detectable’ and 
“undetectable” used in Tables II and III refer to the 
distinguishable and indistinguishable cases, respec- 
tively. The allowance for experimental uncertainties is 
discussed later. 

The curves in Figs. 9 and 10 can be qualitatively 
understood in terms of the limiting forms that the 
photovoltage curves would take if the fast states were 
so dense that their effect completely overwhelmed that 
from the space charge. These limiting forms are ob- 
tained from Eqs. (11) and (12) in the same manner 


that Eq. (8) was derived from the space-charge factor 
F. Thus, Eq. (11) gives 


AY=In(1+4,), T>1. (13) 


Equation (12) gives 


AY=—In(1+A%A,), 71. 
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Fic. 10. Effect of fast states on the surface photovoltage. 
A= 10. Solid curves with N;+0 are experimentally distinguishable 
from the V,;=0 curve, whereas the dashed curve is not. 





SURFACE 


These are identical with the limiting forms of Eq. (8), 
that is, the |Vo|=2 curves in Figs. 5, 6, and 7. 
This explains why the dashed curves in Figs. 9 and 10 
lie above the V,=0 solid curves and have roughly the 
same shape. The solid curves for: .V;#0, on the other 
hand, bend downwards because the fast-state and 
space-charge photovoltage components oppose each 
other. Although there are indeed conditions under 
which the fast states may act to produce photovoltage 
curves indistinguishable from the family of curves 
obtained from Eq. (8), consideration of Tables II and 
III and the preceding argument shows that there is 
always, at least in principle, a set of surface potential 
values that will cause the fast-state effect to stand out 
in a clearly distinguishable manner. This conclusion is 
less valid for fast states with a continuous distribution 
of energies. Such states qualitatively affect the photo- 
voltage in the same manner as discrete states, but tend 
to produce more gradual perturbations of the photo- 
voltage and so would be more difficult to detect.'® As 
with the discrete states, the total charge change in the 
distributed states over the injection cycle would ordi- 
narily have to be at least as large as the space charge 
itself to produce any significant effect on the photo- 
voltage. 

In Figs. 9 and 10 the fast states are seen to have 
negligible effect on the solid curves at low values of 
injection. In particular, there is negligible effect at zero 
injection on the differential photovoltage, that is, on 
(dY /dA,)a,=0 and (dY/dA,)4, =0. This emphasizes the 
conclusion of Brattain and Garrett who have noted 
that the differential photovoltage, by itself, can yield 
little information on fast states because these states 
merely cause a displacement of the differential photo- 
voltage versus Y curve along the V axis. The expression 
for the differential photovoltage in the presence of fast 
states at a discrete energy level can be obtained from 
Eqs. (5), (6), and either Eq. (11) or (12). When 7>1, 
Eq. (11) applies and there obtains 

dV A(eYofe-Yo— 2) 4+ 
=- (15) 
dd, (Ae-Y9—A-'eY¥04. A-1— A) + 
When 7<1, Eq. (12) applies and there obtains 
dY A(e¥°+e-Yo— 2)—A?2 
—— a — (16) 
dd, (Ae~Y*—A“e¥°-A-1— A) + 


The factor ©, which introduces the effect of the fast 
states, is defined by 


2F oN fs 
i) = — 


[ite (Yo inAtv) | 26 (Yo-InA+r) 


16 Surface nonuniformities, an outstanding uncertainty in this 
and almost all other surface studies, could introduce similar 
effects. 
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where the factor K is 3.5X10° for Ge, and 4.010’ for 
Si. The correct algebraic sign must be used with the 
factor Fo as noted in Sec. II. Inspection of Eqs. (15) 
and (16) will show that their limiting values are 
consistent with the discussion concerning Eqs. (13) and 
(14). When 7>>1, the fast states tend to displace the 
dY /dA, versus Yo curves toward positive values of Yo; 
when 71, the displacement is towards negative values 
of Yo. There is a small effect on the shape of the curves. 

The results in Tables II and III might be summarized 
roughly as follows: with respect to detectability the 
fast states are ordinarily only detectable when .V;,> 10" 
per cm’, —6< <6, and if ¥)>0 for T>>1, or if Yo<0 
for 7<1. If our attention is confined to surfaces tending 
toward inversion, since these are more sensitive to 
fast states in all but intrinsic material and are more 
convenient to study, we are restricted to detecting 
states with x?21 in p-type material, and states with 
x°<1 in n-type material. With respect to producing 
erroneous conclusions about the surface potential, 
where this potential is deduced solely on the basis of 
comparison of the experimental results with the theo- 
retical curves derived from Eq. (8), the states must lie 
in the range —6SvS6 with a density ordinarily 
exceeding 10'' per cm?, and must have VY) <0 for T>1, 
and VY >0 for T<«1. Even under very unfavorable 
conditions the maximum error in potential is only about 
one k7T/e unit. Furthermore, it should always be 
possible, at least in principle, to find a range of surface 
potentials that would cause the effect of the fast states 
to stand out in a distinguishable manner that would 
serve to caution the observer. 


IV. EXPERIMENTAL TECHNIQUE 


In these experiments the potential AY is picked 
up by an electrode located close to the surface. This 
potential is studied as a function of the injection ratio, 
where the latter is measured from conductance changes 
in the specimen. The potential AY, however, is not the 
only one that will be detected by the electrode. A 
Dember potential'’ will be developed in the bulk along 
the path leading to the reference electrode. This 
potential is effectively in series with the desired signal 
of AY and arises from the electric field that is set up to 
equalize the flow rates of holes and electrons diffusing 
into the bulk from the surface. The value of this 
potential Vp can be deduced from the hole and electron 
flow equations which give, in k7/e units, 


b— 1 Ro 
} p= in 7 

b+1 R 
This always appears on the measuring electrode as a 
positive potential since the Dember, or ambipolar, 


field always acts to slow down the diffusion of the more 
mobile carriers (electrons in this case) into the bulk. 


(17) 


17 W. Van Roosbroeck, Phys. Rev. 101, 1713 (1956). 
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Fic. 11. Experimental arrangement for measurements 
of surface photovoltage. 


The quantity 6 is the ratio of electron to hole mobility, 
Ro is the resistance of a thin specimen in the absence of 
light, and R is the resistance of the same specimen when 
illuminated. It will become obvious in the next section 
that a small error will be introduced into Eq. (17) if 
the carrier density is not uniform across the specimen. 
Equation (17) is derived with the assumption, certainly 
well satisfied in Ge, that there are no appreciable 
densities of carrier traps in the bulk material. 

The potential across the layer wherein the slow and 
fast states are located could change and contribute to 
the potential measured by the probe electrode if the 
charge in this surface region changes or is redistributed. 
The potential changes that could arise from the charge 
in the slow states can be ignored because the experi- 
ments are going to be carried out so rapidly that this 
charge cannot change. A rough estimate for the charge 
in the fast states shows that any potential change from 
this source should be small except for extreme cases. 

The basic experimental arrangement is shown in 
Fig. 11. Light from a 300-watt incandescent lamp (with 
built-in reflector), of controlled intensity, is chopped by 
a disk rotating at a 50-cps rate with a 20% duty cycle. 
A mechanical shutter allows the light to pass through 
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Fic. 12. Specimen geometry. 
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the lens, a semitransparent electrode, and onto the 
specimen for periods of time of the order of 0.2 sec (or 
longer, if desired). This prevents heating of the speci- 
men and reduces the possibility of charge changes in 
the slow states due to the biasing effect of the light.'* 
Measurements showed that the specimen temperature 
rise during a reading was never greater than 0.2°C. 
The probe electrode is a thin perforated piece of nickel 
with an optical transparency of approximately 50%. 
The electrode can be separated from the specimen by 
air or by some well-behaved dielectric like mica. 
Systematic comparison of both air and mica dielectrics 
showed no ‘significant difference between the two. 
The spacing was a few mils. 

With switch SW; on position 6 and switch SW, open, 
the surface photovoltage AY is passed through the 
electrometer tube preamplifier to oscilloscope A. The 
surface photovoltage signals observed in these experi- 
ments ranged up to a few hundred millivolts. After 
the amplitude of the surface signal is noted on the 
oscilloscope, the light is removed and a calibrating 
signal is fed in from the calibrated signal generator 
which operates at the light chopping frequency. This 
gives an absolute calibration of the surface signal. 
This, after correction for the Dember potential obtained 
from Eq. (17), is equal to the surface photovoltage AY. 
The wave shape of the surface signal is closely approxi- 
mated by feeding the sinusoidal wave from a standard 
audio signal generator through a semiconductor diode 
used as half-wave rectifier. This refinement, however, 
is hardly necessary. The back contacts on the specimen 
should be made as ohmic as possible and should be 
shielded from light to eliminate photovoltaic effects. 

In determining the injection factor A, or A, from 
specimen resistance changes, there are two corrections 
to be made. First of all, there is the end resistance of 
the specimen, i.e., the portion of the total specimen 
resistance that is not involved in the light-induced 
resistance change. This is always present when the end 
contacts are shaded from the light. This resistance, 
amounting to roughly 5 or 10% of the total specimen 
resistance in these experiments, can be estimated from 
geometrical considerations or from probe measurements 
carried out on the unlighted specimen. This correction 
is of importance only at high injection levels when the 
total specimen resistance becomes small. Secondly, 
when the specimen is not thin compared to a bulk 
diffusion length a correction has to be made for the 
fact that the excess carrier density near the surface is 
larger than the average density, necessarily measured 
from the resistivity change. For these experiments this 
correction factor was roughly 1.5. The battery potential 
Vz, noted in Fig. 9, is well below the value that would 
introduce error from carrier sweep-out effects at the 
end contacts. Te assumption that the carrier mobilities 
remain constant during heavy injection will introduce 


- S.R. Morrisca, Phys. Rev. 102, 1297 (1956). 
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negligible error under the conditions of these experi- 
ments.!* 

The Ge specimens were cut from 30-mil thick 
rectangular blanks in the configuration shown in Fig. 
12. The saw cuts transformed the rectangular specimen 
into one with a long current path leaving, at the same 
time, a specimen surface area of convenient shape and 
size. All etching and exposure to light was limited to 
the surfaces below the cross-hatched ones. This prevents 
possible trouble from end contact material dissolving 
in the etch and, also, helps insure freedom from photo- 
voltaic effects at the contacts. The specimens were 
treated by the usual CP4 etch, washed in triple distilled 
water, and then dried with hot air. 


V. EXPERIMENTAL RESULTS AND 
COMPARISON WITH THEORY 


Figure 13 shows data taken with a p-type Ge speci- 


men (No. 2) whose resistivity (12 ohm-cm) corre- 
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. 13. Experiment and theory for p-type Ge with A= 10. 
Inversion layer tendency. 


sponded to A=10. The solid curves, corresponding to 
surfaces tending toward inversion, are computed from 
Eq. (8). The three runs of experimental data, denoted 
by the circles, crosses, and squares, were typical of 
many runs made on sample No. 2. The circles corre- 
spond to the case where the specimen was etched, 
washed, dried, and then exposed to room air (~65% 
RH).”° The crosses and squares refer to the cases where 
the specimen was subjected to varying flows of dry Os. 
The close similarity of form between the experimental 
data and the theoretical curves based on the space 
charge suggests that both are in accord. This implies, 
for the case marked by the circles, that Yo~8; for the 
crosses, VY 94; and, for the squares, Vo~3. 


8 This can be deduced from the paper of M. B. Prince, Phys. 
Rev. 92, 681 (1953). 

2 As in the many other case observed, a Ge surface almost 
always tends toward n-type after etching and the subsequent 
washing and drying operations. With reference to the known 
results of the wet-dry Oy» cycle, this implies that some water 
remains on the surface even after a vigorous drying operation. 
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Fic. 14. Experiment and theory for p-type Ge with A= 10. 
Accumulation layer. 


When dry O, and ozone were applied to the specimen, 
accumulation-layer conditions developed on the surface 
giving the typical data shown in Fig. 14: note the 
change in vertical scale. The solid curves are the 
theoretical ones corresponding to accumulation-layer 
conditions and were taken from Fig. 5. 

These experiments are sometimes difficult to perform 
because each experimental run must be completed 
before the labile equilibrium between the surface and 
the surrounding ambient atmosphere causes a signifi- 
cant drift in the surface potential. The experiments 
could have been facilitated by using (1) a light source 
modulated over the appropriate intensity range at a 
60-cps rate, and (2) a camera to record the traces on 
oscilloscopes A and B (Fig. 11). 

The theoretical curves and the data shown in Fig. 
15 apply to surfaces tending toward inversion on an 
n-type specimen (No. 3) whose resistivity of 7 ohm-cm 
corresponds to A=10~'. The different runs correspond 
to different points of the ambient cycle. The bottom 
two runs were made in the presence of fairly wet air. 
Again it is seen, with the exception of the bottom run, 
that there is conformity between theory and experi- 
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Fic. 16. Experiment and theory for n-type Ge with A=10". 
Accumulation layer. 


ment. Even the bottom run behaves properly at values 
of A, less than 10°. The deviation at higher values of 
A, is real and stems, it is believed, from changes in the 
charge of the slow states. This belief is based on the 
fact that there is a greatly enhanced tendency for 
light-injected carriers to bias the surface potential when 
the surface is exposed to moisture. This biasing action 
showed up, in the case in question, as a tendency for 
the surface photovoltage to drift to lower magnitudes, 
particularly at higher carrier injection levels. It also 
shows up as an overshoot in the oscilloscope signal. 
These observations are consistent with the wet ambient- 
induced reductions in the slow-state time constant 
that have been observed elsewhere.” 

It is easily deduced from curves of the sort shown 
in Fig. 8 that the sagging characteristic of the bottom 
run corresponds to an increase in the negative charge 
in the slow states. This conclusion is further emphasized 
by the behavior of the data in Fig. 16, which applies to 
the same sample under accumulation-layer conditions 
where the surface was subjected to an extreme point on 
the wet part of the ambient cycle. Here the marked 
departure of the data from the theoretical curves, 
where A,>2X10*, can also be interpreted as an 
addition of negative charge to the slow states. 

The data in Fig. 17 which apply to a surface tending 
toward inversion on an n-type Ge sample (No. 1), 
where the 1.1 ohm-cm resistivity corresponded to 
A=1.7X10~, show conformity between theory and 
experiment. There is, again, a noticeable sagging effect 
on the run, marked by the crosses, which corresponded 


21R. H. Kingston and A. L. McWhorter, Phys. Rev. 103, 534 
(1956). 
2 G. C. Dousmanis, private communication (to be published). 
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Fic. 17. Experiment and theory for n-type Ge with 
A=1.7X 10°. Inversion layer. 
to conditions where there was an increase in the 
humidity. 

The different samples tested often varied widely in 
their sensitivity to ambient changes. As a rule, however, 
high-resistivity samples tended to give wider variations 
in surface potential for given ambient changes than the 
low-resistivity ones.” 

Rapid, approximate, determinations of the surface 
potential can be carried out once a rough calibration of 
the minority carrier injection factor is obtained. It is 
obvious from the photovoltage curves that the minority 
carrier injection factor, at large values, can vary over 
wide limits without affecting the value of Vo that 
would be deduced from a single point measurement. 

It is to be emphasized that there are no adjustable 
parameters of any kind in the experimental data. The 
end-resistance corrections for the carrier injection 
factor in Fig. 13 are negligible below A,=50 and 
increase to about 50% at the maximum value of A,. 
Roughly the same values hold for Fig. 15. The maximum 
end-resistance correction for the data in Fig. 17 is 
about 15%. The Dember correction is of opposite sign 
in Figs. 13 and 15 and amounts to about 0.8k7/e unit 
at the maximum values of the surface potentials. This 
correction, however, is negligible for the data in Fig. 17. 
It can thus be seen that the data were collected over a 
fair range of the various correction factors. 

An incidental observation was that the surface 
recombination velocity s in samples Nos. 2 and 3 was 
essentially constant over the range |®,,| <4. This was 
deduced from the behavior of the excess carrier density 
under constant light level conditions. In sample No. 1, 
however, s rose rather rapidly as ®, varied from —3 
to 0, the range covered by the data on this particular 
sample. 

VI. DISCUSSION 


Except for the cases where there is good reason to 
suspect a change in the slow-state charge, the observed 


%3 Similar observations have been made by F. Rudo and J. 
Hammes of the RCA Semiconductor Division. 





SURFACE 


surface photovoltage seems to be in good accord with 
the behavior predicted from a consideration of the 
charge redistribution in the surface-charge region. The 
excursions of the surface potential over the ambient 
cycle seem to be at least as large as those previously 
reported’: p-type Ge, Yyo=—2 to +8; n-type Ge, 
Yo=—6 to +4. The bunching together of the photo- 
voltage curves at higher values of V9 makes estimates 
of the extreme values of Yo uncertain. Thus, there is 
not necessarily any conflict with the relatively large 
swings of surface potential that are indicated in these 
laboratories with the back-diode method.” 

In none of the measurements, at least within what 
is believed to be the probable accuracy, was there any 
evidence for charge change in the fast states. This fact 
will be used below to derive conclusions about the 
possible energy levels and density of these states. 

The error in the carrier injection factor could be, 
perhaps, as high as 50% at high levels because of the 
uncertainty in the correction for the specimen and 
resistance. At low and intermediate injection levels 
this correction is unimportant so that the error is much 
smaller. The value of Ay might be in error by as much 
as 10%. These fairly conservative estimates of possible 
error make the surface potential V» uncertain by 
roughly one-half to one &7/e unit. This is about the 
same error that could stem from fast states, whose 
effect is to displace the photovoltage curve without 
producing enough change in its shape to make it 
clearly distinguishable from the family of curves 
computed from Eq. (8). 

First of all, the results of this study lead to the 
conclusion that, unless the measurements cover a large 
range of V’» (both accumulation and inversion layers), 
the large-signal technique is not a good general method 
for studying fast surface states. Only states with a 
certain combination of parameters can be detected. 
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On the other hand, the relative insensitivity of the 
photovoltage to fast states indicates that the method 
should be fairly reliable for determining the surface 
potential to within about one k7/e unit when the fast 
states are completely neglected. The experimental 
technique for determining surface potential is simple, 
straightforward, and completely independent of uncer- 
tainties in the carrier mobility near the surface. Unfortu- 
nately the method loses accuracy for surface potentials 
(Yo) in excess of about 8k7/e units for surfaces tending 
toward inversion and about 4&7/e units for accumu- 
lation surfaces. The method has the further disad- 
vantage of being adversely affected by the slow-state 
charge changes that occur with wet ambients. 

The good conformity between the experimental 
photovoltage curves, observed over a fair range of 
experimental conditions, and those derived from the 
space-charge relation, leads to the following rough 
conclusions about fast states: In the n-type Ge there 
could not have been any states of a density greater 
than a few times 10" within 6&7/e units from gap 
center, if these states had a small value of x’. The 
condition that x? not be unreasonably small (<10-*) 
restricts the statement to states above the gap center. 
Slow-state charge changes introduced by water vapor 
make it difficult to draw any conclusions from runs 
with accumulation layers. This rules out the possibility 
(see Table II, case 21) of detecting states below midgap 
with x?210*. In the p-type Ge there could not have 
been any fast states, with x721 and a density greater 
than about 10", located in the energy range from gap 
center to about 6kT below gap center. The maximum 
error in surface potential caused by possible undetected 
fast states very likely lies within the probable experi- 
mental uncertainty of one-half to one kT energy unit. 

In Table IV is compiled the detectability of previ- 


TABLE IV. Previously reported discrete fast states (germanium). 


Sample 
resist. 
type (ohm-cm) 
N 
P 
P 
V 


v 
(AT /e units) 


a 


Case Reference 


—5, 
—7. 
—3, 


1.65 
<-—6 


Ama — 


SID Ue one 
OW WW w 


N 
NV 
N 


( ~3.9. or 1.65 


N {—6 


we 
w 
wn 


9 2 N 1 a 1.310" 


~ 


10 2 N 17 


11 L N 20 
12 25 19.5 
13 “ N 25 
14 2 N 25 
15 2 N 0.3-3.0 


* A. Many, private communication (to be published). 


ive 
(No./cm?) 


5 1.4X 10" 
2 10! — 10" 
2 104% — 10” 
9 4X 10° 

4x 10% 
>8.8X 10! 
>~S >1.1 10" 


(~10")* 30 
(~10")a 
(~10")* 150 
(~10")* 


State 


Remarks 


Undetectable if x?21 
Undetectable 
Undetectable 
Undetectable 
Undetectable 
Detectable if x21 and V,~10" 
Undetectable if x2>1 and V,~10" 
10" 
10" > Aggregate not detectable unless V;~10" 
10" 
Undetectable if x2>10™ 
Detectable if x2<10, V,=10", otherwise 
undetectable 
Undetectable at V,=10" 
30 Undetectable at V,=10" 
Undetectable at V,= 10" 
4.5X 1075 Detectable at V,=10" 
~1 Undetectable, unless y= —8 and V, ~10" 
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ously reported*-*.**.°5 fast states. In some cases the 
detectability could be inferred from the results in 
Tables II or III, and in other cases additional calcu- 
lations were necessary. The criterion for detectability 
is the same as that discussed in Sec. III; the allowance 
for experimental uncertainties is established earlier in 
the present section. Some liberties are taken with the 
fact that some of the resistivities noted in Table IV 
are outside the range of those used in the present 
study. These differences should not affect any of the 
conclusions. It has to be assumed, of course, that the 
surfaces were all comparable to those present on the 
samples used in the present study. 

It is seen that the results of the present study, with 
only minor qualifications, are at least consistent with 
those extant in the literature. In cases 6, 9, and 13, 
certain limits are placed on the state densities and 
capture cross-section ratios. Case 8, which refers to the 
aggregate of states listed under reference 3 in the table, 
was included because these states, taken together, 
provide a good approximation*® to the fast-state charge 
curves”® from which continuous energy distributions 
have been inferred. In the absence of more complete 
information, the values noted in the table for V, and 
x’ were used. The computed effect of this aggregate of 
states both on the large signal photovoltage and on the 


*4 Bardeen, Coovert, Morrison, Schrieffer, and Sun, Phys. Rev. 
104, 47 (1956). 

26 Many, Harnik, and Margoninski, in Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, 1957), 
pp. 85-107. 
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differential photovoltage, as described by Eqs. (15) 
and (16), was found to be negligibly small unless the 
state densities in this case were increased to about 
10” cm’. 

VII. CONCLUSIONS 


The large-signal surface photovoltage is insensitive 
to fast states over a considerable range of state param- 
eter values. Hence the technique described in this 
paper is not a good one to use in general studies of 
these states. However, on the other hand, the insensi- 
tivity to fast states seems to make the technique a 
fairly reliable tool for determining surface potential, at 
least in Ge. It is convenient to use and is not affected 
by uncertainties in carrier mobilities along the surface. 
The range of insensitivity to fast states includes the 
state parameter values listed in the literature; the 
range of sensitivity includes parameter values which 
are not listed in the literature. Since no evidence for 
fast states was observed in the present study, it is 
concluded that the results of this study are at least 
consistent with previously reported fast-state param- 
eters. 
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Effective Mass of Electrons in Gallium Arsenide* 
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The effective mass of electrons in a sample of n-type gallium arsenide has been measured by determining 
the reflectivity in the infrared. The value obtained, (0.043+0.005)mo, supports the hypothesis that the 
minimum of the conduction band is at the center of the Brillouin zone 


INTRODUCTION 


EASUREMENTS of the reflection and absorp- 

tion of light can provide information concerning 
the band structures of semiconductors and metals. 
Recent studies of the optical properties of germanium, 
silicon, indium antimonide, and indium arsenide! in 
particular, have shown that it is possible to determine 
the effective mass of electrons in the conduction band. 
In indium antimonide and indium arsenide, the de- 
pendence of the effective mass on carrier concentration, 
and thus the variation with energy as the band is filled, 
have also been determined. This note reports an ex- 
tension of the work of Spitzer and Fan to the case of 
n-type gallium arsenide. 

The basic idea of this work is to determine the 
contribution of the free carriers to the dielectric sus- 
ceptibility of the material. The dielectric susceptibility 
can be determined from the index of refraction and the 
absorption coefficient. From the susceptibility, the 
effective mass of electrons can be determined if the 
carrier concentration is known. The calculation is 
independent of the relaxation time provided that 
(w°/?)>>1. The formula relating the effective mass of 
the carriers to the measured index of refraction and 
extinction coefficient is (in mks units) 

m* Né 1 
(1) 


mo moenw” (Xo+K?—n?) 


where .V is the carrier concentration, w the circular 
frequency of the light, Xo is the high-frequency di- 
electric constant, 7 the index of refraction, and A the 
extinction coefficient. This formula can be obtained 
immediately from the results of reference 1. The 
extinction coefficient A can be related to the linear 
absorption coefficient, a, by 


a=4rK/). (2) 


METHOD 


A technique devised by Simon was used in the 
measurements.” It is possible to determine both the 
index of refraction and the extinction coefficient by 


* Supported in part by the Air Force Office of Scientific Research 
and the Office of Naval Research. 

'W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 

21. Simon, J. Opt. Soc. Am. 41, 336 (1951). 
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measuring the percentage of plane polarized light 
reflected at two angles of incidence from the surface. 
A complex index of refraction is substituted into the 
Fresnel equations. Analytic solution is not practical, 
so it is necessary to construct tables or a family of 
graphs giving the percentage of reflection for specific 
angles of incidence and values of 7 and &. Such curves 
for 20° and 70° angles of incidence have been given by 
Simon.’ In our case, it was found independently that 
the extinction coefficient is 0.1 or less throughout the 
wavelength range investigated. Since the extinction 
coefficient enters as K’, it can be disregarded and the 
necessary computations are considerably simplified. 

Measurements were made in the region between 0.78 
and 22 microns. A Perkin-Elmer model-13 spectro- 
photometer was used. Light from the monochromator 
was polarized by passing through a stack of ten AgCl 
plates arranged at the polarizing angle. It is estimated 
that greater than 99% polarization was achieved. 

Observations were made at three angles of incidence; 
30°, 45°, and 60° for each component of polarization. 
The gallium arsenide sample was ” type and poly- 
crystalline with a carrier concentration .V=6.9X 10~" 
cm~ as determined by a Hall effect measurement. The 
material from which the sample was cut was furnished 
by Chicago Midway Laboratories. 


RESULTS AND DISCUSSION 


In Fig. 1 the index of refraction is shown as a function 
of wavelength. A least-squares fit was made to the 
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Fic. 1. Index of refraction m as a function of wavelength. The curve 
is a least-squares fit to the data as described in the text. 
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Fic. 2. Band structure of germanium. The curves shown are a 
synethesis of experimental results and theoretical calculations. 
The energies of the circled states are known experimentally. 


experimental points with an expression of the form 
n?= Xo— AX’. (3) 


The high-frequency dielectric constant Xo was found 
to be 11.06+0.14. The value of A was determined to 
be 0.0143+-0.0005. The uncertainties given are one 
standard deviation in each case. 

The quantity m*/Nm can be found from A after 
comparison of (3) and (1). It is 6.25X10~-**. The mass 
ratio m*/my is finally 0.043+0.005. The standard 
deviation in m*/mpo due to scatter of the experimental 
points amounts to an uncertainty of +0.002. Con- 
sideration of possible systematic error suggests an 
over-all uncertainty of +0.005. A value of 0.032 was 
given previously by Barrie ef al.* for a similar carrier 


3 Barrie, Cunnell, Edmond, and Ross, Physica 20, 1087 (1954). 
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density from thermoelectric data. We have made no 
attempt to determine the variation of effective mass 
with carrier concentration. Our result can be compared 
with the effective mass of 0.15 found for germanium by 
Spitzer and Fan.' In the case of germanium, the 
effective mass determined in this way is an average of 
the longitudinal and transverse masses pertaining to 
the ellipsoidal energy surfaces about the face center L 
in the Brillouin zone. The smaller value of the effective 
mass in gallium arsenide can be understood as due to a 
shift of the minimum of the conduction band to. the 
center of the Brillouin zone. 

In Fig. 2, the band structure of germanium is shown 
according to a recent review.’ The lowest minimum of 
the conduction band is located at the point L, but there 
is another minimum at the zone center which is only 
slightly (0.15 ev) higher. The effective mass around 
this minimum has been measured to be 0.036 from 
observation of the oscillatory magnetoabsorption 
associated with the direct optical transition.® This 
small effective mass is quite close to that found for 
gallium arsenide. As it is unlikely on theoretical grounds 
that such a small effective mass could be obtained 
elsewhere in the zone, it is quite likely that the lowest 
conduction band minimum is located at the center of 
the zone. Such a shift is predicted by the theory 
relating the bands in gallium arsenide to those in 
germanium.® 
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Steady-state and transient conductance of inversion layers created by acetone vapor on silicon n-p-n 
bars were investigated. The interpretation gives strong evidence that the charge in the outer surface states 
can move in an electric field. The mobility of the charge is found to be of the order of 10~* cm?/volt sec for 
thick films. The mobility becomes progressively smaller in thinner films. It is found that inversion layers 


created by mobile charges may be unstable for certain applied voltages 


in which case large potential jumps 


occur where the inversion layer meets the main p-m junction. It is shown that in many cases the inversion 
layer current is multiplied while flowing through this potential jump. Possible multiplication mechanisms 


will be discussed 


INTRODUCTION 


GREAT amount of work has been done to clarify 

the surface properties of semiconductors. From 
these investigations one knows that there are various 
sets of electronic levels in the forbidden gap which are 
located at the interface between the semiconductor and 
the oxide film and that there are other surface states 
with a greater density on the surface of the oxide film. 
The interface states can communicate well with both 
the conduction and valence bands and thus act as 
surface recombination centers. The surface states on 
the surface of the oxide film can only slowly exchange 
electrons with the semiconductor. Deviations from their 
equilibrium occupation decrease with a time constant 
varying from a fraction of a second to a few hours, 
depending upon the thickness and structure of the 
oxide film. In recent work a relatively good under- 
standing of the properties of the interface states! has 
been obtained. The properties of the outer surface states 
are not as well known. In particular, outer surface states 
produced by thick adsorbed layers of certain liquids 
present major problems. 

It has long been realized®-* that water vapor and 
certain other vapors produce effects on diodes and 
transistors that are not understandable with the present 
surface model. These effects include the anomalously 
high reverse currents of diodes, the reverse current- 
voltage characteristic which is far from the logarithmic 
law predicted by inversion layer theory, and the many 
types of transient currents after a sudden application of 
a reverse bias. 

Eriksen, together with the authors,* studied some of 
these effects. The investigations showed conclusively 
that conventional ionic conduction could not account 
for the observations. It was further concluded that 
electrical conduction through holes in the liquid film 


1 Statz, deMars, Davis, and Adams, Phys. Rev. 106, 455 (1957). 
2S. Wang and G. Wallis, Phys. Rev. 105, 1459 (1957). 

3S. Wang and G. Wallis, Phys. Rev. 107, 947 (1957). 

‘C. G. B. Garrett, Phys. Rev. 107, 478 (1957). 

5 J. T. Law, Proc. Inst. Radio Engrs. 42, 1367 (1954). 

6 J. T. Law and P. S. Meigs, J. Appl. Phys. 26, 1265 (1955). 
7E. N. Clarke, Phys. Rev. 99, 1899 (1955). 

§ Eriksen, Statz, and deMars, J. Appl. Phys. 28, 133 (1957). 


might be responsible for the observed currents. In the 
present paper the same problem has been further 
investigated. It will be shown that indeed the charge 
in the outer surface states can move, confirming some 
earlier postulates.*:* However, the detailed processes are 
more complicated than had been anticipated earlier. 
It will be shown that the mobility of the charge in the 
outer surface states is rather low and, in general, does 
not exceed 10~* cm?/volt sec. The direct contribution of 
the current carried by the outer surface states is always 
negligible as compared to the current carried by the 
inversion layer. In the previous investigation* this fact 
was not recognized and it was thought possible that 
the current in the liquid could dominate over the in- 
version layer current. Effects due to charge movement 
become observable when there are electric fields parallel 
to the surface. Such electric fields can be produced, for 
example, by current flow in inversion layers biased in 
reverse with respect to the underlying semiconductor 
material. The charge movement, in general, creates 
regions in which there is an excess or a deficiency of 
surface charge density with respect to the density 
present under equilibrium conditions. Since the in- 
version layer conductance is a function of the surface 
charge density, similar variations in the conductance of 
the inversion layer are found. In regions where the 
conductance has decreased, the inversion layer current 
will produce larger tangential field strengths and more 
charge will flow away. Eventually, there may no longer 
be enough charge to support an inversion layer. 
Situations like this are found where inversion layers 
meet bulk junctions and it will be shown that this 
process is important to explain many transient phe- 
nomena and diode characteristics. Also, in these cases 
large electric field strengths are produced where the 
inversion layer meets the bulk junction. The inversion 
layer current flowing through this high field region 
may be multiplied at total applied voltages which are 
smaller than those required for bulk breakdown. 
Possible breakdown mechanisms will be discussed. 

The reported measurements are more complete and 
more conclusive than the early investigations’ because 


°W. L. Brown, Phys. Rev. 91, 518 (1953). 
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Fic. 1. Diagram of energy band near semiconductor surface 
with thick adsorbed film. 


of the study of transient phenomena. For simplicity 
almost all measurements were carried out on n-p-n 
type grown silicon bars in ambients containing acetone 
vapor. Similar effects can be observed with water vapor 
and many other vapors and also with germanium 


samples. 
ENERGY BAND DIAGRAM AT SURFACE 


It has been shown by Law® that water vapor is 
adsorbed in a relatively thick layer on the surface. 
Germanium surfaces in ambients approaching 100% 
relative humidity may be covered with as many as ten 
monolayers of water molecules. It is believed that a 
similar situation exists for the adsorption of other 
vapors of certain organic liquids mentioned in refer- 
ence 8. Gases like oxygen are adsorbed to a much 
smaller degree.'® It is difficult to give an exact figure for 
the number of monolayers because most of the adsorbed 
oxygen is used for the formation of an oxide film. It 
appears likely, however, that the amount of adsorbed 
oxygen does not exceed one monolayer. 

The liquids which will be discussed here give a posi- 
tive surface charge. The energy bands on a p-type semi- 
conductor with a thick adsorbed film are shown in 
Fig. 1. It is assumed that the highest occupied level in 
the liquid lies near the Fermi level. There thus exists a 
finite chance that some of the highest normally occupied 
levels are empty and a net positive charge resides in the 
adsorbed film. Since there are many liquid molecules 
packed close together, the molecules interact with each 
other and the sharp energy levels of the isolated mole- 
cules are split up in bands. If there is no periodicity in 
the adsorbed film, conventional energy band theory 
cannot be applied to calculate the density of states as 
a function of energy and calculations of the type de- 
"10 Semiconductor Surface Physics (University of Pennsylvania 


Press, Philadelphia, 1957). See chapters by Green, Kafalas, and 
Robinson, p. 349; S. P. Wolsky and A. B. Fowler, p. 401. 
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veloped by James and Ginzbarg"! and by Parmenter!?-"4 
will have to be applied. Nevertheless, for the present 
purposes such calculations do not have to be carried 
out. Complicating features which arise from a different 
interaction of the first adsorbed monolayer with the 
oxide film will not be taken into account. It is clear 
from the experimental results that there is a positive 
charge in the adsorbed layers corresponding to from 
10" to more than 10" charged molecules per cm’, and 
thus the highest occupied band must lie within a few 
tenths of an electron volt of the Fermi level at the 
surface. 

Consider now the effect of an electric field parallel to 
the surface. There appear to be two possible conduction 
mechanisms in the film. The first possibility is a hole 
conduction similar to the conduction-by-holes-mecha- 
nism in a semiconductor; that is, the individual mole- 
cules in the film remain fixed and the charge deficit 
jumps from molecule to molecule. The second mecha- 
nism is a quasi-ionic conduction in which the charged 
molecules, themselves, move until they lose their charge 
through the oxide film by a relaxation mechanism. 
Further below we shall show that the observed mobilities 
are relatively low; in particular, they have not been 
found to exceed substantially 10-* cm*/volt sec. In 
addition, the observed mobility is a strong function of 
the vapor pressure of the condensed liquid in the sur- 
rounding ambient. In ambients with lower vapor 
pressures the mobility may be smaller by orders of 
magnitude than that observed with a saturated ambient. 
One could attribute such a dependence to either con- 
duction mechanism. It appears, however, that one 
should be able to distinguish between these two possi- 
bilities by an experiment carried out at sufficiently low 
temperatures so that the adsorbed liquid film is 
“frozen.”’ All the evidence that has been collected in 
this laboratory indicates that the phenomena to be 
described below are still observable at temperatures 
far below the freezing point of the liquid in question, 
suggesting a mechanism of true hole conduction. 


DISTRIBUTION OF CHARGE ALONG THE SURFACE 


In this laboratory the study of the mobility of the 
outer surface charge started after the discovery of 
certain discrepancies between measurements of in- 
version layer conductance as a function of bias voltage 
in dry ambients!:'® and in ambients containing vapors 
of water, methyl alcohol, pyridine, dioxane, acetone, 
and other liquids. In Fig. 2, a steady-state inversion 
layer conductance curve measured in the presence of 
acetone vapor is shown, as well as the circuit used for 
the measurements. All measurements were carried out 

1H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953). 

2 R. H. Parmenter, Phys. Rev. 97, 587 (1955). 

13 R. H. Parmenter, Phys. Rev. 99, 1759 (1955). 

‘4 R. H. Parmenter, Phys. Rev. 99, 1767 (1955). 

16 Statz, deMars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 





SLOW SURFACE STATES 
on n-p-n type grown silicon bars with a resistivity of 
the p-type region of 10 ohm cm. The width of the 
p-type region was 0.04 cm. The set-up was essentially 
identical to the one described in references 1 and 15. 
The sample preparation was also standard. Samples 
were etched in CP4, washed carefully in water, methyl 
alcohol and carbon tetrachloride and dried. They were 
then exposed to an ambient consisting of acetone vapor 
and nitrogen. Originally, it was believed’ that the 
increasing conductance is due to a conductance in the 
adsorbed film superimposed on the inversion layer 
conductance. As_ will shown in this paper, the 
processes giving this apparent increase in the con- 
ductance are quite involved but result from the finite 
mobility of the surface charge. 

Let us first investigate the nature of the surface 
charge distribution on the inversion layer across the 
base region of an -p-n type bar (Fig. 3). Consider the 
case in which the two n-regions are connected together 
and biased in reverse with respect to the p-region. 
Assume for the moment that the surface charge is 


be 


immobile. The saturation current across the inversion 
layer bulk junction flows along the inversion layer to 
the n-sides and causes a parabolic potential profile 
[ Fig. 3(b) |. If the surface charge is allowed now to 
move, it will flow from the ends towards the middle of 
the inversion layer [ Fig. 3(c)]. The surface charge, 
however, is now out of equilibrium with the underlying 
bulk material and positive charge flows from the bulk 
into the surface film at the edges of the inversion layer 
and positive charge will flow into the bulk near the 
center of the base region. This charge relaxation has 
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Fic. 2. Measuring circuit and curve of inversion layer 
conductance as a function of bias voltage. 
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3. Distribution of potential and surface charge density 
on reverse-biased inversion layer 


received attention in the literature.'*~!* It is well known 
that the rate of charge transfer is very sensitive to the 
thickness of the oxide film. A certain steady state 
charge distribution will be established on the surface. 

Let p be the positive charge density per unit area of 
surface. Its equilibrium density when the charge is 
immobile will be called po. This equilibrium value is 
known to be a function of the bias voltage. Its value 
increases with bias voltage.!!> The rate of flow of 
charge from the bulk through the oxide film into the 
adsorbed layer is given by —(p—po)/r, where 7 is the 
phenomenological relaxation time of the outer surface 
states. We shall make the simplifying assumption that 
there is just one 7 and not a spectrum of relaxation 
times. There is, however, evidence that in the ambients 
considered below a spectrum of relaxation times would 
give a better approximation. If j is the current density 
on the surface (current per unit length), the time 
derivative dp/dt becomes 


dp/dt= —(p—po)/t-—V°j. (1) 


If E is the component of the electric field in the surface, 
then 


j=upE—DVp. (2) 


In Eq. (2), w is the mobility and D is the diffusion 
constant of the surface charge. By inserting Eq. (2) 


into Eq. (1), one obtains 


Op/dt= — (p—po)/r—w(V-p)E—ypV-E+DV'p. (3) 


For simplicity it will be assumed now that the potential 
along the surface is parabolic: 


E,=— 0v/dx= —2cx. (4) 


4 9 
V=C2; 


‘6 R. H. Kingston and A. L. McWhorter, Phys. Rev. 103, 534 
(1956). 

17S. R. Morrison, Phys. Rev. 102, 1297 (1956). 

'8 Lasser, Wysocki, and Bernstein, Phys. Rev. 105, 491 (1957). 
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Fic. 4. Distribution of surface charge for a total voltage drop of 
0.1 volt and a surface charge mobility of 10~* cm?/volt sec. 


This assumption would be correct if the conductance of 
the inversion layer were constant and much greater 
than that of the liquid film. Further below the modifi- 
cation of the inversion layer conductance is considered. 
The positive surface charge is neutralized by the elec- 
trons and the negative space charge in the semi- 
conductor and no repulsion of the positive charges on 
the semiconductor surface has to be taken into account. 
Inserting Eq. (4) into Eq. (3) gives 


Op/dt= — (p—po)/r+2ucxdp/dx+cupt Dd*p/dx*. (5) 


Because of the symmetry of the problem, dp/dx=0 at 
x=0. We assume further j(+29)=0, where +» repre- 
sents the extension of the inversion layer. The latter 
condition is a simplification. The approximation is, 
however, under most circumstances good ; on the n-type 
region there is very probably not much positive surface 
charge. Furthermore, holes in the adsorbed layer on 
the field-free m region can only get into the region of 
the inversion layer by the mechanism of diffusion. By 
introducing the dimensionless units: R=p/po; T=¢/r; 
L=x/(Dr)!; C=2c(qg/kT)Dr; V=v(q/kT) and by 
making use of the Einstein relation between » and D, 
one obtains 
dR/dT=1+(C—1)R+CLOR/dL+0°R/dL*. (6) 
In the reduced units the boundary conditions become 
dR/dL=0 L=0, 


d(\nR) dL=+CLo +L», 


for 


for 


where Lo=x0/(Dr)'. First consider steady-state solu- 
tions for which dR/dT=0. The equation has to be 
integrated numerically. In order to reduce the number 
of parameters, we choose a value of x» equal to 0.02 cm, 
which agrees closely with the dimension of the experi- 
mental units, and a value of r=1 sec. As parameters, 
we consider the mobility u of the holes in the liquid film 
and the total voltage drop v. The solutions to the 
equation were obtained on an analog computer. In 
Fig. 4, a typical solution is shown in which a potential 


G. A. DEMARS 
drop of 0.1 volt and a mobility of 10% cm?/volt sec had 
been assumed. 

In Table I, R at L=0 and L= Ly is given for a series 
of values of uw and v. For mobilities greater than those 
given in Table I, the charge density is given very closely 
by a Boltzmann distribution. Even for relatively low 
mobilities the surface charge is nonuniformly dis- 
tributed. 

In the present model the outer surface states will 
not give a substantial contribution to inversion layer 
conductance, even if the high charge mobilities are 
assumed which had to be postulated previously.* The 
surface charge density becomes exceedingly low near 
the edges of the inversion layer and very little surface 
current could be carried in that surface region. These 
conclusions rest on the assumption of a relaxation time 


TABLE I. Charge densities at center and edge of inversion 
layer for various mobilities and voltage drops. 


cm? 
Mobility { - 
volt-sec 


10-4 10-3 


Potential 
drop 
(volts) 


0.002 


10°? 
RL) =0.96 


Ro = 1.09 
RL) =0.91 


0.004 


Ry = 1 04 
RL) =0.86 


0.01 


Ro = 1.09 
Rly =0.74 


0.02 


Ro = 1.18 
RLo=0.54 


Ro = 1 45 
RLo=0.36 


0.04 


Ro =1.71 
RL) =0.21 


0.06 


Ro = 1.50 
RLyo=0.22 


Ro =2.20 
RLy=0.07 


0.1 


Ro = 1.18 
R1Ly=0.77 


0.3 
Ro = 5.64 
RL) =0.002 


Ro = 1.33 
RL) =0.031 


Ro =4.93 
RL) =0.004 


Ry =17.0 
RL) =0,.0002 


Ry =1.86 
RLo=0.002 


Ro = 17.0 
RL) =0.0002 


Ro =1 .66 
RL) =0.003 


Ro = 1 2.0 
RLo=0.001 


Ry =15.4 
RL») =9.0005 


Ro =17.8 
RLIo<10™ 
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which is of the order of 1 sec. This assumption might be 
unjustified because the pileup of charge near the center 
of the inversion layer could cause some sort of break- 
down in the oxide film due to the resulting high electric 
fields. This would reduce + in the center considerably. 
Near the edges of the inversion layer, however, where 
the charge has moved away, the electric field across 
the oxide film is reduced and 7 is expected to remain 
constant or possibly increase. It can be shown that a 
reduction of 7 in the center would lead to a decrease in 
the surface charge density all over the surface of the 
inversion layer. Thus there still remains an almost non- 
conducting region near the edges of the inversion layer. 
This difficulty in the explanation of the surface con- 
ductance increasing with bias voltage gave rise to a 
more thorough investigation of the problem. 


TRANSIENT BEHAVIOR OF INVERSION 
LAYER CONDUCTANCE 


To check the original postulate that the charge in 
the outer surface states can move, the transient be- 
havior of inversion layer conductance after switching 
of the bias voltage was investigated. Since the con- 
ductance of the inversion layer depends upon the charge 
in the surface states, one would expect to see variations 
in the conductance due to charge rearrangements in the 
outer surface states. In the experiments, inversion 
layer conductance was measured at a low bias voltage, 
for example, 2 volts. Then a short voltage pulse of up 
to 140 volts was applied. The pulse lengths varied from 
10-° to 1 sec; the voltage was chosen large enough to 
pinch off the inversion layer, at least in the beginning 
of the pulse. After the pulse, the variation of the con- 
ductance was recorded with a pen recorder or observed 
on an oscilloscope. There was a continuous transition 
in the observed curve shapes as the partial vapor 
pressure of the liquid (here acetone) was increased. 
The traces a, 6, and c in Fig. 5 correspond to low vapor 
pressures. There are no noticeable effects due to the 
movement of charge in the adsorbed film. At the high 
. voltage the charge in the outer surface states builds up 
with the characteristic time constant 7. By reducing the 
voltage again to the original value, the conductance is 
higher after the application of the voltage pulse and 
the charge decays again to its equilibrium value with 
the time constant r. As the vapor pressure of the liquid 
was increased, a deformation of these curve shapes was 
observed. The traces d through f and g through 7 
represent two typical sets of curves into which the 
traces a through c may deform with increasing acetone 
content. When the acetone vapor pressure was very 
high, the inversion layers, in general, were unstable, 
their conductance decreasing rapidly when any voltage 
was applied. One could still observe a transient con- 
ductance, however, by switching for a short time from 
a low voltage to an intermediate voltage and back 
again. The conductance would rise for some time to a 
finite value and then decay again to zero. The following 
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Fic. 5. Inversion layer conductance transients after application 
of a bias voltage pulse. 


section will investigate how the movement of charge in 
the outer surface states can explain the observed curve 
shapes. 


SIMPLIFIED ANALYSIS OF TRANSIENTS 


Several simplifications will be made in this analysis. 
Not all of the charge inducing the inversion layer is 
mobile; there will be some charge in interface states. 
This latter charge will be neglected. We shall consider 
the problem first without taking into account the 
variation in the conductance of the underlying inversion 
layer due to changes in the charge density on the 
surface. There is no easy way to include in the calcula- 
tions the phenomenon of pinch-off. We shall approxi- 
mate pinch-off first by an inversion layer with a low 
conductance; i.e., the inversion layer will be considered 
to produce a relatively large voltage drop along the 
surface due to the saturation current. Further below 
we shall see how the results change if we do not make 
these assumptions. 

The problem is described by a solution of Eq. (6) 
with the boundary conditions (7). To solve this equation 
we shall consider the values of R only at certain points: 
L=0, Al---iAl---nAl. Because of the symmetry of the 
problem, only positive values of L have to be considered. 
These values of R will_be denoted by Ro, Ri--+R». The 





174 H. STATZ AND 
differentials 0R/OL and 6°?R/dL* will be replaced by 
difference expressions. Equation (6) with Eq. (7) gives 


Risi— Ris 
=1+(C—1)R;+71C—— 
oT 2 


R,,,;—2R-+-R; 1 
+ for 
AF 


OR; 


1<i<n-1, 


Ri — Ro 
=1+(C—1)Rot+2 
Al? 


1 
R,=————(2R,1— 4-2). 
$+AIlCLo 


This simultaneous set of differential equations for 
R;(T) can be readily solved on an analog computer. In 
the present case, twelve intervals were chosen. For 
simplicity, at the low voltage no voltage drop will be 
assumed. The equilibrium charge density at this voltage 
will be designated by p,. In switching to the high voltage 
the inversion layer conductance decreases and a volt- 
age drop due to the saturation current will be assumed. 
The equilibrium charge density in the absence of any 
voltage drop will be called py. py has a larger value 
than p,. For a more detailed description as to how the 
equilibrium charge increases with applied voltage, the 
reader is referred to references 1 and 15. In the experi- 
ments this ratio py/px was approximately 1.25. 

In Fig. 6(a), a specific example is shown. The mobility 
of the holes in the liquid film is assumed to be 10-% 
cm?/volt sec, the relaxation time r is taken to be 1 sec, 
the voltage drop along the inversion layer is taken to be 
0.04 volt. These numbers give Lo=4 and C=0.2. 
Figure 6(a) shows how the distribution of charge 
changes on the surface as a function of time when the 
high voltage is applied. We consider now what happens 
when the pulse is terminated; i.e., C will be set to zero 
when the charge distribution has reached the shape 
which is indicated by a dashed line. Figure 6(b) shows 
how the charge relaxes back again into its original 
shape. Before discussing the effects of this redistribu- 
tion, consider qualitatively the changes in Fig. 6 if a 
different mobility of the charge in the surface film is 
assumed. If the mobility is much higher, the charge 
redistributes itself faster and the slow relaxation 
through the oxide film does not disturb the distribution 
too much. For example, if we allow the dashed distribu- 
tion of Fig. 6(b) to relax back to its equilibrium value 
with a much higher mobility, the charge first spreads 
out very fast to a constant value from —Ly to +Lo. 
The area under this curve is practically identical to 
that under the dashed curve. Then the distribution 
relaxes slowly back to its equilibrium value, with the 
characteristic time constant 7, always retaining the 
rectangular shape. In other words, the time ¢(~2?/D) 
for the charge to spread out over the surface of the 
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sample is short as compared to the relaxation time 7. 
If, on the other hand, a very small mobility is used, the 
movement of the charge can be neglected and the 
charge relaxes back at each point to its constant equi- 
librium value with the characteristic time constant r. 
To see from this simplified model how the conduct- 
ance of the inversion layer varies with time, we shall 
first investigate the dependence of that conductance on 
the surface charge. The energy bands of a p-type sample 
with a positive charge on the surface are shown in 
Fig. 7. The number of electrons » per unit square of 
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Fic. 6. (a) Change in surface charge distribution with time 
after the application of a bias voltage. (b) Relaxation of surface 
charge distribution to its original shape after removal of bias 
voltage. (c) Inversion layer conductance after removal of the bias 
voltage, as deduced from 6(b). 
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inversion layer skin is given by" 


e\'s1 kT 
)GNea(ivi+ii+i1-—) 

dn! \q q 
kT q ; e\'/1 

+ gn. exp( ds )} -( )( ) 
q kT Qn q 


kT) kT |! 
x|o.( iV. + v, + Q:| — )+ “ant , (9) 
q q 


Equation (9) corresponds to Eq. (13) of reference 15. 
(The subscripts d have been replaced by a since we 
are dealing here with a p-type sample.) ¢ is the dielectric 
constant, g is the electronic charge, p, is the charge 
density due to the ionized acceptors, & is Boltzmann’s 
constant, T is the absolute temperature, and m; is the 
intrinsic density of electrons. The meaning of the other 
symbols may be obtained from Fig. 7. Similarly, it has 
been shown in reference 15 that the surface charge p, per 
unit square of skin is given by 


kT 
Fe 4 ¥, sie ds raps ) 
qY 


kT q . 
ao am, exp -|d, )| » see) 
q kT 


n= (1/q)(ps— pp), 


Thus, one can write: 
where 


kT 
V6 a oa ¥., = i Ds = ) 
q 


kT } 
+~ mp (12) 
q 


Since ¢, is always a very small quantity in comparison 
with the applied voltage, p, may be considered to be a 
constant. pp stands for ppinch-ors because n=O for p= pp. 
The conductivity g of the inversion layer is given by 
g=quen, where yu, is the mobility of the electrons in 
the inversion layer. u, can be considered a constant 
independent of p, as long as the electronic charge does 
not become comparable to the negative charge due to 
the ionized acceptors, i.e., for all inversion layers except 
the strongest ones. If one uses Fig. 6 to compute the 
inversion layer conductance, it does not matter much 
what value of p, is assumed, since the same shape of 
curve is obtained. In Fig. 6(b), the value of p, used in 
the calculations is indicated by a horizontal dashed line. 
The inversion layer conductance corresponding to a 
given curve in Fig. 6(b) is given by the following: 


1 1 1 1 i 1 
=constant ( 4+ .--- )+z -| (13) 


g 2\ po— pp Pi2—Pp i=1 pi— Pp 
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Energy bands near surface on a p-type semiconductor 
with a net positive surface charge 
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where the indices 0 
the analog computer. 

gis plotted in arbitrary units in Fig. 6(c) as a function 
of time. The result may be stated: When a large poten- 
tial drop exists along the surface, charge will flow from 
the edges to the center of the inversion layer. Thus, 
the edges of the inversion layer are conducting poorly. 
When the potential drop is suddenly reduced, the 
resulting flow of charge to the ends of the inversion 
layer makes itself felt first by increasing the over-all 
conductance of the inversion layer. Then, the charge 
approaches its new lower equilibrium value, corre- 
sponding to the lower applied voltage, and the con- 
ductance of the inversion layer decreases to its equi- 
librium value. Figure 6(c) resembles the experimental 
curves 5d through 5f. For charge mobilities in the 
adsorbed film of the order of 10~* cm?/volt sec and 
lower, the direct contribution of the film conductance 
to the inversion layer conductance is entirely negligible. 

We shall now investigate the influence of a more 
adequate treatment of the pinch-off phenomenon on 
the results. As a first step, we want to consider the 
potential distribution along the surface when a voltage 
larger than the pinch-off voltage is applied. For a 
definition of the coordinate axes, see Fig. 8. Let the 
positive surface charge be p,. At the pinch-off voltage 
there will be no free carriers left and the energy bands 
will be bent approximately by an amount J, 


12 refer to the stations on 


V = (2m/e) (p.7/pa), (14) 


the potential as a function of y being given by 
V = (2m/e)pay?. (15) 


The surface is located at Vmax =Ps/Pa. If the applied 
voltage is raised by an amount AV above pinch-off, the 
potential will no longer be independent of x. An analytic 
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Fic. 8. Choice of coordinate axes for calculation of potential 
distribution under pinch-off conditions. 


solution in closed form, however, can only be given if 
we modify the problem somewhat. Suppose that for 
y <0, the semiconductor is so heavily doped that the 
space-charge layer cannot penetrate any further into 
the p-type material. As may be checked easily, the 
following solution then satisfies Poisson’s equation: 

2r 


= AV r= 
V =—pay’+ cosh( — ) 
2 Ymax 


€ Ww Xo 
cosh -—- 
D Vexex 


(ane 4 
xsin( —- ). (16) 
2 Vmax 


Equation (16) also satisfies the boundary conditions 
(dV /dy)ymax= (4m/€)p.and V=0 for y=0, It is interest- 
ing to note that the additional voltage AV drops within 


a few ymax of the edges of the inversion layer. The. 


potential on the surface of the inversion layer, with the 
exception of the short edges, equals the pinch-off 
voltage. Equation (16) does not take into account 
complications which arise from the finite width of the 
space-charge regions of the main p-» junctions. 

Thus, at voltages beyond pinch-off, strong fields 
existing at the edges of the inversion layer tend to 
move all the positive surface charge towards the field- 
free middle region of the inversion layer. Unfortunately, 
Eq. (16) does not give these field strengths accurately 
because of the above-mentioned simplifications. One 
may estimate, however, that these field strengths are of 
the order of 10* volts/cm, and a very rapid removal of 
the mobile surface charge is expected. In the previous 
calculations it has been assumed that the potential 
distribution is parabolic, thus underestimating the high 
fields at the edges. However, the explanation of curves 
5d through 5f remains essentially the same. While the 
inversion layer is pinched off, all the surface charge 
flows away from the edges of the inversion layer. When 
the pulse is removed, the inversion layer in the vicinity 
of x» is nonconducting. As the charge of the middle 
part of the inversion layer spreads, the conductance @éf 
these edge regions rises and the measured over-aj] 
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conductance increases. The conductance at the maxi- 
mum is related to the amount of charge that has been 
created during the high voltage pulse; thus, one expects 
that the maximum conductance increases with the 
pulse duration. 

The traces of Fig. 5, g through 7, may be explained 
with the help of the following section. It will be shown 
there that, at a certain bias voltage, an inversion layer 
with a mobile charge may be stable or unstable, de- 
pending upon the relative magnitude of certain param- 
eters. In Fig. 5(g), the inversion layer is essentially 
pinched off after the removal of the pulse. However, 
if the pulse is applied long enough, sufficient charge 
may move through the oxide film for the inversion 
ayer to be stable. There will still be a slight depletion 
of charge near the edges of the inversion layer, but not 
sufficient to pinch off the inversion layer. The spreading 
of the charge gives the slight bump in the decaying 
conductance curve 7 of Fig. 5. Curve / of Fig. 5 lies in 
between the curves g and 1. There is evidence that quite 
frequently nonuniformities account for these curves. 
A part of the channel may be essentially stable and 
give rise to a conductance of the type shown in the 
traces a to c and other parts of the inversion layer may 
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Fic. 9. Measured inversion layer conductance after the application 
of bias voltage pulses of various durations. 
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give a conductance behavior as presented in Fig. 5, 
curves d to f. The superposition of the two will then 
give curves as shown in Fig. 5, curves g to 7. 

One may use curves of the type shown in Fig. 5, 
curves d through f, to estimate the mobility of the 
surface charge. A sample was held in an atmosphere 
almost saturated with acetone vapor. The response was 
expected to be fast due to the relatively thick adsorbed 
film with its resultant high mobility of surface charge. 
Pulses of 140 volts with durations varying from 5X 10~° 
sec to 10~* sec were applied. The resulting conductance 
curves plotted as a function of time are shown in Fig. 9. 
In order to obtain a complete pinch-off, it is estimated 
that the surface charge has to be removed over a dis- 
tance of about twice the thickness of the inversion 
layer, i.e., about 3X10~* cm near the main junctions. 
Assume further an average electric field in that region 
of 10‘ volts/cm. In order for this charge removal to 
take approximately 5X10~° sec (Fig. 9), the mobility 
of the charge must be about 610-4 cm?/volt sec. 
From the recovery of the conductance, one may obtain 
another estimate of the mobility. Assume again that 
the charge was reduced over a region of d2=3X10~* cm, 
the time for the charge on the middle portion of the 
inversion layer to spread out will be approximately 
= (d?/D)= (q/kT) (d?/p). Since ¢ is about 8X10- sec, 
one obtains uw=5X10~* cm?/volt sec. The latter value 
tends to overestimate the mobility somewhat since the 
charge generation through the oxide film by the relaxa- 
tion mechanism has been neglected. However, the two 
methods of determining u agree satisfactorily indicating 
that our model is essentially correct. Better and more 
convenient methods for measuring the mobility of the 
surface charge are presently being worked out. It 
appears that in thick films of adsorbed acetone vapor 
the charge mobility is of the order of 10~* cm?/volt sec, 
but in thin films the mobility may be many orders of 
magnitude smaller. 

It may be mentioned at this point that there appears 
to be some correlation between the surface charge 
mobility and the spectrum of relaxation times. In 
general, it is observed that for higher surface charge 
mobilities the relaxation times become shorter. The 
reason for this correlation has not yet been investi- 
gated. 


STABILITY OF INVERSION LAYERS IN THE 
PRESENCE OF MOBILE CHARGES 
IN THE ADSORBED FILM 


In the previous calculations relating to Fig. 3, the 
dependence of the conductivity of the inversion layer 
on the surface charge was not considered. Considering 
now this dependence, one can easily visualize, with the 
help of Fig. 3, that inversion layers may be unstable. 
In Fig. 3(c), the charge as a function of x is shown by 
a dashed line. For the calculation of this charge density, 
a parabolic potential was assumed. The reduction of 
the charge density at the edges of the inversion layer, 
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however, decreases the conductivity in the underlying 
inversion layer, and the potential rise is faster than 
parabolic. This new potential, in turn, makes more 
surface charge move towards the center and the con- 
ductivity of the inversion layer at the edges becomes 
still smaller. This process may continue until the in- 
version layer pinches off. 

To obtain more quantitative insight into this stability 
problem, consider first the case where the movement of 
the charge in the adsorbed film is so fast that the charge 
transfer mechanism through the oxide film can be 
neglected. This means, for example, that the term 
(o—po)/r in Eq. (3) can be neglected. We shall further 
consider a steady-state problem, 0p/d/=0. Solving 
Eq. (3) then gives 

p=paexp(—qV/RT), (17) 
where pz is some constant. The conductance of the 
inversion layer is given by 

£=Ue(p— pp). (18) 
In Eq. (18), u is the mobility of an electron in the 
inversion layer. Equation (18) is only valid as long as 
p> pp». Furthermore, 


(19) 


where / (x) is the surface current density in the inversion 
layer. We may assume a constant saturation current jo 
across the surface junction and write: 

I (x) = jox. (20) 


Equation (19) may now be integrated to give 


kT / Qu | qV q 
—( ) pf 1—exn(- )F pV | =x" 
gq \ Jo kT kT 


The inversion layer will pinch off at a point where 


(21) 


Pp=pa exp(—qV/RT). (22) 


By inserting Eq. (22) into Eq. (21), one obtains 


Que f kT Pa 
=- ~(—) {,1-P9~pr in( ~) 
Jo q Pp 
“( =f 
q Jo 


pa is still an unknown number. From Eq. (1) and the 
boundary conditions, it follows that the average charge 
density #, in the presence of fields, is equal to the equi- 
librium charge density po. For an estimate of typical 
values of x, it will be sufficient to assume pg equals po. 
Assume: po=(1.1X10"') (1.6X10~") amp sec/cm?; 
Pp= (1.0X10"!) (1.6% 10~") amp sec/cm?; u,= 108 cm? 

volt sec; jo= 10-5 amp/cm? and kT/g=0.025 volt. One 


(pa—pp)* 
———{, (23) 
Pp 





nM, STATe 


ELECTROMETER 
BIAS 
“= VOLTAGE 


AND CRO. 
(FLOATING POTENTIAL) 
Fic. 10. Circuit for the measurement of floating potential 
and/or reverse current. 


AND 





C.R.0. 
(CURRENT) 


> 
> 





then obtains x=2X10~? cm. Thus for the inversion 
layer not to pinch off, the p region of the n-p-n bars 
could be 4X10~-? cm wide. If one neglected the move- 
ment of the charge, the voltage drop due to the satura- 
tion current would be 1.25X10~* volt for the above 
example, as compared with the actual voltage drop of 
2.4X 10 volt. 

Let us next consider the physical significance of the 
case where the calculated value of « comes out smaller 
than the dimensions of the inversion layer. At the point 
where the inversion layer pinches off, a large voltage 
drop appears because the inversion layer becomes 
essentially nonconducting. Because of this drop, the 
bias voltage of the middle part of the inversion layer 
becomes substantially smaller. For a smaller bias 
voltage, one has new values of po and p, such that the 
value (pp—p,) in Eq. (23) becomes larger. Thus a new, 
greater x can be calculated. The inversion layer will 
assume such a voltage that the calculated pinch-off 
point is at the junction. This can be seen in various 
ways: Assume contrary to the above statement that 
the pinch-off points would lie symmetrically to the 
middle of the inversion layer some distance before the 
main p-m junctions. Since, at the pinch-off point, there 
will be a substantial voltage drop, the charge density p 
equal to pa exp(—qV/kT) will have a very small value 
beyond the pinch-off point. Such a small charge density 
cannot, however, support an inversion layer and there 
would be no conducting channel through which the 
collected saturation current could flow into the » regions. 
If the voltage of the inversion layer becomes com- 
parable to or smaller than k7/q, not all of the saturation 
current is collected. This case occurs quite frequently in 
our experiments. There are also additional cornpli- 
cating features present: Either the saturation current 
or the inversion layer conductance may be nonuniform, 
resulting in regions where all the saturation current is 
collected and others where it is not. With these reserva- 
tions, let us next study the experimental verification 
of this charge rearrangement. For this purpose, a large 
voltage step is fed in between one n-type side and the 
p-type base of an n-p-n structure as shown in Fig. 10. 
The floating potential of the other n-type side, with 
respect to the base, is measured with an electrometer. 
This floating potential corresponds to the potential of 
the inversion layer at the extreme right with respect to 
the p-region. As the pulse is applied, the potential of 
the n-region rises to the pinch-off voltage, defined as 
that voltage at which, with constant surface charge 
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density, no carriers are left in the inversion layer. Then, 
the charge slowly rearranges and the inversion layer 
assumes such a voltage that the previously defined 
pinch-off occurs just at the left-hand p-n junction. The 
floating potential as a function of time is shown in 
Fig. 11(a) for a case in which the ambient was almost 
saturated with acetone vapor. Another case is shown 
in Fig. 11(b). A voltage step of 80 volts is applied. The 
floating voltage immediately rises to 80 volts. Appar- 
ently the pinch-off voltage in this case is larger than 
80 volts. Then the charge rearrangement takes place 
and the floating potential drops. However, at this 
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Fic. 11. Floating potential following an increase in bias 
voltage for various surface conditions. 





SLOW SURFACE STATE 
higher voltage there is a larger equilibrium charge in 
the outer surface states. The charge builds up with the 
characteristic time constant of the outer surface states. 
With the increasing charge the floating potential rises 
again. In Fig. 11(a), the relaxation time was apparently 
much shorter than the time required for the charge 
redistribution. In Fig. 11(c), a case is shown in which 
the two time constants are approximately equal and 
the effect of the charge increase becomes apparent 
through a wiggle in the curve representing floating 
potential as a function of time. One can also perform 
the inverse experiment. With a high voltage applied 
for some time, there is a charge rearrangement such 
that there is a small region in the vicinity of the bulk 
junction with almost no mobile surface charge. When 
the applied voltage is reduced, this charge depleted 
region will be larger than it would be under equilibrium 
conditions at the low voltage. Thus, upon switching the 
voltage to the lower value, the floating potential goes 
to a lower than equilibrium value as is shown for a 
specific case in Fig. 12, where the voltage was switched 
from 180 volts to 10 volts. As the charge spreads out, 
the floating potential rises. The charge then decays to 
its low-voltage equilibrium value and the floating 
potential drops again. Similar curves are obtained for 
the reverse current, as shown in Fig. 13, where the 
voltage was switched from 170 volts to 0.5 volt. More 
experimental evidence for the existence of a charge 
depleted region will be presented in the next section. 

From Figs. 11 and 12, it is apparent that it takes a 
finite time for the charge to redistribute and that the 
simplified calculation with very large values for uw and 7 
is not justified. More correctly, Eq. (3) with Eqs. (18), 
(19), and (20) gives 
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The boundary conditions are: 


q *( xp 
kT ue \p—pp 

The problem is to see whether there are solutions 
satisfying the boundary conditions with p>p, in the 
whole interval. In the region where no pinch-off was 
found with the previous method, Eq. (24) will also 
have a solution. If D is small enough, Eq. (24) can also 
have a solution in the region where the previous method 
indicated a pinch-off between 0<x%<a. This occurs 
because the charge near «=+.%» is larger than calcu- 
lated previously, due to the transport of charge from 
the bulk to the adsorbed film. 


Op/dx=0 for x=0; 
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Fic. 12. Floating potential following a reduction in bias voltage. 

No analytical solutions of Eq. (24) have been found. 
By numerical methods, however, solutions can be 
obtained. Consider an example. The width of the base 
region of the n-p-n bar is 0.04 cm in the samples em- 
ployed for the described experiments. If expressed in 
units of the electronic charge, pp and py—p,» are assumed 
to be 2X10"! and 3.45X 10° charges ‘cm’, respectively. 
With w,=500 cm?*/ volt sec, the latter value corresponds 
to an equilibrium inversion layer conductance of 0.276 
umho. If the charges could not move, a saturation 
10 amp/cm? would give a potential drop 
of 0.075 volt~3kT/q. If + is assumed to be 1 sec, an 
approximate solution of Eq. (24) shows that, at some 
value of D between 19~* and 10~"° cm?/sec, the inversion 
layer would not pinch off due to the movement of 
charge. 

For cases in which D becomes small, the boundary 
conditions become more critical. If there is a steep 
potential drop in the region where the inversion layer 
meets the main p-n junctions, the current in the liquid 
film can no longer be strictly zero at x=-a. The 
surface charge that is generated in this high-field region 
will flow into the inversion layer region. The high-field 
region will, in general, become larger as the potential 
drop between the inversion layer and the n-type sides 
increases. That an effect of this sort is important may 
be deduced from measurements of the type shown in 
Fig. 11. In general, it is found that the steady-state 
floating potential increases as the applied voltage is 
increased. If the boundary conditions would remain the 
same and independent of the applied voltage, the 
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Fic. 14. Measuring circuit and curves of reverse current and 
photocurrent as a function of applied voltage. 


floating potential of the inversion layer should also 
remain constant. 


SURFACE CURRENT MULTIPLICATION 


It has been shown that high electric fields may exist 
where -the inversion layer meets the p-n junctions. 
From measurements of diode characteristics, it became 
apparent that surface current multiplication can take 
place in this high-field region at total applied voltages 
which are lower than those required for multiplication 
in the bulk junction. In Fig. 14, a steady-state diode 
characteristic is shown which was measured with the 
voltage applied between the m+ side and the base region. 
Between zero and ten volts thecurrent increased rapidly. 
Then a region was found in which the direct current is 
approximately independent of voltage. At higher volt- 
ages the direct current further increased with increasing 
voltage. The first increase in current between zero and 
ten volts is believed to result from the gradual increase 
in floating potential to values substantially above 
kT/q at all points. Above an applied voltage of ten 
volts all saturation current is collected. At the higher 
voltages the current increases due to current multipli- 
cation in the high field regions near the junction. To 
check these postulates, a ten cycles per second chopped 
light beam was focused on the surface and the resulting 
photocurrent was measured. The results, together with 
the experimental arrangement, are shown in Fig. 14. 
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At low light intensities, and at low voltages, the photo - 
current was approximately constant. At the higher 
voltages, where multiplication took place, the photo- 
current increased; however, not as much as the direct 
current. In general, the multiplication was found to be 
nonuniform around the junction and the difference in 
the multiplication of the photocurrent and the direct 
current is attributed to these inhomogeneities. In dry 
ambients the multiplication factor of the bulk junction 
at 180 volts was close to one and not more than two. 
This surface current multiplication had also previously 
been found by Bernstein and Kingston" for germanium 
n-p-n bars in ambients containing water vapor. These 
authors find that multiplication sets in at relatively 
low voltages long before multiplication is observed in 
dry ambients. At that time (1955), of course, nothing 
was known about the movement of surface charge and 
its implications. Probably some of the experiments of 
Garrett and Brattain” are also related to the experi- 
ments described in this section. To check the postulate 
that the increase in current between zero and ten volts 
results from an increase in the floating potential to 
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Fic. 15. Measuring circuit for determination of multiplying region. 





values substantially above k7/q, the light intensity of 
the chopped beam was increased by a factor of almost 
ten. This higher photocurrent now loads the inversion 
layer and produces a larger potential jump at the main 
junction in the region where the photocurrent enters 
the n* region. For the higher light intensity, a total 
voltage of 10 volts was required before all the photo- 
current was collected. A similar measurement was 
made using the other p-n junction. Over the same 
voltage range no evidence of current multiplication 
was found. 

In order to show conclusively that current multipli- 
cation takes place in the high-field region near the 
junction and not in the junction between the bulk and 
the inversion layer, the experiment shown in Fig. 15 
was performed. With switches 1 and 2 closed, a high 
enough voltage was applied to cause surface current 
multiplication to occur at the left p-n* junction but not 
at the right p-n junction. The total current was meas- 
(1955) Bernstein and R. H. Kingston, Phys. Rev. 98, 1566(A) 

a: 


”C. G. Garrett and W. H. Brattain, J. Appl. Phys. 27, 299 
(1956). 
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ured in the base lead. When switch 1 was opened, the 
total current decreased. However, when switch 2 was 
opened, with switch 1 closed, the total current increased. 
This behavior of the current is readily explained. When 
switch 1 is open, current no longer flows through the 
multiplying region. All the surface saturation current 
now has to flow through the nonmultiplying region and 
there is a decrease in the total current as the multipli- 
cation mechanism is no longer operative. If the switch 2 
is open, all the collected surface current flows through 
the multiplying region and there is an increase in the 
total current. At lower voltages, where there was no 
multiplication, only a slight decrease in total current 
was observed after opening either switch 1 or switch 2. 

In Fig. 16, the time dependence of the direct current 
and the chopped photocurrent is shown when the 
voltage was switched from 2 to 175 volts. The voltage 
was applied between the m* side and the base region. 
The multiplication factor jumps to the rather high 
value of 35 as deduced from the photocurrent. The 
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. 16. Reverse current and photocurrent following 
an increase in bias voltage. 


multiplication then decreases and, initially, the direct 
current follows the decrease of the multiplication. The 
direct current then rises substantially and finally de- 
creases again slightly. The increase in the current is 
believed to result from an increase in the floating poten- 
tial at all points to values substantially above k7T/q 
such that at the current maximum all saturation 
current is collected. As the floating potential rises, the 
multiplication decreases. Apparently, for some time the 
increase in the collected current outweighs the decrease 
in the multiplication. 

Finally, consider the mechanism for the current 
multiplication. It is difficult to estimate the field 
strength at the surface correctly. If there were no 
charge on the surface, the field would then, of course, 
be the same as in the bulk junction. In order to explain 
the surface current multiplication and surface break- 
down at the lower applied voltages, one may either 
assume that the field strength on the surface is the 
same as in the bulk and look for a multiplication mecha- 
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Fic. 17. Possible configuration of space charge near surface. 
nism different from the regular avalanche mechanism, 
or one may consider conditions under which the surface 
field is larger than in the bulk. As an example for a 
mechanism giving a multiplication at a lower field 
strength, one might consider the impact ionization of 
interface states in the high-field region. Obviously, 
smaller field strengths are required to excite electrons 
from interface states to the conduction band, or elec- 
trons from the valence band to interface states, than to 
induce valence to conduction band transitions. A mecha- 
nism resulting in an increased field is shown in Fig. 17. 
Here, a negative surface charge is depicted as increasing 
the field at the surface to values larger than those found 
in the bulk junction. Such a negative surface charge 
might result if the interface states were to have a net 
negative charge. As explained above, the positive sur- 
face charge is mobile and has moved out of the high- 
field region. 

There are indications from measurements of the 
density of outer surface states per unit area and energy 
interval that simultaneously there are different types 
of outer surface states present. Suppose that there is a 
minority of negatively charged surface states, for 
example, of the type produced by oxygen. If this 
negative charge were immobile, and if enough positive 
charge would move away, the field configuration shown 
in Fig. 15 would also be produced. 
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Interesting in this connection is the observation of 
current spikes of about 10 wa in magnitude at the 
onset of surface current multiplication. A curve showing 
these spikes is given in Fig. 18. The voltage was switched 
from 2 to 120 volts. With an applied potential which is 
a few volts higher many more spikes are present. This 
observation indicates that the same microplasmas are 
operative in the surface current multiplication as are 
found in the body avalanche breakdown of silicon.”! 
The latter observation may be considered evidence that 
avalanche multiplication is operative at the surface 
and that the electric field at the surface in these cases 
is larger than in the bulk junction. 

We may now consider again, briefly, the behavior of 
the alternating current conductance shown in Fig. 2. 
It has been shown above that in “wet” ambients it 
takes a considerable applied voltage (10 volts or more) 
before the inversion layer collects all the saturation 
current, i.e., before the inversion layer has a bias volt- 
age, with respect to the bulk, of k7/g or more at all 


*1 A. G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
(1956). 
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points. This lowered bias voltage was shown to be a 
consequence of the voltage drop near the main p-n 
junctions. Those regions of the inversion layer which 
have a bias voltage smaller than or approximately 
equal to k7/qg cannot effectively contribute to the 
inversion layer conductance across the base region. 
They may in a certain sense be considered clamped to 
the potential of the base region. As the bias voltage is 
increased, an increasing proportion of the inversion 
layer rises in potential above a few times k7/q and then 
can contribute to the conductance across the base. It is 
believed that this increase in the fraction of the in- 
version layer that can contribute to the conductance 
causes the over-all rise in measured conductance. 
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A “frozen” potential representing mutual two-quantum interactions of two electrons is derived starting 
from the simplest nonrelativistic version of quantum electrodynamics. This potential is then used for cal- 
culating an energy correction for the 'S state of the helium atom with the help of wave functions of the 


Hylleraas type. 


I. INTRODUCTION 
WELL-KNOWN discrepancy between the ex- 


perimental and theoretical values for the ioniza- 
tion energy of the helium atom suggests a tentative 
explanation by means of an electromagnetic level shift 
of the 'S state strictly analogous to the Lamb shift in 
hydrogen. Actually a very rough estimate shows that 
in this way one can get a proper order of magnitude for 
the shift, and some attempts have already been made 
to obtain even more precise numerical results.! 
Even if the situation is not quite clear at the moment 
as to the exact value of the energy difference to be 
explained,” it seems worthwhile to investigate in addi- 


1H. E. V. Hakansson, Arkiv. Fysik 1, 555 (1950); P. K. 
Kabir and E. E. Salpeter, Bull. Am. Phys. Soc. Ser. II, 1, 46 
(1956). 

2? Compare, e.g., a discussion concerning this by S. Chan- 
drasekhar and G. Herzberg, Phys. Rev. 98, 1050 (1955). The 
situation, both from the theoretical and experimental point of 


tion to the strictly “Lamb-shift-like” terms, the con- 
tributions of other interaction patterns of the same order 
in e. As “strictly Lamb-shift-like” interaction patterns, 
we shall consider those interactions which are repre- 
sented either by exactly the same Feynman diagrams 
(or, more precisely, “ladders” of such diagrams) as the 
ordinary Lamb shift in hydrogen [Fig. 1(a) ], or else 
by diagrams obtained from the latter by replacing the 
“external” photon line (representing the Coulomb 
potential of the nucleus) by a photon line joining the 
two electron lines [Fig. 1(b) ]. 

Interactions represented by Fig. 1(a) have already 
been considered by many authors. As they are expected 
to lead to the biggest numerical results, they have 
formed the basis for the first rough estimates men- 
view, has recently changed for the better, the energy difference 
to be explained by radiative corrections being reduced to only 


1.4+1 cm™ in the same direction as the Lamb shift in hydrogen 
[compare, e.g., T. Kinoshita, Phys. Rev. 105, 1490 (1957)]. 
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tioned above. Interactions’ represented by Fig. 1(b), 
although expected to give terms of the same order of 
magnitude for the level shift as those considered here, 
are not calculated in this paper. They would involve, 
at least within the framework of a basic formalism as 
much simplified as that used here, calculational tech- 
niques much more similar to those used in the case of 
Fig. 1(a). The aforementioned remaining terms of the 
same order will then be represented by the diagrams of 
Figs. 1(c), (d), and (e), where a further subdivision of 
terms has been applied, according to whether both 
virtual photons are transverse [two inclined lines, 
Figs. 1(c) and (d) ] or one is transverse and the other 
longitudinal [one horizontal and one inclined line, 
Fig. 1(e) }. 

The only term which will be calculated in this paper 
is that represented by Fig. 1(e). This term might be 
considered as the ‘‘zero-field fluctuation correction” 
of the Coulomb interaction, which is just the case where 
the simple methods used here can be most successfully 
applied. Very similar methods, however, can also be 
applied in calculating’ the terms represented by Figs. 1(c) 
and (d) if the Coulomb potential is replaced by a “‘one- 
quantum potential” corresponding to the elimination of 
transverse photons, or the main part thereof, e.g., 
the Breit terms, or their “‘spinless” analog. As the latter 
analog would almost certainly lead to no reliable results 


(¢) 


Fic. 1. Feynman diagrams of the fourth-order radiative 
corrections in helium. 
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and as we want to confine ourselves here to the simplest 
nonrelativistic formalism, such terms are not con- 
sidered either; one would, however, be inclined to 
believe that they should lead to smaller energy correc- 
tions than those corresponding to Fig. 1(e), much in 
the same way as the Breit terms are “smaller” than 
the Coulomb potential. 

As far as the basic formalism and calculational 
techniques are concerned, we shall limit ourselves—as 
already mentioned—to the simplest possible nonrela- 
tivistic form of the Hamiltonian and shall use methods 
similar to those described by Welton.’ Quite apart from 
a much greater mathematical simplicity of the problem 
and from the fact that all the numerically computed 
wave functions of the Hylleraas type actually refer to a 
nonrelativistic and spinless electron, this simple non- 
relativistic formalism has at least one additional ad- 
vantage over any more refined theory when applied for 
the first time to the problem in question: namely, in 
the calculations performed here we never meet with 
divergences even in the form of too strong a singularity 
of the equivalent potential, which does not seem to be 
the case for the Dirac electron. A strong singularity 
of the potential which was obtained by Lévy® to de- 
scribe the ‘repulsive core’ of nucleons and which 


should result mainly from two-pion interactions, 


strictly analogous to the terms considered here, might 
also perhaps be considered as pointing in the same 


direction.® 
Il. THE METHOD 


As is well known, the simplest way to account for all 
the ‘“‘Lamb-shift-like” interactions is to find a trans- 
formation exp(zS) which removes the first-order coup- 
ling term between the electrons and the (‘‘transverse’’) 
radiation field -~(e/mc)A-p, and then to study the 
“effects” of this transformation on the Coulomb poten- 
tial (corresponding to the already completely elimi- 
nated longitudinal part of this field). For a single elec- 
tron, such a transformation is determined by 


iLHo,S |= — (e/mc)A-p, (1) 


where i denotes a ‘zero-order Hamiltonian” of a 
single electron—or, more precisely, either the Hamil- 
tonian of the free electron plus that of the free radiation 
field, or, in the case where—as we shall discuss later— 
the electron recoil will not be taken into account, the 
Hamiltonian of the free radiation field only (formally 
because the Hamiltonian of a free electron with infinite 
mass is equal to zero). In the case of several electrons, 


3T. A. Welton, Phys. Rev. 74, 1157 (1948). 

4 J. Lukierski, University of Wroclaw (private communication). 

5M. Lévy, Phys. Rev. 88, 725 (1952). 

6 There is still a possibility, of course, that these singularities 
might be “spurious,”’ in the sense that they would give finite 
results because of some definite limiting ratios of different spinor 
components of the wave function assumed for r;2=0. This is 
just the possibility which might seem strongly supported by the 
finiteness of the present result. 
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S is simply given by the sum of all single-electron S 
operators, each of which satisfies (1). The potential 
V (x,,---X,) is then changed to 


exp(? >>; Si)V(x1,---x,) exp(—i 0; S,) 
=V(x1,---x,) +30; (6x;-V)V (x1, - - -Xn) 
+3 >i; (6x;-V,) (6x;-V;)V(x1,---xn), (2) 


where for each particular electron and S obeying (1) 
we have 
éx=iLS,x |. (3) 


Because, as we shall see later, nothing corresponding 
to the “lower cutoff” in the ordinary Lamb shift calcu- 
lations need be considered here (owing to the exponen- 
tial decrease of the bound state wave function for large 
distances), we can simply disregard all linear terms in 
(2). The change of potential corresponding to Fig. 1(e) 
is then 

V o9g1= (0) (6x, - Ay) (6x2- Ae) |0)(e?/r42), (4) 


with (0|---|0) denoting the electromagnetic vacuum 
expectation value. 


Ill. CALCULATION OF V2; 


If Ho is the free radiation field Hamiltonian only, (1) 

is solved by 
S=—(e/mhc)Z-p, (5) 
where Z is the Hertz vector operator. From (3) we have 


then 
dx= — (e/mc?)Z. (6) 


The two-quantum potential is then given by the 
formula 


V 297 = (2 /mce?)?(I/113°), (7) 
where 
1 =Trace T—3ri2 -(Tr2), (8) 
with ro = (r12/r12). The Cartesian components of the 
tensor T are given by 
T ;= (O| Z;(x1)Z;(X2) |0). (9) 
Because all the radiation field vectors are solenoidal, 
the simplest way to evaluate T and / is to use circu- 
larly polarized plane wave representations, which can 
be done, e.g., with help of the complex e(k) vectors 
introduced by Kramers.’ We have then 


T;; = (he tat) f ero 


X {ci(k)c;*(k) +¢,*(k)c;(k)}d*k. (10) 


The field vectors E and H are given by 


E= — (2rhc/Q)! >. {e(k)[a*(k)+a(—k) ] 


+e*(k)[b*(k)+6(—k)]} Rte", (11a) 


7H. A. Kramers, Quantentheorie des Elektrons und der Strahlung 
(Akademische Verlagsgesellschaff, Leipzig, 1938), p. 426. 
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H = (2rhc/Q)4i >. {e(k)[a*(k) —a(—k) ] 


+ce*(k)[ —b*(k)+6(—k) }} Rie". (11b) 


The most important Hertz vector Z, therefore, is 


Z= — (2ahc/Q)' Y (e(k)La*(k)+a(—k) ] 
+c*(k)[b*(k)+0(—k) ]} olen, 


(12) 


where a*(k), a(k) and 6*(k), 6(k) are the creation and 
annihilation operators for the two kinds of circular 
polarization, respectively. 
Making use of the following relations satisfied by ¢(k), 
kX e(k) = ike(k), 


c*(k) -c(k) = 1, 


(13) 
we get 
[e(k) -ry2 ]Le*(k) -r2 ]=4 sind, 


where # is the angle between k and 1,2"). Consequently, 
combining (8), (10), and (14), we obtain 


(14) 


1 = (hc/2r) 


xf dk f dd k sind (3 cos*d — 1)e'*"12 080 
0 0 


= (2he »f { (2 *— 32-4) sinz+32—* cosz}dz 


= (2hc/x)[s-* sins—2~* cosz ]o* = —(2hc/3mr), (15) 


with z=&rj», and finally 
V2gr (r12) = — (2he*/3armc)ris-. (16) 


It is of interest to observe that the convergence 
of the last integral in (15) is to a certain degree mathe- 
matically accidental, and is the result of mutual cancel- 
lation of strong singularities which would appear in 
the integrals representing particular components of the 
tensor 7, so that these latter integrals would therefore 
diverge in general. This, however, is still not sufficient 
to secure the general applicability of (16) in the level- 
shift computations, because this formula exhibits a 
singularity for zero interelectron distance. This would 
lead to logarithmic divergences for all wave functions 
of the Hylleraas type (except, of course, those which 
vanish at r}2=0). 

There is, however, a very close correspondence be- 
tween (16) and the ordinary Bethe Lamb-shift formula 
with a still-undetermined upper cutoff parameter. In 
fact, we can improve (16) by taking into account the 
electron recoil, which is analogous to what is done in 
determining the upper cutoff parameter in the Bethe 
formula by the Welton method. Roughly speaking, this 
leads to determining the shortest interelectron distance 
for which the 7;:~* law of the two-quantum potential is 
valid and below which it breaks down. Corresponding 
to the fact that the upper cutoff parameter is of the 
order of mc, one would justifiably expect that distance 
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to be of the order of the Compton wavelength. To find 
such a modification of (16), we therefore have to con- 
sider 3Cy in (1) as a sum of the radiation-field Hamil- 
tonian and (p?/2m) and not, as hitherto, as the radia- 
tion-field Hamiltonian only. One can then easily show 
that if we wish Eqs. (5)-(9) to remain formally un- 
changed, this requires only a change in the defini- 
tion of Z, with the result that the creation and annihila- 
tion operators in (12) should be additionally multiplied 
by f,(p,k) and f_(p,k), respectively, where 
fa (p,k) = (1+ (2k -p+hk?)/(2mck) P. (17) 


Substituting this into (9) and neglecting the velocity 
dependence of the two-quantum potential by putting 
Pi= p2=0 afterwards, we get instead of (10) 


Ti j= (he tr!) fem nal — (/ko)* Pk 


X {c,(k)c,*(k) +0;*(k)c;(k)}d*k, —(10’) 


where 


ko= (2mc/h). (18) 


Instead of (15), we then get 


I= (he 2m) f ae f ddk—[1— (k/ko)? 
0 0 


X sind (3 cos’ — 1)et*712 0089 


= (2he nf (1— (2/20)? }' 


X { (x ?—32-‘) sins+3z-* coss}dz, (15’) 


where 


Zo= Rovio. (19) 


In order to evaluate (15’), we shall observe that 
(A+ ko?) (I 119") 


={ris 2(d dryo)ri2"(d dro) +ke?} (112) 


= {20 2(d ‘dzo) 20° (d dzo)+ 1 } (2?) — T%re+t4kK, (20) 


where J“ is given by (15) and where 
g ) 


K 2/%0)? |" 
z* sinz+z~! cosz)ds. (21) 
Similarly, 
{2-7 (d/dzo)20?(d/dzo) +1} (Kzo)=Kzo—4L, (22) 


where, in analogy to (15) and (15’), 
+) 

K = (2he nf (—z sinz+:z"! cosz)dz 
0 


= (2he/r)[s- sins Jo = —(2hc/r), 22’) 
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and 
L= (2hc/m)20 if [1— (2/20)? }! sinzdz 
0 


=— (2he, 1) {Si (Zo) COSZ9— Ci(zo) sinzo}, (23) 


with the usual definitions of the Si and Ci functions’: 
z ® 
Si(x) = f 2! sinzdz, ci(a)=— f 2! coszdz. 
z 


“9 


To find J as a function of 2), we must therefore solve 
(22) and (20) considered as ordinary inhomogeneous 
differential equations, the fundamental solutions corre- 
sponding to the left-hand operator being 207! sinzo and 
zo! coszo. 1(zo) is determined in a unique way by the 
requirement that the integrals in (15’) and conse- 
quently in (21) are to be understood as the principal- 
part integrals, and this leads to the condition 

lim zo~'J(o)= lim 291K (zo) =0. 
z00 290-0 
The final result which should be substituted in (7) 
reads then 
I (29) =I {14 929-?+ (3207! — 920-*)G (20) 
—9z5E(z0)}, 
where 
G(x)=Si(x) cosx—Ci(x) sina, 
(24) 
E(x)=Si(x) sinx+Ci(x) cosx. 
The final ‘“two-quantum potential’ curve [taking 
account of the fact that 7 is negative) and that 
representing /(zo) (J taken equal to +1) ] are given 
by Fig. 2. 


IV. NUMERICAL VALUE OF THE LEVEL SHIFT 
FOR HELIUM 


Using Hylleraas’ notation (atomic units), we have 
for the level shift 


AF2q@1=N wf as f du 
0 0 


x f dt u(s’-—P)YVeoqr(u), (25) 


0 


v=f as f iu f dt u(e'—F) ¢, 
0 0 0 


and where the ground-state wave function y is given by 
W(s,u,t) = o(ks,ku,kt), 27) 


where 


(26) 


with ¢(s,u,/) given in the form 


o(s,ujt)=e** YS Camsumt!. (28) 


n,m,l 


8 FE. Jahnke and F. Emde, Tables of Functions with Formulas 
and Curves (Dover Publications, New York, 1945). 
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Using (15’’), (15), and (7), we then have 


AE 2gr= — (2/3r)a'mek®N- Y (n,m,l) 


n,m,l 


KATE (nm; dX), 
where 
Ct > i ay ae eee 


ald 


a=(e/hc), X=(ka/2), 
and where 


F (nym; X) 


-f ds =f duu” f dt(s?—F)t! 


x [14+ 9u-?+ (3u-!— 9u-)G (uw) — 9u*- E(u) J. 





One can easily show that 
F (n,m,l; d) 
= (—1)"*m*"(d/dd)"{ (141) (d/dd)"X! 
— (143)! (d/dd)*} (d/dd)™* F(A). 





F(X) is given by 


F(\)=lim F(z,A), 


where 


X [1+ 9x-2+ (3x71 — 9x-4)G (x) — 9x7 E(x) Jdx 


= — (1+ 3?) Ei(—Az)+3A(1+A7)Q(z,A) 
+e*{b, (2) +ADo(s)+A*3(s)}. (34) 
Ei(x) is defined as usual by® 
z 
Fi(x) -f 2 e*dz. 
2 
The functions ;(z), o(z), and #3(z) are given by 
(2) =32-?— 32° E (2) —32*G(z), 
,(z)= 1432-1 F(z) +32-°G(sz), (35) 


—3-¢ 
®3(z)= = £2 IG(z). 





Finally, the function Q(z,A) which also appears in 
Eq. (34) is given by 
wn 


or)= f x eG (x)dx. (36) 


Zz 


Because 


lim { — Ei(—Az)+e 4, (z)} = — $—Ind, 
(b) 20 


Fic. 2. (a) Change introduced by finite electron inertia (con- lim e*b»(z) =0, (37) 
tinuous line). The coefficient corresponding to the radiation field sig 

only is taken equal to unity (dotted line). (b) Two-quantum po- lim {—3 Ei(—Az) +e>*#3(z)} = — 3—3 Ind, 
tential as a function of the interelectron distance, 20 
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we then have 
_ ‘ —InA— 3? 1+ 1nd) 


+ 3(1+A?) lim Q(z,A). 


Further, by some partial integrations, 


a 


(0/AX)O(z,d) = -f e"G(x)dx 


= (1442)-'{eLE(2)—AG(2) ]—Ei(—Az)}, (39) 


whereas, as can easily be shown by some contour 
integrations, 


lim Q(2,0) = f xG(x)dx=0. 
20) 


We have thus 


(40) 


lim (0/0A)Q(z,A) 


z0 


= (1+A’) lim { — Ei(—Az)+Ci(s)} 
= —(1+A?) Ind, 


X 


lim Q(s,A) = — f (1+ 6°) Ingdg. 


0 
Therefore, 


F(\) = — $—InA— $A7(14+ 1nd) 


—anci4n) f (1+ 7) Ingdg. 


(43) 


Going back to the level-shift formula (29) and re- 
membering (30) and (32), we can easily see that the 
lowest-order approximation in @ is obtained by dropping 
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all terms in (43) except —$—InA. The most useful 
level-shift formula which is obtained in this approxi- 
mation reads 

4 
AF 21 — o rya®k® 
3 

XC (nym) U(nym,1d)) 


n,m, l 


(> (nymDN(nym)). (44) 


n,m. l 
The functions l’(n,m,/; ) are defined by 
U(n,m,l; +) =A" "+3F (nm, 1; d). (45) 
In the lowest-order approximation just mentioned 
they are given by 
= (nt+-m+1+2) {{m+1)(m+1) 3 
—[(m+3)(m+/1+2) FP} 


U (nvm, 1; X) 


f +/>0, < 7 
for m+/>0, and by (46) 


U(n,0,0; X) = (2+2) !{ —InA+ > (1 u)} 


=3 


for m=/1=0. The coefficients .V(2,m,/), on the other 
hand, are 


N(nym,]) = (n+-m+/1+5) {0 (m+1) (m+/4+3) FP} 
—[(m+3)(m+/+5) F}. 


(47) 
With the recent values for cn»: and k given by Chan- 
drasekhar and Herzberg,’ the numerical value of the 
level shift obtained from (44) is about —0.2 cm“. 
Practically the same result, however, is also obtained 
with the help of a one-parameter wave function (with 
the screening constant k as the only parameter), in 
which case Eq. (44) reduces to a simple formula 


AF29r= (2/32) ry (ka 2)3 In(ka/2). (48) 
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The nuclear magnetic resonance 


spectrum of solid 


hydrogen (75% ortho) has been studied 


as a function of temperature from 1.2°K to 14°K and of pressures from one to three hundred atmospheres. 
At 10°K the absorption signal broadens from less than one gauss to 5.3 gauss between slope extrema as the 
temperature is lowered and self-diffusion ceases. When pressure is applied, this broadening is shifted to 
higher temperatures by a sizable amount. With 230 atmospheres, a shift of 3.2°K was observed. Correlation 
times and activation energies of self-diffusion have been computed for each of the transitions at various 
pressures. The activation energies are linearly dependent upon the transition temperatures. The lower 
transition at 1.5°K in which some rotational degeneracy is removed was also investigated with various 
pressures. Pressures up to 216 atmospheres did not shift the transition temperature to any observable extent. 
Pressures up to 337 atmospheres had no effect on line shape below 1.5°K. 


INTRODUCTION 


HE nuclear magnetic resonance (NMR) of solid 

normal hydrogen was first investigated by Hatton 
and Rollin' soon after NMR was developed as a useful 
tool for investigation of the solid and liquid states.?* 
Hatton and Rollin observed two line-shape transitions 
in the solid—one at about 10°K where the line broadened 
from less than 1 gauss to 6 to 8 gauss as the temperature 
was lowered, and the second at 1.5°K where side peaks 
of 40-gauss separation appeared with decreasing tem- 
perature. The first transition or line broadening is 
associated with the self-diffusion of the H. molecules in 
the solid. The 1.5°K transition is assigned to proton- 
proton interaction in an ortho-molecule and to spin- 
rotational interactions. Hill and Ricketson‘* found at 
1.6°K an anomaly in the specific heat of solid hydrogen 
which they associated with the removal of the threefold 
degeneracy of the lowest rotational state of the ortho- 
molecules. As the ortho-molecules fall into their lowest 
rotational state, the proton-proton interactions are no 
longer averaged to zero by the rotational motion and 
hence the effect of these interactions appears in the 
magnetic resonance signals. Reif and Purcell> examined 
the lower NMR transition more precisely and were able 
to explain quantitatively the line shape at temperatures 
below 1.5°K. Tomita® has considered the theory of this 


transition as a cooperative phenomenon. Sugawara et al.’ 
have measured the temperature of appearance of the 
side peaks for various ortho-concentrations. Their data 
are in good agreement with the specific heat anomaly 


* Supported by a grant from the Robert Welch Foundation. 

1 J. Hatton and B. V. Rollin, Proc. Roy. Soc. (London) A199, 
222 (1949). 

2 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 
(referred to as BPP). 

3 F. Bloch, Phys. Rev. 70, 460 (1946). 

4R. W. Hilland B. W. A. Ricketson, Phil. Mag. 45, 277 (1954). 

5 F. Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 

6K. Tomita, Proc. Phys. Soc. (London) A68, 214 (1955). 

7 Sugawara, Masuda, Kanda, and Kanda, Sci. Repts. Research 
Inst. Téhoku Univ. 7, 67 (1955). 


data of Hill and Ricketson,‘ and of Hill, Ricketson, 
and Simon.‘ 

Rollin and Watson® have studied the upper NMR 
line-width transition carefully in order to determine 
activation energies and correlation times for the self- 
diffusion process which averages out intermolecular 
interaction and thus narrows the resonance line. Bloom" 
has used the method of spin echo to obtain the activa- 
tion energy with greater precision. His results agree well 
with those of Rollin and Watson. 

The present work was undertaken to determine the 
effect of pressure on the nuclear resonance of solid 
hydrogen from about 1.2°K to the melting point. Since 
solid hydrogen has a large compressibility," we felt 
that with modest pressures we might be able to detect 
changes in line shape which would shed further light 
on the nature of the “rotation-libration” transition at 
1.5°K and on the self-diffusion transition. 


EXPERIMENTAL APPARATUS AND METHODS 


The spectrometer used was a Pound-Watkins” type, 
manufactured by the Nuclear Magnetics Corporation. 
In the region of 1.2°K to 4.2°K line widths and shapes 
were studied in two ways. The absorption signal could 
be observed visually and photographically on a DuMont 
304-A scope equipped with calibration for comparison 
of areas under absorption signals at various tempera- 
tures. In addition a lock-in amplifier allowed us to trace 
the derivative of the absorption signal on a Varian G-10 
recording meter. From 4.2°K to 14°K only the absorp- 
tion signal was observed. 


* Hill, Ricketson, and Simon, Conférence de Physique des Basses 
Temperatures, Paris, 1955 (Centre National de la Recherche 
Scientifique, and UNESCO, Paris, 1956), No. 76. 

®B. V. Rollin and E. Watson, Conférence de Physique des Basses 
Temperatures, Paris, 1955 (Centre National de la Recherche 
Scientifique, and UNESCO, Paris, 1956), No. 63. 

 M. Bloom, Physica 23, 767 (1957). 

"H. Megaw, Phil. Mag. 28, 129 (1939). 

2G. D. Watkins, thesis, Harvard University, 1952 (unpub- 
lished). 
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The cryogenic equipment consisted of the usual 
concentric helium and nitrogen Dewars with tails 
tapered to fit between the magnet pole faces. A Varian 
6-inch electromagnet, powered by a bank of 12-volt 
batteries, supplied fields of the order of 3000 gauss. An 
rf frequency of 12.4 Mc was used. The external field 
could be modulated from 0.1 to 70 gauss at frequencies 
of 30, 60, or 280 eps. 

The sample chamber and pressure system are shown 
schematically in Fig. 1. Hydrogen was admitted from a 
cylinder to the sample chamber through a catalytic 
deoxygenator and a nitrogen trap. The hydrogen was 
sucked into the sample chamber when liquid helium 
was admitted to the inner Dewar. Vertical forces were 
applied by resting weights on a stainless steel rod which 
pressed on the solid hydrogen. The considerable com- 
pressibility of solid hydrogen allows us to regard the 
specimen as being under an equivalent hydrostatic 
pressure." A slight overpressure of helium prevented 
air from being pulled through the gasket system which 
was lossened to allow the stainless steel rod to move 
freely. 

In order to observe the NMR line between 4.2°K and 
1.2°K, a bath of liquid helium around the Pyrex sample 
tube was used. Reif'! has indicated that the sample 
temperature follows changes of bath temperature quite 
readily in such a situation even though the heat con- 
ductivity of glass is comparatively small. Temperatures 
were determined from the bath pressure and from 
carbon resistance thermometers calibrated against the 
bath in the liquid helium region.'° 

The 10°K 


allowing the system to warm slowly from liquid helium 


line-width transition was observed by 
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Fic. 1. Schematic diagram of the sample chamber and pressure 
system. The Pyrex tube extends about 40 inches below the top 
7 while the charcoal can is 12 inches long. 


Wy, W. Stewart, Phys. Rev. 97, 578 (1955). 

4 F. Reif, thesis, Harvard University, 1953 (unpublished). 
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Fic. 2. Change in line shape of the solid hydrogen NMR 
daa signal at the self-diffusion transition. The line narrows 
with increasing temperature. The square wave form is a calibration 
signal. 


temperatures to about 14°K. By use of helium-saturated 
activated charcoal'*:'? around the lower assembly, the 
rate of temperature rise was held to any desired value 
by pumping the gas off the charcoal. In most of the 
runs, warmup was completely stopped at various 
temperatures where line shapes were photographed for 
different pressures. 

The self-diffusion transition was studied from photo- 
graphs of the solid-hydrogen line at various tempera- 
tures between 4.2°K and 14°K. The procedure used was 
to obtain a constant temperature by regulating the 
pumping rate on the helium adsorbed by the charcoal 
and then to photograph the absorption signal on the 
scope for pressures of 1, 74, 130, and 230 atmospheres. 
The carbon resistance thermometer readings were made 
simultaneously. Signal areas were normalized by use 
of the scope calibrator. The same value of rf field was 
used for all runs. The magnitude of the modulation 
field, large enough to display the whole line, 
constant throughout each run. 


was 


RESULTS 
A. Seif-Diffusion Transition 


Since the absorption signal was observed, the line 
width determined was that at half-maximum signal 
strength (AH);. By examining the ratio of the line 
width at half-maximum to the line width between 
slope maxima (AH),... as determined crudely for 
absorption signals at various intervals through the 
transition, we found that the line shape changes from 
a roughly Gaussian one to a Lorentzian one as tempera- 
ture increases through the transition. This shape change 
can be seen in Fig. 2. The change of shape is in agree- 
ment with the theory of Kubo and Tomita.'*® Studies 
of about 20 derivative curves for 7<4.2°K agreed with 
the conclusion that the absorption signal is approxi- 
mately Gaussian below 8°K.? 

The method used for presenting the data was to 
plot (AH); as a function of temperature for P=1, 74, 
130, and 230 atmospheres. The line widths for all 
pressures were the same below the transition and are 
constant from 4.2°K to 8°K. The value of (AH), . at 
4.2°K, as found from the derivatives of the absorption 
signals, is 5.3 gauss. Our line-width data for all pres- 
sures were normalized at 4.2°K to the corresponding 
value of (AH), for a Gaussian line, 6.25 gauss. The raw 


16 F, Simon, Physica 4, 879 (1937). 
17 A. C, Rose-Innes and R. F. Broom, J. Sci. Inst. 33, 31 (1956). 
'8R. Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954). 
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Fic. 3. The line width of solid hydrogen for P=1, 74, 130, and 
230 atmospheres in the temperature range from 4 to 15°K. 
AH, max is labeled (A//); in the text, and AH .iope max is called 
(AH )s.m.. 


line-width data thus normalized are shown in Fig. 3. 
The heavy lines are theoretical curves explained in a 
later section. The dashed line for P=1 represents the 
(AH)... data of Rollin and Watson’ normalized to our 
data and adjusted to (AH), in accordance with the line- 
shape change. It can be seen that our one-atmosphere 
data agree well with those of Rollin and Watson. In 
Fig. 4 is plotted the dependence of the shift upon pres- 
sure. We arbitrarily chose to plot the temperature at 
which the width (AH),;=3.54 gauss. This corresponds 
to (AH);/B=A=0.556 where B is the value of (AH); 
below the transition. B is thus the rigid lattice line 
width. For high enough pressures the shift is linearly 
dependent upon P. It was possible to increase and 
decrease the line width at will in the region of transition 
by changing the pressure. 

In Fig. 5 are shown the normalized signal areas (A) 
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Fic. 4. Effect of pressure on the transition temperature for the 
self-diffusion transition. Similar curves hold for temperatures 
corresponding to other values of (AH/)). 
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multiplied by 7 versus temperature. For constant 
density, Curie’s law would require a constant value for 
(AT). The scatter is quite bad, particularly in the region 
of the transition for each curve. It can be seen from 
Fig. 5 for P=1 atmosphere that the Curie law is 
obeyed fairly well from 4°K to 9°K. Thus apparently 
no changes larger than a few percent occur in the 
density (and hence in the expansivity). 

In Fig. 6 data on the temperature dependence of the 
density of solid and liquid hydrogen are shown. The 
data of Dewar'® have been corrected in two ways. 
Using the values of vapor pressure given by Dewar, the 
temperatures were adjusted to values more consistent 
with recent vapor-pressure tables for hydrogen. In addi- 
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Fic. 5. (AT) versus temperature for P=1, 74, 130, 
and 230 atmospheres. 


tion his data are normalized so that the liquid values 
agree with those of Onnes”’ and of Scott and Brick- 
wedde.?! The value of density for the solid at 14°K is 
obtained from the molar volume calculated by means of 
the Clapeyron equation as explained by Woolley ef al.” 
Since our NMR work indicates that the density is 
constant from 4.2°K to 9°K, we extend the value of 
Megaw" to cover that range. The wide variance of the 
solid density data indicates the need for accurate 


19 J. Dewar, Proc. Roy. Soc. (London) A73, 251 (1904). 

2H. K. Onnes, Commun. Phys. Lab. (Leiden) 137a (1913). 

21R. B. Scott and F. G. Brickwedde, J. Chem. Phys. 5, 736 
(1937). 

*% Woolley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 
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determinations of that quantity over the range of 
temperatures up to 14°K. 

From the change with pressure in the value of the 
normalized area at a given temperature, we hoped to 
compute the change in density and hence the compressi- 
bility &. Experimental scatter prevented any accurate 
calculations of the compressibility, although a slight 
increase of k seemed indicated just below the transition 
region. Between 6°K and 9°K, using the values of AT 
for P=230 atmospheres and P=1 atmosphere, we 
obtained approximately k=[1—(AT)o/(AT)o30]/AP 
=—2X10 atmos at 230 atmospheres. Stewart” 
gives a value of ~—3X10-* atmos for P=200 
atmospheres at 4.2°K. We may conclude from our 
results that k does not change appreciably between 
4.2°K and 9°K., In the region of each transition, satu- 
ration effects render our results for (AT) invalid as a 
measure of density. This is discussed in a later section. 


B. Results below 4.2°K 


Accurate line widths were determined by use of the 
lock-in amplifier and Varian meter which recorded the 
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Fic. 6. The density of solid and liquid hydrogen 
as determined by various workers. 


derivatives of the absorption curves. Our results on line 
shape below the 1.5°K transition agree well with those 
of Reif and Purcell’ and of Sugawara.’ Table I sum- 
marizes the line-width data for the complex line shape 
shown in Fig. 7. Also tabulated are line-width results 
for 73% ortho and 50% ortho between 1.3°K and 4.2°K. 

Pressures up to 337 atmospheres had no effect on the 
line widths or shapes below the transition, and a pres- 
sure of 216 atmospheres did not change the temperature 
of the disappearance of side peaks (1.57°K). 


DISCUSSION 
The data of Fig. 3 were fitted by means of the BPP 


formula: 
i\? a Se? drat. 
( ) =( ~ ) tan-a( = “), (1) 
T» i. T T> 
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TABLE I. Nuclear magnetic resonance line-width parameters for 
solid hydrogen of 73% and 50% ortho-concentrations. See Fig. 7. 


A. Normal H2, T <1.5°K 


Reference AH, (gauss) AH, (gauss) 


4640.1 40.040.1 


39.5+0.5 
39.6+0.6 


AHnz (gauss) 
77.1+40.2 
75.7+0.9 
76.141 


Reif and Purcell 

Sugawara et al. 4.9 

Present work 5.5+0.7 
(P=0 to P=337 atmos) 


: B. Normal H2, (AH a , present wok, P=0 to P =40 atmos 
te 4,2 
5.3404 584035  5.9+0.2 


3.15 2.35 


(AH em (gauss) — 


C. ~50% Ortho He, (AH)s.m. in gauss 
Reference 


T =4,2°K 


5.0 ie 
4940.2 6.540.3 


T =1,35°K 
Sugawara et al. 
Present work 


where 7, is the spin-spin relaxation time, roughly 
inversely proportional to the line width, 7.* is the value 
of 7; for the rigid lattice, a is a constant of the order of 
1 and in fact equal to (8 In2)~' from the theory of Kubo 
and Tomita,” and r+, is the correlation time—roughly 
the average time an ortho-molecule spends on a lattice 
site during the self-diffusion process. Ignoring line-shape 
changes, and letting 1/T7,:=43 (4H); (which is true for 
a Lorentzian line), we have 


(AH);?= B?(2/m) tan“ [rray(AH); |, (2) 


where vy is the gyromagnetic ratio defined by w= yH and 
B is the rigid lattice line width. Using Eq. (2), we 
evaluated r, for (AH),<B. 7, then obeys the relation 


To=T0 exp(E RT). (3) 


The line narrows when 7, is of the order of (yAH)~. 

By plotting our experimentally determined values of 
Inr, aganist 1/7, we found values of £, the activation 
energy for the self-diffusion. The uncertainty involved 
in these determinations is large [of the order of some 
50 cal/mole | because of the small temperature range of 
the transition and the large experimental scatter. The 
values found for 7. are only order-of-magnitude ones 
because of the approximate nature of Eq. (1) and be- 
cause we ignore line-shape changes. The results for 7. 
and £ thus found are given in Table II. 

Reversing the above process and evaluating 7, as a 
function of 7 for the best value of FE, we found the 
theoretical curves shown in Fig. 3. The line-width 


Fic. 7. The de- 
rivative of the solid 
normal hydrogen nu- 
clear-magnetic-reso- 
nance signal at 
T=1.2°K. The sweep 
was large enough to 
include only one of 
the humps. 


%G. E. Pake, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 71. 
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_ Taste II. Activation energies and correlation times for self- 
diffusion in solid hydrogen. The present results are calculated 
from Eq. (2) using line width at half-maximum. 


P (atmos): k 230 


E (cal/mole) 370 
{from (AH)4] 

re (sec) at T =10°K 
[from (AH)4] 

2 (Rollin and Watson 350 
[from (AH)s.m.] 

E (Bloom) spin echo 


0.1 X10-4 0.2 10-4 0.85 10-4 9.5 «1074 


380 +20 


transitions can all be well represented as a function of 
temperature by the same theoretical curve displaced 
laterally. For this reason the activation energy is 
linearly dependent upon the transition temperature. 

It will be noted that our value of E for P=1 atmos- 
phere is considerably below that of Bloom, and of 
Rollin and Watson. The reason for this is that we 
measured (AH), rather than (AH)... Since (AH)s.m. 
decreases more rapidly than (AH), during the line-width 
transition, values of E found from the former are higher 
than those found from the latter. The activation 
energies derived using (A/7),.. in Eq. (2) give results in 
better agreement with those of Bloom than those from 
(AH);. Because our line-width data for P=1 atmos 
agree with those of Rollin and Watson® when adjusted 
for shape changes, we derived, for the P=74-, 130-, 
and 230-atmosphere transitions, values of E appro- 
priate to (AH)... by adjusting our line-width data to 
(AH),.m.. The corrected values of E are given in 
Table ITI. 


ERRORS 


Several sources of heating contribute to any errors in 
temperature determination. Ortho-para conversion pro- 
duces heating, and heat is conducted down the pressure 
rod. The poor thermal! conductivity of glass contributed 
to the isolation of the sample from the bath so that the 
temperature of the hydrogen may have been some 
0.2°K higher than that of the carbon thermometer at 
low pressures. Because of the good reproducibility of 
the 1-atmosphere and the 74-atmosphere data, we feel 
that the error is no larger for these pressures. In 
particular the 1-atmosphere data agrees with that of 
Rollin and Watson to within 0.1°K. The highest tem- 
perature (as determined by the carbon thermometer) at 
which the hydrogen would support a pressure of 230 
atmospheres was 14.5°K. This temperature is 5.5°K 
below the known melting temperature of solid hydrogen 
for that pressure.” Temperature data from the carbon 
thermometers indicated that a thermal gradient of the 
order of a degree existed between the lower end of the 
pressure rod and the center of the rf coil (a distance of 
about one inch). At temperatures of the order 14°K, it 
was no longer possible to maintain a constant tem- 
perature by pumping on the charcoal since the helium 
gas had become almost entirely depleted. As a result the 
sample warmed up very rapidly. The temperature 


Ae a A. 


SQUIRE 


gradient between the rod end and sample center, 
together with the poor thermal conductivity of the 
glass, combined to cause the carbon thermometer to lag 
the temperature at the end of the pressure rod by 
several degrees, when the nonequilibrium conditions of 
very rapid warmup existed. Since all of our line-width 
data were taken under fairly good equilibrium condi- 
tions, the temperature error should be no larger than the 
experimental scatter or about +0.3°K for P= 130 atmos 
and +0.5°K for P= 230 atmos. The increased scatter 
for the higher pressures is due to the poorer equilibrium 
conditions. 

The decrease in AT at each transition, as seen in 
Fig. 5, can be ascribed to saturation as 72 increases 
during line narrowing. 7; remains practically constant." 
A crude calculation indicated that H; should be of the 
order of 10? gauss to produce the amount of saturation 
observed. A rough measurement gave H;~3—6X 10 
gauss. Because of this saturation, the compressibility 
results as calculated in our preliminary report** are 
incorrect. 

Errors in the line width above 4.2°K depend upon 
several factors. The correctness of the absolute magni- 
tude of (AH), is determined by the validity of the as- 
sumption of a Gaussian line at 4.2°K. Another possible 
source of error is the fact that one signal on the scope 
was always somewhat wider than the other (see Fig. 2) 
and that (AH),/B was found from the average of the 
two. We have been unable to determine the cause of the 
difference in width of the two traces. The saturation at 
each transition may have produced a less rapid narrow- 
ing of the line by increasing (AH), for extremely 
narrow lines by about 15% over the unsaturated values. 
This increase is considerably less for the broader lines 
and the net effect on the transition is negligible com- 
pared with the scatter. The error in determining 
(AH),/B should be no more than 5%, while the error in 
the absolute magnitude of (AH); could be as large 
as 15%. 

Scatter in signal area (Fig. 5) below each transition is 
due to the fact that a broad line requires a large gain to 
give adequate signal height on the scope and as a result 
pickup from the sweep field is magnified, making it 
difficult to find the base line on the scope trace. The 
error here is estimated at 5%. In the region of line 
narrowing and of increased temperature, the area 


TaBLE III. Activation energies and correlation times from line 
width at maximum slope of the absorption signal used in Eq. (2) 
of the text. 


P (atmos): 230 


350 400 450 560 
0.02 X10" 0.1 X10™ 0.7 X10~! 23 X10™¢ 


E (cal/mole) +50 cal/mole 
te (sec) at T =10°K 


*G. W. Smith and C. F. Squire, Reports of Fifth Internation 
Conference on Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, 1957 (to be published). 
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becomes smaller and more difficult to determine 
accurately. 

Error in the value of the pressure was introduced by 
the fact that hydrogen tended to collect along the Pyrex 
tube walls after several runs. This produced a binding 
effect on the pressure rod so that the amount of pressure 
transmitted to the solid may have fluctuated from one 
pressure application to another. It was found necessary 
to free the pressure rod when reducing the pressure 
from 230 atmospheres to 1 atmosphere, since the 
binding effect “locked-in” a pressure of the order of 
25-50 atmospheres upon removal of the weights. We 
were careful to remove this locked-in pressure for the 
1-atmosphere results, but the effect may have tended to 
decrease the pressure for higher pressures. We estimate 
any errors in pressure to be about +5%. 


CONCLUSIONS 


From our work on solid hydrogen we may conclude 
that pressures up to several hundred atmospheres do 
not affect the rotation-libration transition at 1.5°K, but 
modest pressures produce sizable shifts of the self- 
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diffusion transition at 10°K. This latter result for 
increasing pressure is not surprising, for one would 
expect increased interactions between the molecules to 
necessitate larger thermal energy of the hydrogen 
molecules in order to overcome the barrier to self- 
diffusion. One would also expect the decreased separa- 
tion of the hydrogen molecules to be reflected by an 
increase of the rigid lattice line width. Although such an 
increase just below the transition for P=230 atmos- 
pheres is possible (see Fig. 3), experimental scatter 
prevents any definite conclusion from being reached. 
Further studies on the ortho-concentration de- 
pendence and the pressure dependence of the self- 
diffusion transition, coupled with accurate data on the 
compressibility and density of solid hydrogen, could 
yield valuable information on the nature of the inter- 
molecular potential and greater understanding of the 
relation of the self-diffusion transition to the melting 
phenomenon. Measurements of the pressure and con- 
centration dependence of the spin-lattice relaxation 
time 7; in the region of self-diffusion would also be 


valuable. 





PHYSICAL REVIEW VOLUME 


fai, 


NUMBER 1 


Microwave Zeeman Effect and Theory of Complex Spectra 


F. R. Innes, Atr Force Cambridge Research Center, Bedford, Massachusetts 


, AND 


C. W. Urrorp, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received April 29, 1957) 


A treatment in spherical tensors of the microwave Zeeman interaction of Abragam, Kambe, and Van 
Vleck is given. A calculation of g factors in atomic oxygen is then made and the numerical values compared 
with those worked out previously. New methods and results are developed for finding matrix elements of 
one-particle and two-particle operators for wave functions which contain more than one group of equivalent 
particles. The generality of these results is such that they may be used in the various coupling schemes of 


atomic and nuclear shell models. 


1. INTRODUCTION 


HE development of the microwave Zeeman Hamil- 
tonian in spherical tensors, described below in 
Secs. 2-4, leads to expressions for the pertinent opera- 
tors which are easy to handle for particular systems 
and are at the same time free of the quantum numbers 
of such systems. Procedures are based upon the stand- 
ard methods of Racah' and others.’ The reader will 
recall that other interaction operators have been de- 
veloped along similar lines during recent years,’ with 
an expected advantage of ease of computation as com- 
pared with the methods to be found, for example, in the 
text of Condon and Shortley.‘ 

In atomic systems, very little attention has been 
directed to interaction energies involving closed shells 
except for some Coulomb effects,’ even though a level- 
dependent variation is to be found in the angular ele- 
ments of the spin-other-orbit operator. Also such en- 
ergies must be included in the two-particle Zeeman 
effects. Basic approaches in this type of calculation 
have recently been set down by Elliott, Flowers, and 
Yanagawa,’ among others, for the broad problem of 
elements diagonal in configuration and with wave 


1G. Racah, Phys. Rev. 62, 438 (1942) ; 63, 367 (1943), denoted 
RIT and RIII, respectively. 

2 Among others, the papers of J. P. Elliott, Proc. Roy. Soc. 
(London) A218, 345 (1953); Biedenharn, Blatt, and Rose, Revs. 
Modern Phys. 24, 249 (1952); Arima, Horie, and Tanabe, Progr. 
Theoret. Phys. Japan 11, 143 (1954), are useful and give further 
references. 

8 Five such studies, of spin-dependent interactions, are those of 
J. Hope and L. W. Longdon, Phys. Rev. 102, 1124 (1956); 
H. Horie, Progr. Theoret. Phys. Japan 10, 296 (1953); I. Talmi, 
Phys. Rev. 89, 1065 (1953). F. R. Innes, Phys. Rev. 91, 31 (1953) ; 
R. E. Trees, Phys. Rev. 92, 308 (1953). 

‘E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), denoted 
TAS. 

5 TAS 9°. For other effects involving closed shells, see G. Araki, 
Proc. Phys.-Math. Soc. Japan 19, 592 (1937), also T. Yamanouchi 
and H. Horie, J. Phys. Soc. Japan 7, 52 (1952). 

6 A. Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953) ; 
K. Kambe and J. H. Van Vleck, Phys. Rev. 96, 66 (1954), denoted 
AVV and KVV, respectively. In this work, intergroup effects are 
of the same order of magnitude as intragroup effects (see Table IT 
of KVV). 

7 Reference 2, above; J. P. Elliott and B. H. Flowers, Proc. 
Roy. Soc. (London) A229, 536 (1955); S. Yanagawa, J. Phys. 
Soc. Japan 8, 302 (1953). 


functions comprising a number of groups of equivalent 
particles. Further developments are given in the Ap- 
pendix to this paper. It has been found possible to 
reduce a number of these expressions to compact forms 
[see Eqs. (A2), (A6), and (A7) ], without specifying a 
particular coupling scheme. 

The application to the Zeeman effect is made in Sec. 
5 and to the ground term of oxygen in Sec. 6. Minor 
corrections to the work of KVV show an improvement 
in theoretical results over against the available experi- 
mental results. It is hoped that the prospect of rela- 
tively simple procedures held forth by the formulas 
derived below will lead to new laboratory determina- 
tions of Zeeman splitting. Hartree’s atomic units, 
described in TAS, Appendix,‘ have been used through- 
out this work. 


2. MICROWAVE ZEEMAN HAMILTONIAN 

The derivation of the operator is discussed in AVV 
and KVV.° Five parts are distinguished, as follows: 
6Z),2= —}a8 DO {H- (1+ 28;)7;4-ZLVi(r7) X Ai)-83}, 
5Z3,4= +a? Died Vilrij7) X AY] : (s;+2s;), (1 ) 
5Z5 = —o Dies Vij 1(A;- Patni; 3(r,5° A,)(4;;- p;) |. 

This will now be considered in the form 6Z=H-éy. 
The field, H, is recoupled to the left side of each ex- 


pression after replacing the potential A, by the value 
4H Xr;. The moments are 


dui,2= —}e° Df (14+28,)7;—32Z[8;X Vir) |X}, 
bu3,4= —tai Died (8i+28;) K Vi(ri) 1X fr, (2) 
dus = —}a° Died riz L(rsX ps) riz (1eX 05) (tas Bs) }. 


The orbital parts of these moments will be expressed in 
terms of operator forms C“, (C1)“° and _ radial 
operators in r; and 7; in this and in the following two 
sections. A standard concise notation for the generalized 


8 FE. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 
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product of two or more spherical tensors is used through- 
out. Composite one-particle and two-particle operators 
are initially distinguished through the use of parentheses 
and curly brackets, respectively [see also Innes, refer- 
ence 3, Eqs. (2) and (11) }. 

The one-particle interactions require little treat- 
ment. The best value of the kinetic energy, 7, is found 
in AVV and KVV. The orbital operator in dpe is 


—#71(8X CM) KC, = +27 7((8CM), OC mya 


= +4r7[28,+ (V2X/5)(sC®);]. (3) 


Thus the one-particle moment operators are 


—ta > { (1+2s,)7; 
—43Zr 


dui, 2° 
(sit (4/$)(sC®),;) ]. (4) 


3. TWO-PARTICLE SPIN-DEPENDENT 
INTERACTIONS 


After recoupling the expression given in (2), it is 
found that 

— (2/v3){r:Vi(7577)} 
3 Pop tyy 2} Q), 


sae ay iesf ( 8; és 2s;) 
pat, (Ti; 1) 


bus, ‘= 
(5) 


The gradient which occurs here relates to the com- 
mutator of the linear momentum [see (9)] and the 


1 1 tj 
0 S)aedn Jet 
Vij Vij ri 


operand 1/r,;, 


bus, s= +03 i {( 8; +2s)) 2 


i<j 


kt ei Baal 


rj 
ties pe! cae, (k)¥ (1) — —____ 
2v2v3 


rj 1 are 6v2 
La(k—1)( 
2v3( 2k—1)! 


)(2k—3)]} ri 


vtec (k- —2C gh} | | 


r; k+1 


Va SP 


EMAN EFFECT 


reo} 


1 i 
_ 5)! — [k(2k—1)(2k+1) }} 
v3 k a 


. 
x {CDC} »+— [(k+1) (2k+1)(2k+3)}! 
yt? 


X{C;44DC,) »| (6) 


A number of conventions which relate to radial 
operators have been introduced in this and like ex- 
pressions to follow. In the expansion of the reciprocal 
distance in Legendre polynomials, the first (second) 
mode, r;2>ri(r;27;), leads to the first (second) term 
of this equation. It is evidently clear, in each equation 
involving such an expansion [as in (8), (11), and (12) 
of this paper], which mode is in use. The explicit 
expression of the pertinent radial integrals proceeds in 
a standard way.® As an example, the radial element of 
ri*r;-*— is the integral (ad| r,;*r;-*"| cd), or 


, 3 RyRja 
dr; Riati#Rie | dr; ——, 
0 5 et 


and that of r,*r;-*~ is 


x RiaRic ri 
J dr; —| dr; Ryorj* Rj. 
0 r tl 0 
We have generally avoided the writing of radial opera- 
tors in terms of re and rs unless real conciseness is 
obtained by this means (compare KVV, Secs. II and 
III). 

The final result for the two-particle spin-dependent 
interactions is 


1 rj ei 
(a+) x| (& —— (k-+1)— )ecmeynye 
3\ 7h rkH 


[k(k+1) }} /[ 2k+3 |! ri 2k—17' 1;* 
(ET Eee 
1 ihe 2k+3 Pena 


[(k+1)(4+2)(2k+5)}) 13! 
——___—_—_—_———. ——{ (;*+»)(;;' nym (8) 
2v3(2k+3)! tiie 


4. TWO-PARTICLE SPIN-INDEPENDENT INTERACTION 


First the linear momentum, found in (1), (2), and (6), is given the following form: 


p=iv2r7 (C1) © — 14, C®. 


(9) 


The first part of dys then leads to the first two parts of (10), below. The vector operator in the second part of dus 


can be altered, by replacing r;X 1; by 


—1,;X1,, and recoupled to yield the last four parts. Thus, 


is O(CH),0) O4.y2- “an( Ci WC, yoy, . 


ViVi; rij 


v5 1 /5 5 


Aid in Tye v3 4; v2 riz? 
9 Asin TAS 8°. 


rp tratadh mae if (C rites} (CPD; @yo4- - > ruts) CG {2 OOr;, 


ON ij 


(10) 


V3 ri? 
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After expansion of r,;~* and recoupling, the useful function of 7;; is the (symmetrical) form, 


2k—1 


2k+3 


{rij sh “ 1 (k+1)(2k+1) 2v2 k j 
rj;t > 1 | lt: 2vVZ | ( 


ad 


tP J/5 k 


+E +a (2ees)y (— 


r; k+3 


r 


k 


r;* 
+= )reameynye 


; tas y Ft 


re orb rit bt 
an )ic: k)C (e+? %4(——--_ ec, (e+2) (4D) G »t (11) 
‘; 


ret res 


The moment du; expressed in spherical tensors follows after some recouplings : 


6us= 
2v3 k 


+1 
t 


a rt op kt (k+. 3) 
+—f (| (+ )-= | [(2k-+1) 4 C(CMN,} 
pet pets 2k+3 


2k+17}! 
— (2k+5) 8 C,4+2) (C#+2)]) 442} 1-4] C(2kR+1) {C,H (CH1) 4D} @ 
2k+: 


T, ? rr; 
+} —— TO teoemec 1); a ( — (k+: as 


[= 2k+5) 
k+2 


=e) 


r hts 


2k+3 


x CHAE HEDGE) LAE DEFAEESTNE=G/H)09] (12) 


The tensor form (C‘1), which occurs here, is simply related to (C+? 1): 


(CoO }) © = +(4(2t—1) L(t 1) (24-3) FCO PD ©. 


[The form (C“]) must vanish by the parity rule. ] 


(13) 


A relation involving quantum numbers which is useful in dealing with some of these expressions is 


(C1) =3f0(+1)— 


The general relation is 
(1 | (Td ¥ 2) (k) l') =(— 


—l(l’+1)- 


)ertke-k(2h41)8 Fp» 


We append here the two integrals which contain 0r;, viz., 


k(R+1) LR(R+1) PC, 


(2\| 72") (1"\| ¥ *®|\1) W (Rilke! ; LR). 


\7eH | 0 RiaRie ri Rya 
(co ——0r; a) =f dr; — “f dr; Ror (— ), 
Sti | 0 i bs 0 ’; 


r 


| rete | «© Re R; a 
ab|——0;| cd -f dr; Rus Raf dr; - — Or; prom I 
ly ete *| yet *, 

i”?j ' 0 d P] 


Direct elements of this type can be brought to the form of those in 


5. MATRIX ELEMENTS AND THE g FACTOR 


Submatrix elements in SZ coupling which are inde- 
pendent of J, such as those given in the appendix, are 
related to the entire matrix element as follows”: 


(SLIM | T 9\**| S’'L’J'M’)=(- 

XV (JJ'Z; —MM’Q) 
eR, 
xcarrnaseneareay]s 34 | 
fae ae" 


X (SL T||S’L’). 


)J+M 


(17) 
For elements of the Zeeman interactions, = is equal to 
unity and Q is zero. After the restriction is made that 


10 The form given by the Eckart-Wigner theorem is found in 
RIT, Eq. (29). 


r" 


(7) by means of an integration by parts. 


only diagonal elements are € appropri: ate, one writes 


-gyayg p(s LJ 
(SLIM | wo“? | SLIM) = v3] : | sil 
wiFPist« & 1 


X(SL|p||SL)=tagM, (18) 
in terms of the Bohr magneton (3a in atomic units) 
and the Landé g factor. It may be noted in passing 
that this expression vanishes if c+ is an even number. 
Thus the quantity in (8) which is of rank one in the 
orbital part makes no contribution. 

The general methods for finding matrix elements 
which are diagonal in configuration are discussed in the 
Appendix. The two-particle interactions in a configura- 





MICROWAVE 


tion involving more than one group of equivalent 
particles will involve intergroup and intragroup ele- 
ments as there described. 

In the work to follow, wide use will be made of unit 
double tensors [ see (A1) | which are defined and written 
in a different way than are those of RII (58), (102), 
namely, in setting (s///U‘**)|\s/) equal to unity. Other- 
wise stated, this is, for irreducible tensor operators 
which are properly normalized, the expression 


>; 8;°T, = (s\|s||s)(U|T | DU. (19) 


A more general type of unit tensor, for elements not 
diagonal in /, need not be introduced for the present. 
The fact that we here exclude pairs of wave functions 
which differ in configuration means that direct elements 
may be expressed in terms of elements of one-particle 
operators within a single group, as in (A6b), below. If 
exchange elements are expanded in direct elements, 
through the use of (A4), then the unit tensors as given 
above again suffice for the cases here considered. 


6. APPLICATION TO OXYGEN 


As a check and an example of calculations, the fac- 
tors Ag; and Ags for normal oxygen (as given in AVV 
and KVV) have been reworked. If we define du‘**? to 
be one of the operators occurring in (4), (8), or (12) 
and ég‘**) to be the contribution of that operator to the 
g factor (x and & are spin and orbital ranks, respec- 
tively), then 

rie 
ag) =3v2}1 1 1 
ck 1 

X (15°2s?2p4 2 P| by \«* 
» 4 
adgs\**) =(4/10)]1 1 
xk k 

X (1572s?2p4 ®P||5 ‘|| 15?2s°2p4 *P). 


15°2s2p'8P), (20a) 


(20b) 


In fact, the products of the numerical and the 9-7 co- 
efficient take on two values only, for such « and k as 
allow a nonzero result. In 6g, this value is (3v2)~ 
throughout. In dge, the same value obtains except for 
(x,k) = (1,2) in which case it is —(15V2)~!. Contribu- 
tions to Ago— Ag, all originate, then, in the last operator 
of due, (4), and in the last three operators of dus, 4, (8). 


ZEEMAN 


EFFECT 


(a) Contribution of du, 
The submatrix elements of the operator du; of (4) 
involve only the partially filled shell, 2p*. We need the 
submatrix elements of 


D1 8,1, = (s|1s||s)\UI DU. 


[t is convenient in calculations to relate the unit double 
tensors U‘*) to the unit tensors of Racah by 


Vek) = (s||5( |] 5) Dee), 
U® = (25+1)4(25+1)-?U), 


Tables of the submatrix elements of these operators are 
given in RII and RIII or they may be found from RIII 
(23). Furthermore, the orbital (and spin) angular- 
momentum vectors are such that (JJ /)=[/(/+1) 
X (2/+-1) ]!, as may be seen from RIII (24). We also 
need the submatrix element 


> « 851; = (s|]s™|| 5) (0||2||2) UO, 

Putting the values of the submatrix elements in (21a) 
and (24a) we find 

(p* 3p >: 5,7, p' 3P)=+3y2, 

(pt PIDs s6Pl; || pt *P) = +3v2. 


With these values in (4) and (20) we obtain for the 
contribution of dy; in atomic units, 


(21a) 


(24a) 


(21b) 


(24b) 


(25a) 


6g1= —fa*(Ti)w, 


(25b) 


6g2—6g1=0. 


(b) Contribution of dup 


The operator d5y2 is given in (4). In addition to the 
submatrix elements of >>,8;1;® given for du, by 
(24b), we need those of ¥ (s°C®);, 


Dd  85PC;® = (s||s®||s) (U|C||J)U. 
If we put the submatrix elements in (26a), we find 
(p* *PIldos 55PC;2 
With (24b) and (26b) in (4) and (20), we obtain for 
the contribution of due, in atomic units, 
bg1=40°Z(1/r)w, 

dgo= (3/20)a°Z(1/r) a, 

5g2—5g1= — zoo" Z(1/r)m. (27c) 


(26a) 


pt *®P)=3/7'5. (26b) 


(27a) 


(27b) 


(c) Contributions to du; and dy, from the Partially Filled Shell 2)* 


The operator for dys, 4 is given by (8). As an example we shall calculate the contribution to the first term of 
du; from the partially filled shell, 2p. We require the submatrix element of ({8;s;} 0 {C,C;} ©). Here k 
equals 2 only since the factor & in the coefficient eliminates zero, and other values are eliminated by parity and 
triangle inequality considerations in the submatrix element (/|}C“||). The intragroup submatrix element is given 


by (A3), from which we find 


(p' 3PH!S .<;{8;s;} (1) { C;C;2} || ps 3P) = (—)H0-142+2-0 V3 (s||5“|| 5) (s||s||s) 
X (1}C |] 1)°CO seen (pt SP||U || pss”) (pss L'|| U || pt 8P)W (1101 ; $1) W (2121; £0) 


— (pt §P||U || pt $P)W (1305 ; 31) W (2121; 10) ] 


(28a) 
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The unit-tensor matrix element (p**P||U)||p**P) equals 1/3 and is diagonal so that the sum in (28a) reduces 
to one term. Also 
(p* *P||U2)|| p43 P) = —1, (29a) 
(p* 8P||U || 94 3p) = +42. (29b) 
With these values in (28a), we obtain 
(p88 Dics{si8j;} © (CC, } Ol] p 3P) = —9/(5y/10). (28b) 
From (8), (20), and the submatrix element from (28b) we obtain the stated contribution of ({s;@s;)}@ 
X{C;C;} ©). In atomic units, 
dgi:= — fa°F *(2p,2p) (30a) 
= — you" F?(2p,2p) = dg2, (30b) 
since F<*(2p2p) equals $F (29,2). 
Similar calculations for the other terms of dus, 4 give for its entire contribution of this kind, 
bg1= ha’ — SF (2p,2p) + (11/5) F*(29,29)1], (31a) 
bg2=ha°[ — (31/5) F°(2p,2p) + F*(2p,29) ] (31b) 
5go—5g1.= —}a*(6/5)[ F°(2p,2p) + F?(2p,2p) ]. (31c) 


(d) Contribution to du;,, from Closed Shells 


Since there is one partially filled shell in oxygen, we turn now to the intergroup matrix elements involving a 
partially filled and a closed shell. We shall take the same term of (8) as in (c), and restrict the treatment to ex- 
change elements. The operator is ({s;s;}@{C;“C;})®, and the submatrix element is given by (A7). 
The configuration consists of three groups and the sum extends over is and 2s. 

(15°2s*2p* 3PNY 5<;{ 8;s;} (1) ' C,C;} (0) | 1s°2s°sp* *P) = 3 (p* 3P} Uo p' ‘P) zat —v3W (3140; 11) 
XW (1k1k; 00)[(s\|s||s) (s\|s||s) OC || 1) (1)]C |]0)Ba(sp,ps) + (—) +++ (5|| 5) || 5) (s|] 5 || 5) 

X (O/C ||1) (1/|C ||) Ba (ps,sp) J} = (1/6) Leal Bn(sp,ps) +Bx(ps,sp)], (32) 
since evidently k equals 1 only. The two energy parameters are the same. From (8), (20), and the submatrix ele- 
ment (32), we obtain the contribution of ({8;)s;}@{C;9C;O} )@, 

dgi:= — (1/9)a? Din GA(ns,2p) = — (1/18)a? Don G'(ns,2p) = dge (33) 
as before, with G2 equal to 3G’. 

A similar calculation for the other terms of 6u3 and du, in (8) gives as the entire contribution to dus, 4 from inter- 
group elements, in atomic units, 

dgi=a? Dd nL —3F>°(2p,ns) —FF>°(ns,2p) +4F 52(2p,ns) ], (34a) 
5go—5gi:=a° > nl $F >°(2p,ns) —2F>2(2p,ns) +4G (2p,ns) ]. (34b) 


(e) Contributions from dy; 


As an example of the contribution from 6y5, we shall calculate one of the intergroup matrix elements, in par- 
ticular, the first term given in (12) which contributes only to exchange elements for k equal to 1. One needs sub- 
matrix elements of the operator ({s;s;} {€;,2(C@]);©}©)®, From (A7), we have 
(15*2s°2p* P| ic 8,8, } (0) { CO(CO)) © } (|| 1s°2s°2p* 3p) 

=4(p**P||U|| p*3P) >. { —v3W (3040; 40) W (1111; 01)(—)* HH 
X (s|]s||s) (s|]s||s) Ol] (CPL © | 1) (1|C 0) PB, (ps,sp) } = — (1/V2) 2 Bal ps,sp). (35) 


From (12), (20) and the submatrix element (35), we obtain the contribution of ({8;s;} ©{C;,9 (CO); O), 
in atomic units, 


6gi= (1/30)a? > [Gi (2p,ns) +-G*(2p,ns) ]= dgo. (36) 
We have seen that 6g;=ég2 throughout dys. In this way we obtain all the terms of this operator. 
If one now combines (25), (27), (31), and (34) with the terms of dys, one finds 
Agi= (8mc?){ — 12(T )w+2Z(e?/r) w—[SF°(2p,2p) — (11/5) F?(2p,2p) 
+> .(4F3°(2p,ns)+ (16/3) F>°(ns,2p) — (8/3) F>?(2p,ns)) ] 
— 2 F°(2p,2) + F*(2p,2p) +Dn $(F>°(ns,2p) + F2(2p,ns) — (7/20)G(2p,ns)— 4G (2p,ns) 
— {eG (2p,ns) + R(2p,ns))]}, (37) 
Age= Agi— (Smec*) {32 (e*/1) w+ LEP” (2p,2p) +2 F?(2p,2p) +2 n(— F>°(2p,ns) +2F >*(2p,ns) —G*(2p,ns)) ]}. 
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These equations. show the following minor differences 
with those of KVV. In the first 5°, of Ag;, the first 
term reads F°(2p,ns) instead of F3?(2p,ns), and the 
coefficient of the third term is —(8/3) instead of 
— (8/5). In the second >>, in Ag,, the second term is 
F5?(2p,ns) instead of F°(2p,ns); and the sign of 
$R(2p,ns) is + rather than —. In Ago, the sign before 
the square bracket is + instead of —; and the coeffi- 
cient of F,?(2p,ns) is 2 instead of $. The results ob- 
tained here may also be obtained from KVV (4), (12), 
(13), (14), (15), and (16). They have the result, upon 
insertion of the numerical values for O1*P given in 
KVV, Table I, that 

Ag (obs) 

971 10-6 
905X 10~® 
66X10-*. 


Ag (calc) 


Ag, =981X10-® 
Ago=917X10-° 
Agi— Ago=64X 10° 


Thus the difference is given with higher precision than 
the absolute values themselves, as should indeed be the 
case (KVV, Sec. IV). 

Note added in proof.—The relevant interactions have 
also been derived by W. Perl [Phys. Rev. 91, 852 
(1953) ]. More recent numerical values for normal oxy- 
gen have now been published by Radford, Hughes, and 
Innes [Bull. Am. Phys. Soc. Ser. II, 3, 8 (1958) ]. 
Apart from the increased precision of observation, they 
differ from those given in Sec. 6 in that a corrected 
figure for the electron moment has been adopted 


_C. M. Sommerfield, Phys. Rev. 107, 328 (1957); 
A. Petermann, Helv. Phys. Acta 30, 407 (1957) ]. For 
reference purposes, the new values are 


Ag (obs) 
986 X 10° 
921 10-° 
65X 10-6 


Ag (calc) 
Ag, =996X 10" ® 
Ag2=932X10-* 
Agi— Ag,=64X 10° 


Finally, the changes in the KVV calculations noted 
at the end of Sec. 6 have been taken up with the authors. 
Agreement was also reached on all of these changes in 
conversations between one of us and K. Kambe. It is 
now anticipated that new information should be ob- 
tained through relaxations of the (restricted) Hartree- 
Fock method in the determination of the energy pa- 
rameters [see G. W. Pratt, Phys. Rev. 102, 1303 
(1956) ]. We are indebted to the author of the above 
paper for a number of observations which relate to 
these techniques. 
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APPENDIX. SUBMATRIX ELEMENTS INVOLVING A 
NUMBER OF GROUPS OF EQUIVALENT 
PARTICLES AND DIAGONAL 
IN CONFIGURATION 


Al. General 


The elements of one-particle operators and the 
intragroup elements of two-particle operators are both 
derived through the use of one recoupling procedure. 
The corresponding procedure for intergroup elements 
(of two-particle operators) is more elaborate. Results 
for all three sorts of elements are given in Secs. A2 and 
A3, below, but the mode of derivation is put down only 
for the intergroup type. From the given description the 
derivation of the intragroup form may be inferred 
quite readily. The general approach for all these forms 
involves (a), the use of RII(44b) after appropriate 
recoupling in the wave functions, and (b), the expan- 
sion of the elements of two-particle operators into 
weighted sums of products of single-group elements of 
one-particle operators as given in Eq. (Al). Complete 
(T)SL-coupling matrix elements are found in each case 
through the use of (17), above, or its j7-coupling 
equivalent, if that scheme is in use. 

Submatrix elements are formulated in a compact 
way by replacing sets of quantum numbers by a single 
letter. Thus a group of equivalent particles is written 
"J. In wave functions which appear below, a number 
of groups are coupled together by adding each suc- 
ceeding group to the resultant of those preceding, thus 
1," (7 ylo"*Jo) (Ise: + -1,"Z,) Ix. A null group, JoJo, may 
also be inserted for greater clarity in interpreting the 
results. Omitted particles or groups are indicated by 
superscripts, e.g., the symbol Js," is the result of 
coupling together ¢ groups omitting one particle from 
group p and the entire group g. The wave function of 
two particles is written simply (f,f,)J(pq). In the SL 
scheme (used in Secs. 5 and 6, above) the expression 
(2S+1)(2L+1) corresponds to (27+1) and (2s+1) 
X (2/+1), the number of particles in a closed shell, is 
written (2/+1) in, e.g., (A7). The abbreviation [a] 
= (2a+1), now in frequent use, will also be used. 

There are also useful conventions for the operators. 
The general one-particle operator V‘*? is, in the SL 
scheme, the double tensor, }-,s;‘T; (see RII, Sec. 
5). The two-particle operator V‘*'*:*) js the general 
form Diic;{s)s;} {TY Y;49} instances of 
which appear frequently in Secs. 3 and 4. Observe that 
(s\\s||s)\(U|T“ 2) is written (2|V“%)| 2) and that 
products of -7 coefficients appear as single coefficients. 

The basic submatrix element of the developments to 
follow is 


(d"T|| VX) ||2"7") = (V2) eT || UO |[l7") 
in terms of a unit double tensor [see (19) ], the element 
of which is [RIII(23) ], 


(nl\\U® er’) =n(CL') 
XEn (le [lPh) (Ph WW aK ; 1’). 


(Ala) 


(Alb) 
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Radial terms in both wave functions and operators have frequently been omitted. However, they are contained 
in the energy parameters of the elements of (A2), (A6), and (A7), below. 


A2. Intragroup Elements of One- and Two-Particle Operators 


The intragroup elements of two-particle operators correspond to the quantities a and c in the treatment given 
by Yanagawa,’ a and d in that given by Elliott.2 We consider elements in which particles are picked out of one 
group at a time, either singly or in pairs. The number of groups has been designated ¢ and the number of particles 
n= >on», p=0, ---, t. The final form, which can be found through a procedure analogous to that used in the next 
section, is 


(Toi™ D1, Dsilo"*D 0, Pxo- > Le™D1, Dze||VO-® || Dolly’, Dzr/le™1 0’, Tze! + Ty, Tz1') 
=D (Uz Wee’): + Wee DT || VO Lp" 9’) 
X¥P,W (Tz, Wy, ,'K; T Tsp) WL ppl spl spp'K | Tsp4 z,’): ’: Wil s: als/K ; TT x, 1’) 


om I’) for all m#p 


- A2 
5(I sm’, Tym") for all m’ <p. aaa 


§ indicates the pertinent energy parameter (the radial integral and other factors). The resultants Jy; and J,’ 
appear pro forma, merely, since J is the (4S) term of a null set. If V“-*? is a one-particle operator, the single-group 
submatrix elements are given by (A1). If it is a two-particle operator, these elements are 


(IJ || VS1K2K)|\ Jn’) = (—) K+ Ke-K ACK AH V SY) (8 V2 DD (UT UOT) (P| UI D7’) 
 W (KI Kol’; 1K) — (I"I\|U © ||" W (KK, 1K)]. (A3) 


The derivation of a slightly less general form of this relation has already been given [Innes, reference 3, Eq. (12), 
and Horie, reference 3, Eq. (12) }. 


A3. Intergroup Elements 


The intergroup elements correspond to the quantities b and d in the treatment given by Yanagawa’ and b and c 
in that by Elliott.? There are, in general, two direct and two exchange parts for each pair of groups, and four corre- 
sponding energy parameters. 

When one of the direct parts of the element has been given, as in (A6b), the corresponding exchange part may be 
found by expanding the rank-dependent 9-7 coefficient" and treating each term of the sum separately. Thus, for 
the first exchange part, as shown in (A6a), 


ty ‘ I (pq) ‘, p Or ty f. loa) 


(— )tetta-T ipa)’ te p Fesai’ = = (—)t-ta-K2+ QC, [Op | a q QO» ty a I ipa)’ : (A4) 
= *e Q1.Q2 K,; Ke KJ\Qi Qo K 


Discussion of this method of treating exchange elements will be found in RII, Sec. 5. The two remaining parts 
involve simply an interchange of K, and K,» with insertion of the factor (—)*!:+*2-*, 

When in process of development, the entire intergroup submatrix element is in the form of a combination of 
two-particle elements. Two one-particle wave functions have been relocated near the right-hand side of each wave 
function through the use of a double sequence of 6-7 coefficients (written below as a single unitary coefficient), and 
two coefficients of fractional parentage. Another pair of coefficients (a 6-7 and a 9-7) has then been employed to 
recouple the two one-particle wave functions into the form (f,/,)/ (pq). Step by step displacement of a group within 
the wave function is accomplished by transformations of the type 


((ab)e,c,d| (ac) f,b,d) = (Le Jf ])*W (ebcf; ad), (A5) 


and the unitary coefficient consists of two flights of these, displacing groups g and , respectively, with sums over 
intermediate terms. This program leads to the expression 


(Toli™T1, Izilo™ 2, Tyo + -1e"*T 1, xe!) V%®2® || Tol Ty’, Dy'le™ To’, Tze! + + -h,"'T 1, Ts’) 
5 LK }} Liv<e NM 1 (UJ dU Ue JU YU oo I oe) Ue TW J 
X (++ Typ p, Dep: + Tt, Tze| + Dg) Dzq—1?T 41, Pzqg 1? + Tt, Tae? Tp, T21*T g, Iz) 
X the primed counterpart of this coefficient 
X (bp?T p[bp"™ Tp) (Lp"?T p' [lp"” Tp) (qr g {lg I q'%) (1g g! {iT ,) 


41 See Arima, Horie, and Tanabe, reference 2, Eq. (16). 
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T3,(?)4 
KW (LPT PT ety; Lye Tp) | Tg 
Is)(00 
p I Pq | 
X (WJ 20] Lipa lst )i IV AM Ep) ( fae D I nq)’ | B( pap) 
K 3} 


I 


pq) | 


+ (—)Bet2e-HvarH v0)’ (fall V Eves | Bqb ap) 
ar 


= )iptte Mpa)’ (2, 


— (— )ipti¢ Mpa) (dy V Ki 


(A6a) 


x — Tn’) for all m¥ p, q 


5(I sm’, Izm’’) for all m’ <p. 


The summed parameter sign, 7, represents several sets of quantum numbers all of which can, in fact, be removed 
through the use of identities given in the next section. The sequence of operations for the first direct part is now 
given in detail. Reference is made to summed parameters and relevant identity for each step of the reduction. It 
will be noted that the summed parameters J s;_;%- + -/:9;1% and their primed counterparts make no overt appear- 
ance in (A6a). They may be found by writing out the unitary coefficients in full, in the manner explained above. 


a. Remove J (59), Z¢jq) and Zy:‘?” with (A9). 

b. Insert a submatrix element for group g according to (A1). 

c. Remove /s;‘”)4 with (A11). 

d. Insert a submatrix element for group p (see step 0). 

e. Remove /s;?¢ with (A11) and /y;4 and Js,” with (A10). Proceed in this way step by step until Jy¢41?%, 7zq41%, 
and Js9,:” are removed. 

f. Remove Jz¢_1?- + -Jzp41” with successive applications of (A11). 


After these steps have been taken, the form given above becomes 


LK}! D<q(L/ sp L720"): +e JLT’)! 
XK (Lp yp! V EXP! "0 5’) (Late q!! VX?) 1 Q"@l o')W (spl spl p'K13 Tp sp')W (1 ppl spl ep41'K1; Depp] zy’) 
Ixq-1 Iq Ixq 
K+ WT s¢-2l ze Ki; Isq¢ il y¢ 2’) Isq " Fy Ts, 
K, K, K 
XW Tgsl sql sq’ K 3 Teqitlyq’) (WU seals K 3 Tsetse’), (Ab) 


also with the same 6 functions that appear in (A6a) and the energy parameter, (pgpq), of the first direct part. 

One commonly occurring particular instance of this general result is that in which all shells but the last are 
closed. In fact one may simply write down the entire intergroup element in this case, since the expansion of the 
exchange parts, by means of (A4), reduces to one term. This element is the useful form, for example, in the applica- 
tion made in Sec. 6. 

A portion of the element involving only closed shells may appear if K is zero. It is omitted here since it can be 
found quite readily as a particular instance of the portion which involves closed shells and an unfilled shell. This 
portion is 


b(Ue TUR!) YO { (bp +16 (K 1,0) (Fe! V5 || LB (ptpt) +6 (K2,0) (e\| Vi'*?|| 2B (pep) J 
pet 
—(2K+1)!W (1,KitKe; pK) (dpl| VX | Py) (2el] VAI! 2) B (peep) 
+ (—)KrtKe-K (7)! V(K0|!2,) (dp\| VX?! 2) B(tppt) J}. (A7) 


The known relations TAS 9°12 and 9°13 may be found by using (A3) and (A7), respectively. The spin-other-orbit 
interaction yields intergroup elements of type (A7),” but the spin-spin interaction (tensor force) does not, since 
the spin rank is too large. 


2 These effects are important in calculations of fine structure (now under study). 
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A4. Relations in 6-j and 9-j Coefficients 


The process of expanding a given submatrix element into a set of elements in another coupling scheme displays 
an identity involving -j coefficients. For example, (A4), above, is represented by the submatrix form, 


ag a 
( (dob, je (@,a2)A(byb2)b, é (aybo)é = pO be b (La ]L6 Je, Jes })*{ (aby e (a,b; \€;(debe)és, é (aybo)é . (A8) 
ral a, g é 
The identities which are needed for removal of sums in (A6a) derive from similar forms, viz., ((a,a2)a(b,bo)b, 
€) (Geb2)€ (ad2)a(byb2)b, €) and the simpler (a2(bib2)b, e|| (@eb2)& do(byb2)b, é). These relations are 


W ( 0,02 ; aya \W (bibbsbe: beb) 


a, 
[1 llc Lee JW (cyeesé ; c2€) 


and 


de b 9 2 
W (bibbsbe; bob) G2 be} =X [co Lee JW (breeae; cxé)W (bibcoae; bee) W (bibéxiy; beé)| 2 by |. (A10) 


a» b, é c2,¢2 2 be 


; 





This last is also given by Arima e/ al. [reference 2, Eq. (A3) ]. A fundamental (and well-known) relation, which 
may be deduced from those given above, is 
W (ay0G242; aod) W (babed2; bod) => [ ¢ W (aaeb 1c; ayb2)W (ddab ic; ayb2)W (chedxds; arb). (A11) 


It is evident that each submatrix form indicates a vector coupling identity in a concise way. 
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Electron-Coupled Interaction between Nuclear Spins in HD Molecule* 
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Electron-coupled interaction between two nuclear spins I4 and Ig is of the form héazla: Iz. In this paper, 
formulas for calculating 648 are derived by using the variational method. By using these formulas, we have 
calculated 54g of the HD molecule at internuclear distances of 1.3, 1.4, and 1.5 atomic units. The total wave 
function was chosen as a linear combination of seven independent functions of '2,+ symmetry, representing 
the unperturbed state, and several additional functions, to represent the perturbation. The average value 
of dan over the zero-point vibration, (648)00, is found to be 37.138 cps. Further, the refinement of a part of 
the calculations is undertaken by use of the 11-term James and Coolidge wave function. The final result 
is (648)ov=35.217 cps. The agreement with the observed value of 42.7+0.7 cps is satisfactory, considering 
that we have used only a few terms for the additional perturbative wave function and that the result is a 
sum of terms which cancel each other appreciably. Contributions from each perturbing Hamiltonian and 
also from a set of wave functions with different symmetry character were obtained separately. The various 


results are presented and discussed. 


INTRODUCTION 


AMSEY' has shown that the interaction in a mole- 
cule between two nuclear spins, I, and Ip, of the 
form 
hd, pla In, 


can be derived via the magnetic interaction between 
the nuclei and the electrons. He estimated the value of 
the constant 64, for the HD molecule‘and obtained a 
reasonable result. However, as his estimation was based 
on second-order perturbation theory, he was obliged to 
use some drastic approximations to the summation 
over the excited states. 

On the other hand, by use of, the variational method 
we have succeeded in overcoming similar difficulties? 
involved in calculating the electric polarizabilities,* the 
magnetic susceptibilities, etc.,* of the hydrogen mole- 
cule. In this paper, we will show that this method can 
also be applied for the calculation of 64, for the HD 
molecule. It must be noted especially that not only the 
contributions from each term of the perturbing Hamil- 
tonian but also the contributions due to the mixing of 
the set of wave functions of each symmetry type can 
be obtained separately. 

Recently, Stephen® calculated 64% of the HD mole- 
cule by using the variational method. The main 
differences between his calculations and ours are the 
following : 

(a) He used a wave function of the form 9(1+4,’), 
whereas we have employed the more flexible form 


* Supported in part by the Office of Naval Research under 
contract with the Massachusetts Institute of Technology. 

+ On leave from the Department of Physics, Ochanomizu 
University, Tokyo, Japan. 

1N. F. Ramsey, Phys. Rev. 91, 303 (1953). 

2 W. Weltner, J. Chem. Phys. 28, 477 (1958). 

‘Ishiguro, Arai, Mizushima, and Kotani, Proc. Phys. Soc. 
(London) A65, 178 (1952). 

‘E. Ishiguro and S. Koide, Phys. Rev. 94, 350 (1954). 

5M. J. Stephen, Proc. Roy. Soc. (London) A243, 264 and 174 
(1957). 


$)+4,, where $) is the unperturbed function. Hence 
his formulation is somewhat different from ours. 

(b) As &o, he used a very simple V.B. or M.O. wave 
function, compared with our more exact solution. 

(c) He did not discuss the separate contributions 
due to the mixing of the wave functions of different 
symmetry type. 

(d) He did not treat the nuclear magnetic moments 
as quantum-mechanical vector operators. 


FORMULAS FOR CALCULATING O42 


Adopting the notation given in Ramsey’s paper,’ 
the Hamiltonian of the HD molecule in the adiabatic 
approximation can be expressed as follows: 
H=H°+74H4+7 5H 

+7 °H44+y PH88+yaynH*?. (1) 


Here A and B denote the proton and the deuteron in 
the HD molecule, respectively; H® is the Hamiltonian 
describing the motion of the two electrons in the 
Coulomb field of the two nuclei, and 


H4=H,4+H24+H;", (2) 
where 
H,4= (eh? /mei) ©; (nya X154-93}, (2.1) 
HA = 26h > ; (3954-°(S;-154) (La -r;4) 

—r;478,;-Ly}, 
Hy4= (16"8h/3) 5; 8(t54)S;-La. 
Further H“° is given by 
H48= 77 ,45+H,45, 

where 
H,A8 = (Ch?/me) > 5 7547 587° 


«(1 1X rja)( InX rj), 
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H,A®= —h3Rap (1 +> Rap) (1eX Raz) 
—Rag ly -Ip}, 
HA4 = (Ch? /2me?) > 5 (ral Xray’. (4) 


(3.2) 


and 


H® and H¥® can be given by (2) and (4), respec- 
tively, mutatis mutandis. 

Now we intend to solve the eigenvalue problem for 
the Hamiltonian (1) by the Ritz variational method, 
considering those terms involving ys and yx small 
compared to H°. The formulation can be performed 
quite analogously to those previously given.*:* 

Since, however, the perturbing Hamiltonian (2) 
depends on the electron spin as well as on the electronic 
spatial coordinates, the wave functions corresponding 
to the triplet states, which differ in spin from the 
'Y,* ground state and hence did not have to be taken 
into account in the previous cases,** must now also 
be taken into account along with the singlet states. 
It must be mentioned, moreover, that I, and I, are 
the quantum-mechanical vector operators rather than 
the ordinary c numbers, and so in order to apply the 
variational principle to the present problem unam- 
biguously, it is best to introduce a certain representa- 
tion for these operators. With these remarks in mind, 
we have treated the problem in the following way: 

In the first place, the eigenfunction for H°® is sup- 
posed to be 


Po= om 6°08; Oo, (5) 


where the 6; (i=1, 2, ---) are the linearly independent 
functions of the space coordinates of the two electrons 
with 2+ symmetry and ©, is the spin eigenfunction 
corresponding to the singlet. Secondly, we assume that 
on account of certain terms, such as the terms repre- 
senting the interaction between the external magnetic 
field and the nuclear spins, the system of the two 
nuclei is quantized and has the eigenfunction x, 
(l=0, 1, 2, ---). Then our eigenfunction may be written 
as follows: 


V=>) cO:Ooxotya Dik, 0x, 1¢%9KA 
+p dor bi rexOuxr (6) 


Here, the ¢, and ©, are functions of the space and spin 
coordinates of the two electrons, respectively. It is 
sufficient to consider as ¢,©, only those functions which 
have different symmetry character (with respect to the 
symmetry operations of the molecule) from those of 
6,0, that is, 'Z,+ symmetry. c;, ds,1, and 5, are the 
coefficients to be determined by the variational prin- 
ciple. For simplicity, the set of letters k and / is ab- 
breviated as K in the following. 

Following similar procedures to those developed in 
references 3 and 4, we can derive the relation 


c=cotyarcdit+y pcr t+yayecit :::, (7) 
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and the equations determining the coefficients ax 


and bx: 
Dx (Axr’—EiSxx ax: = 
SK (AxK—ESxr)bx: 


—Y;HxiAc?, (8.1) 


~~; Hx,8c,’, (8.2) 


where 


Ko= ze: i,’ cH x, “ack (9) 


and Hx«:4, Hx®, Axx’, Hy, and Sxx are the matrix 
elements of H4, H®, H°, and unity with respect to 
the appropriate functions K(¢.@ix1), K’( ge Ovex), 
i(0;,0ox0), and 7’ (6;Qoxo). 

Now we introduce the coordinate axes £, n, and ¢ 
fixed in the framework of the molecule. The origin of 
these axes is the midpoint of the two nuclei. The ¢ axis 
is taken to be parallel to the direction from A to B. 
Then we can write 


HX =>); Iy:H%§, (N=A or B), (10) 


where Jy; is the component of the spin of the nucleus 
N, H*%* does not contain the nuclear spin operators, 
and =; means the sum over &, , and ¢. Further, by 
putting 

(11.1) 


(11.2) 


ax = De xi Lae! xoaee, 

b= Le (xr! Te! Xo)dee, 
we can reduce Eqs. (8.1) and (8.2) as follows: 
De (Hiv ’— EoSee av e= —Li Heit), 
De (Aw — EoSeu)bere= — Di AesB*c;®, (12.2) 


(12.1) 


where é here is used to represent &, , or ¢. Since the 
nuclear spins are eliminated entirely from Eq. (12), we 
can write H,,4*, a,:, «++, instead of Hx,4*, axe, ---, 
respectively. We have made use of this fact in advance 
in Eq. (11). 

The expectation ‘value of the Hamiltonian (1) with 
respect to the wave function (6) becomes 


E=E, 
Hy ALO, CH, AFL ¢ 4 (x0| Lael aq! xo0)ba.48"] 
t+yeL>oiv cc, eBF +d 4 (xo! lps! we xodnnt" | 
t+yavel dos v cc. °H;, 48 

+35 (xo! Lael byl xodan"]+---, (13) 
where, for example, 
b4a=> 4 6°H:, Atay, 
54n8= Dik COAG, cA beg t Do, «CH, Bane. 


(14.1) 
(14.2) 


Since H4* can be expressed as H4® =>; ,J4¢] pp 4*", 
we can write the fourth term of (13) as (xo! Eas!xo), 
where 


Eap=hly-ban-Uethbagla-In. (15) 
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TABLE I. Orbital part of the additional wave function ¢,.* 


Symmetry 


BETWEEN NUCLEAR 


1 
Ok — exp[ —4(A1+A2)] 
2x J 


SreIns IN HAD 


c 


\ (6 =0.75) 


(Ai— Aa) LAP 1 )}(1—p;?) (A? — 1) (1—y2*) }# sin(gi— ¢2) 


(ui —mea) [ (Ax? 1) ( 1 — py") (A? — 1) (1—p2?) }# sin(gi— ¢2) 


(A1—A2); 


(Mi—Me2); 


mL (A2—1)(1—a? 


pol (AZ—1 (1—p 


(A1si—Ague2) ; 


(41? — 2”) 


(Aimo— Agus) 


sings |, 


COS ¢2 


) 4 sine us hZ—1) Iu?) 


Lcos¢: 


2) Js NPN til (AP —1) (1a? i beg 


{ cos¢: COS > | 


r/n8—1)(1—0.2) Hd sing: |, r/y\.2_ _.2) 1d sings 
L (Ay 1)(1—p +[ (Az 1)(1—pys J") cosys 


Qt 1) (ai) 


mi(APr—1 (Init 


*, uw, and ¢ are elliptic coordinates. 
b Where + signs occur, + corresponds to singlet, — to triplet. 


© The formulas containing the curly brackets should be understood as representing the two kinds of functions, namely, 


other with the cosine throughout. 


In this way we can derive the same formulas as given 
by Ramsey.! The expressions for 64, can be found 
easily as follows: 


bap=(vave/3h) Xe (Div cA, ABEL G a}. (16) 


Since the contribution of H44" to 64% vanishes, we must 
take into account only H,4 in the first term of (16). 


CALCULATIONS AND RESULTS 


As the unperturbed wave function 9, we have 
adopted the 7-term function obtained by the present 
author*:*? for the values of the internuclear distance of 
1.3, 1.4, and 1.5 atomic units (au). As to the additional 
wave functions ¢,©,;, we can see from the symmetry 
properties of the perturbing Hamiltonian that we must 
take into account only the functions with the sym- 
metry character of 'Z,~, 'Z.-, ‘I, IT, *2,*, *2.7, *Il,, 
311,,, °A,, and *A,. More precisely, the singlet functions 
among them are connected by the presence of the per- 
turbing Hamiltonian H,4 and H,*, and the triplet 
functions are connected by the presence of H24 and 
H,®. *X,* and *Z,,* arise also from H;4 and H;%. 

Since it is our aim to survey the usefulness of the 
variational method in the calculation of 64, and to 
discuss the features of the different kinds of contribu- 
tions to it by making a preliminary calculation rather 
than to calculate the most accurate value of 54", we 


¢E. Ishiguro, J. Phys. Soc. Japan 3, 129 (1948). 
7E. Ishiguro, J. Phys. Soc. Japan 3, 133 (1948). 


; . 
sin2¢, | 
cos2 ¢) | 


Pot 
malic 1) (1 ps2) )sing¢gi (| _ 


fo Lcos¢r J 


ce 9 J sin2¢g2 | 
M2 \ cos2 ge 


— (2-1 


2 J sin2¢ 


2 f sin2¢2 | 


cCos2 ¢> | 


sin2 
cos2¢) 


wi(At—1) (1p 


} cos2 ¢ { 


\ 


the one with the sine and the 


are content to employ only a small number of functions 
for each symmetry state. The functions adopted are 
given in Table I, and were chosen mainly because of 
the computational requirements of simplicity and 
convenience. 

The matrix elements H;;4, H;,?, can be calcu- 
lated quite analogously to the way described in the 
previous papers.* +7 Then ax, b,:, -- - can be obtained 
by solving Eq. (12). By inserting these values in Eqs. 
(14.2) and (16), we can find the numerical values of 64 x. 
Contributions to 64,, due to the set of additional func- 
tions of each symmetry character in the presence of a 
different perturbing Hamiltonian, can be calculated 
separately and are denoted as 614 8(°2,*)de4n(°Zg*), -°-- 
The results are given in Table II. 

From Table II, we can see that, as pointed out by 
Ramsey,' the value of 64% can be found mainly from 
6348, the contributions due to H;‘ and H;%. For- 
tunately, moreover, 634 can be calculated much more 
easily than the other contributions. For these reasons, 
we have undertaken to improve the calculation of 
5348 by adopting, as an unperturbed wave function ®o, 
the familiar 11-term James and Coolidge function 
(6=0.75).§ As the additional perturbative wave func- 
tions, we have, however, again used the same ones as 
above. The results are given in Table III. 

Finally, we have calculated (64 8)00, the average value 


8H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 
(1933). 
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TaBLE II. Contribution to 648 (in units of cps) from each set of additional wave functions with different symmetry 
and from the different terms of the perturbing Hamiltonian.* 


Symmetry 5 
y ) . 648 
of Notation 
additional for each 
function contribution 


Perturbing 
Hamiltonian 


H;4+H;® 





es 
+113.429 
+34.364 


a 7 \ 
z, $348 (72,7) 
Zu" bsaB(*2,* 


Sum b24B 


— 0.443 
+0.436 
—0.106 
+0.383 
-0.358 
+0.302 
+0.213 


24+H,8 deap(*Z,*) 
bde4n(*2,7) 
g d24K8 (Il, 
qT ‘ bean (II,,) 
3A, boap(CA, ) 
7A. boaK(A, 
Sum b04B 
+ 34.577 


Sum boaBtds4B 


Ze b:aBUZ, —().0019 
+0.0012 
—0.0497 
+0.5212 
+0.4709 


2 biaB(Zy 


MT, 5: aB(IT,) 
I, d:4B(CTl,) 
Sum 1O1AB 


Hy’ > > —0.2508 


adiA B 


H, Sum bi AB +0.220 


H,+H.+H Sum 54B +34.797 


Obs. 


+-102.780 
+ 38.347 


—0.335 
+0.377 
—0.074 
+0.273 
—().248 
+0.222 
+-0.216 


+38.563 
—0.0012 
+(0.0008 
—0.0381 
+0.3942 
+0.3557 
—0.2859 
+0.070 


+38.632 


Stephene 
548 )oo V.B. M.O. 


~63.165 
+100.002 
j+36.837 


Ramsey? 


+ 40.306 +40 
—0.254 
+0.327 
—0.052 
+-0.196 
—0.172 
+0.165 
+0.208 


—0.335 
+0.369 
—0.077 
+0.279 
—0.259 
+0.225 
+0.202 
!+40.514 +-37.039 +47.68 +47.49 
—0.0013 
+0.0008 
— 0.0375 
+0.3917 
+0.3538 


—0.0007 
+0.0005 
— 0.0289 
+0.2973 
+0.2682 


— 0.2908 — (0.2544 


—0.023 +-0.099 


+40.492 + 37.138 


* For the unperturbed wave function, see reference 6. For the additional wave function, see Table I. 


Averaged values over the zero-point vibration. 
¢ See reference 5. V.B. (valence bond 
4 See reference 1. 

* Evaluated by using a simple HL (Heitler-London) wave function. 
f See reference 9. 


of 648 over the zeroth vibrational state of the HD 
molecule, following the procedures given in reference 3. 
The results are given in Tables II and III. If we use 
for (6348)o00 the value given in Table III, and for the 
remaining contribution, (6:42)00+(6e48)00, the value 
obtained from Table II: (+0.301 cps), then (642)00 
becomes 35.217 cps, whereas the observed value is 
42.7+0.7 cps. For comparison, we have given in 
Table II the results of Stephen® and Ramsey.' 


DISCUSSIONS 


As for the second-order terms, 448, due to the set of 
additional wave functions of each symmetry property, 
we can prove the following qualitative properties (the 
proofs are given in the Appendix) : 

(A) Contributions from a set of functions with even 
symmetry, sd4n(even), are negative, whereas those 
from a set of functions with odd symmetry, 44 5(odd), 
are positive. 

(B) At infinite internuclear distances, these two 
contributions are of equal magnitude and so their 
sum vanishes. 

(C) The contribution from a set of functions with a 
given symmetry property increases numerically as the 
number of contributing functions increases, if the same 
unperturbed wave function is employed. The results 


°T. F. Wimett, Phys. Rev. 91, 476(A) (1953). 


and M.O. (molecular orbital) indicate the wave function employed. 


given in Tables II and III are in conformity with (A). 
If the James and Coolidge 11-term wave function can be 
taken as the exact wave function, we can conclude from 
(C) that the exact values of 634 2(*2,*) for each R4g are 
smaller than the corresponding values given in Table 
III, and the exact values of 634 8(*2,,*+) for each R4p are 
larger than those given in Table III. Thus we can see 
that the results for 6;45(°2,*) and 6348(°2.*) are im- 
proved by using the James and Coolidge 11-term wave 
function instead of the unperturbed wave function 
given in reference 6. This fact is, however, not a logical 
consequence of the formalism, since, as pointed out by 
Rahman” in the variational calculation of the polariz- 
ability, we cannot claim that the results are always 
improved by using a better unperturbed wave function. 
The fact that the results for the total sum 64, given in 
Table II are better than those in Table III may be due 
to a fortuitous cancellation of the errors in 6343(*2,*) 
and 63428(*2.*). 

Now, considering that similar calculations of the 
various other quantities** can yield values not so 
different from their respective observed values even 
when very simple forms are assumed for the additional 
wave function, it seems, then, not so surprising to 
expect a similar situation to hold in the present case. 


1 A. Rahman, Physica 19, 145 and 377 (1953). 
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TABLE III. 6348 (in units of cps) calculated by using the James-Coolidge 11-term wave function (6=0.75)* together 
with the ones given in Table I. 


Symmetry 
of Notation 
additional for each 
function contribution 


Perturbing 

Hamiltonian 

H,A+H;8 2° 634B(*2,7) 
) 5348 (32,7) 
Sum 63AB 


* See reference 8, 
b Averaged values over the zero-point vibration. 


Then we can see from Tables II and III the following 
points: 

(a) As expected, the calculated values of 545 agree 
fairly well with the observed values. 

(b) Asa whole, the contributions from the even states 
are of the same order of magnitude as those from the 
corresponding odd states and so these contributions 
cancel each other appreciably. The tendency stated in 
(B), that is, |,64%(even)| approaches the correspond- 
ing »642(0dd), as Rq» increases, however, cannot always 
be seen in the neighborhood of the equilibrium inter- 
nuclear distance. This tendency may be seen in the 
region of somewhat larger internuclear distances. 

(c) As stated in the previous section, most of the 
contribution to 64% comes from 6348. This fact is in 
agreement with the results of Ramsey’s estimate. The 
situation might be the same in Stephen’s calculation, 
though only the sum of 624g and 6342 is given in his 
paper. 

(d) Ramsey estimated that 6242~3 cps, but this 
value seems too large if the values calculated here 
give the right order of magnitude. 

(e) The values of 6:4 are found here to be negative. 
This fact means that the contribution to the integral 
(bo | >o 5 (EjsEsptonjansatfjatia)rja rip | Po) from 
the charge density of the electrons within the sphere of 
diameter A B is numerically larger than that from the re- 
maining charge density. Ramsey obtained, by using a 
simple HL wave function, also a negative value forad14 2, 
whereas Stephen obtained a positive one. The fact that 
Ramsey obtained a somewhat larger value than we do 
is reasonable, since the charge density between the 
two nuclei calculated by using the wave function em- 
ployed here may be larger than that calculated by 
using the simple HL wave function. The fact that 
adiap Cecreases as R4p increases is also reasonable, 
considering that the volume of the above sphere in- 
creases with R4xg. Further, from the form of the above 
integrals together with the results given in Table II, 
we can expect that ,d:42 decreases with Rag from a 
positive value at small values of Ry» to a negative value 
and reaches a minimum at a somewhat larger value 
than the equilibrium distance, and finally approaches 
zero as Rap. 

(f) As for the values of 14:48, the contribution due to 
the second-order effect of H;, our calculated value is 


~101,600 
4.125.471 
423.871 


b3AB 
Ras(au) 
3 1.4 1.5 


— 66.058 
+100.974 
+ 34.916 


— 67.666 — 55.609 
+ 103.443 +94.205 


+35.777 + 38.596 


82.702 
+ 113.726 
+31.024 


of the same order of magnitude as the one obtained by 
Stephen. These values fall within the region suggested 
by Ramsey. 

(zg) All the contributions from the second-order 
effect decrease numerically as R4 increases. 

(h) In order to obtain the value of 64, within an 
accuracy of a few percent, we must take into account 
the effect of averaging over the zero-point vibration. 

Further, we note here that no appreciable correlation 
can be found between the contributions from each 
symmetry state and the lowest term values belonging 
to the corresponding symmetry states. This is similar 
to what is found in other cases.? For example, the 
polarizabilities of the O2 molecule" could not be ex- 
plained by taking into account a few low-lying states. 

The final result for (64)00 obtained in the previous 
section is 35.217 cps as compared to the observed value 
of 42.7+0.7 cps,’ and the agreement is satisfactory, 
considering that we took into account only a small 
number of additional perturbative functions and that 
the contributions from the even states and the odd 
states cancel appreciably. 
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APPENDIX 
I. Proof of (A) 


In the first place, we note that 
H®*( P,,P:)=H4*(IP,,1P2) 


(¢ represents £,n, orf), (A.1) 
where P; (i=1, 2) means the position of the electron 7 
and J means the inversion operator with respect to the 
midpoint of the two nuclei. Then we can find the follow- 


4 Kotani, Mizuno, Kayama, and Ishiguro, J. Phys. Soc. 
Japan 12, 707 (1957). 
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ing relations: 


H,«4*={+)}H;,:8§, (& represents £, 7, orf). (A.2) 


Here and in what follows, we assume that we choose a 
plus sign in {+} when ¢;,0,; is of even symmetry and a 
minus sign when this is of odd symmetry. Hence, from 
(12), we have 


Qie={+}biz, (E represents {,n, orf). (A.3) 
Then, from Eq. (14), we can see that 
(A.4.1) 


(A.4.2) 


baat= {(o| H4t| b, .)+-(Po| H4*| 4; .)}, 


ba nt = 2{(Bo| H4#| Dy .)—(Bo| H4*| ¥¢,.)}, 


where 


(A.5.1) 
(A.5.2) 


D; aga ) eee anegeOx, 
Pz 5=) e(oady Geege Ox, 


and > xceven) ANd >> yoga) Mean the summation over the 
functional space with even symmetry and that with 
odd symmetry, respectively. Further, from Eqs. (12.1) 
and (12.2), taking into consideration the fact that Eo 
is the eigenvalue of the lowest energy level, we can 
see that 


(Po | HAE ®;) oem (®; | H°— Eo | ®;) <0, (A.6) 
where #; stands for ®;, and ®;,.. This leads directly 
to the statement (A). This situation can be explained 
also on the basis of perturbation theory. According to 
this theory, we can see that 


YAYB 1 
AB=— En 
3h E,—Eo 
X {(bo| H4*| b,,(,,| H8§|bo)+c.c.}.  (A.7) 


Then we can prove (A) straightforwardly, since E,> Eo 
and the quantities in the brackets are positive or nega- 
tive if , is of an even symmetry or of an odd symmetry. 


II. Proof of (B) 


In the limit of infinite nuclear separation, ®, in 
(A.7) may be composed to a good approximation from 
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the atomic orbitals of the ground state of one atom 
on® (N=A or B) and that of the excited state of the 
other atom gy" (N’=B or A). Further, we can con- 
struct from these orbitals the total wave function with 
even symmetry, ®,,., as well as that with odd sym- 
metry, ®,,.. Since the total energy E, is the same for 
these two wave functions at R4zg=™, whereas the 
numerator of (A.7) is numerically equal and is of the 
opposite sign, as stated in (A), we can conclude that 
the sum of contributions from these two states vanishes 
as Rap. 

The situation can be explained also in our formalism. 
For this purpose, we use the aforementioned ®,,, and 
®,,. as ¢.@, in Eq. (6) and denote their coefficients as 
On, et) On,o,t) One t On.o,t, ***. Then we can see from 
Eq. (12) the relations like 


(Pp, e| H4*|0;00)=(#p, o| H4*|0;00), 
(B.1.1) 


Gn, ¢, = An, o, t5 
(®,, | HR | 9,00) = — (rp, ol H®*|6;0p), 


bnegt=—bno,t, (€ represents £,, orf). (B.1.2) 


Hence we can conclude that 645% vanishes [see Eq. 
(A.4) ]. Further, from (6) and (B.1), it is shown that 
op" (n~0) can be eliminated from the second sum of 
(6) and ¢4" (m0) can be eliminated from the third 
sum of (6). This fact is as it should be in the limit as 
Ras, since the nuclear moment of one nucleus 
may not affect the charge density in the neighborhood 
of the other nucleus. 


III. Proof of (C) 


The system of equations (12.1) and (12.2), de- 
termining the coefficients a,¢ is found to be nothing 
more than the condition to minimize the parts of the 
energy expression with the factors ya(xo|J4¢|%0) and 
ve(xo|Ipe|xo), respectively. Then (o|H4*|@; .) and 
(®o| H4* |; o) [see Eq. (A.4) ] must decrease as we em- 
ploy a more flexible additional wave function, under the 
condition of assuming the same %o. Hence, from Eq. 
(A.4.2), we can conclude (C). We mention, further, 
that a;:, for example, is determined by the form of the 
operators H4¢ only, besides ®p and the ¢,@,. A similar 
situation can be seen easily in the perturbation theory. 
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Precision frequency measurements have been made on the J=0—1 transitions of the deuterium halides 
DCI, DBr, and DI. The molecular constants derived from these measurements are 
D[{27 
195 067.866 +0.040 


DBr’ DBr® 
254 704.675+0.050 254 548.914+0.050 


DC} 
323 295.77 40.13 


pci” 
vo in Mc/sec 322 349.69 +0.13 
Quadrupole coupling 
eOq(hal.) in Mc/sec 
Magnetic coupling 
C (hal in Mc/sec 
Bo in Mc/sec 
B, in Mc/sec 
roinA 
rein A 


67.3+0.7 53.0+0.7 $30.5 +0.3 443.5+0.3 1823.3+0.3 
0.15 +0.04 

127 357.5 

128 615 

1.42144 


1.4145 


0.03 +0.10 

161 656.10 +0.07 
163 340 

1.28125 

1.27462 


0.00 +0.10 

161 183.01 +0.07 
162 855 

1.28124 


1.27462 1,609; 


The constants Do and a from infrared data were employed in the calculation of the B and r values. 


HE diatomic deuterium halides, DCl, DBr, and 

DI, all have rotational transitions falling in the 
millimeter and submillimeter wave regions now acces- 
sible to high-precision microwave measurements. Be- 
cause the frequencies of these molecules may be used as 
frequency standards in the optical infrared region, and 
because such simple diatomic molecules are most 
susceptible to precise theoretical treatment, it seemed 
worth the effort to make careful measurements of the 
J=0—1 rotational transitions of DBr, DI, and DCI. 
We have not yet been able to reach the /=0—1 
transition of DF which falls at about 0.46-mm wave- 
length. Soon after practical spectroscopic methods! were 
developed for the 1- to 2-mm wave region, microwave 
measurements were made on the J/=0—1 rotational 
transitions of deuterium iodide®* and deuterium bro- 
mide. Improvements in these methods have made 
possible measurements on the / =0—1 transition of DCI 
and a significant improvement in the precision obtain- 
able in the 1- to 2-mm region. 

The high-frequency millimeter-wave generator and 
detector and the experimental methods employed are 
essentially those already described.! Later improve- 
ments in techniques such as crystal biasing, further 
reduction in crystal size, and the use of specially treated 
silicon crystals in the multiplier, which were developed 
by R. S. Ohl of the Bell Telephone Laboratories, have 
made possible the use of broad-banded, high-fidelity 
receivers with the simple video-sweep spectrometer 
operating in the shorter millimeter-wave region. 

Figure 1 of a DI line illustrates the true line shape 
which is now obtainable. This signal was obtained with 
a 60-cycle sweep spectrometer with an amplifier band 

t This research was supported by The U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953); 93, 407 
(1954). 

2J. A. Klein and A. H. Nethercot, Phys. Rev. 91, 1018 (1953). 

3C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 

4W. Gordy and C. A. Burrus, Phys. Rev. 93, 419 (1954). 


width of 10 kc/sec (Tektronix Type 122). Figure 2 
illustrates the signal-to-noise ratio now obtainable in 
the upper-submillimeter wave region with a video 60-cps 
sweep spectrometer employing a Type P amplifier with 
band width of 5 kc/sec. There is obviously some distor- 
tion of the lines in the figure. 

The limiting factor on the minimum line width 
obtainable, and probably on the accuracy of the present 
measurement, is Doppler broadening. To a good ap- 
proximation, the width between half-intensity points 
(2Av) due to Doppler broadening is 


(2Av) =7.15X10-7(T/M)}», (1) 
where » is the line frequency, T is the absolute tempera- 
ture, and M is the molecular weight. All our measure- 
ments were made at dry ice temperature (T=195°K), 
which is the lowest convenient temperature at which 
these deuterium halides have adequate vapor pressure. 
At this temperature the Doppler widths (2Av) are: 
0.52 Mc/sec for DCI, 0.28 Mc/sec for DBr, and 0.17 


Fic. 1. High-fidelity cathode-ray display of the J=0—-1, 
F=$->3 line of DI at 195 159.554 Mc/sec (1.5 mm wave). The 
line width between half-power points is approximately 300 kc/sec. 


i 
manne ena 


Fic. 2. Cathode-ray display of the J=0-1 transition of DCI*’ 
at 0.93 mm wavelength. Separation of the two outside components 
is 24 Mc/sec. The triplet structure is due to Cl*? nuclear quadru- 
pole interaction. 
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TABLE I. Observed and calculated frequencies. 


Quadrupole displacement 
First order 


Magnetic 
displacement 
(Mc/sec) 
—0.03 
0.04 
—0.08 


Second order 
(Mc/sec 


Relative 
intensity 


Transition 

Molecule F -—F’ (Mc/sec 
DCI j 67 — 13.46 
100 3.36 

33 16.82 


67 — 10.60 
100 2.65 
33 13.25 


33 — 132.625 
100 — 26.525 
67 106.100 


— 110.875 
—22.175 
88.700 


0.128 
0.100 
0.180 


0.425 


—0.595 


GORDY 


Calculated 
frequency 

cy sec 
323 282.28 
323 299.17 
323 312.51 


322 339.09 
322 352.34 
322 362.94 


437.639 
526.979 


194 776.096 
195 159.556 
195 322.713 


Observed 
frequency 
Mc/sec) 


323 282.28 
323 299.17 
323 312.52 


+0.13 
+0.13 
+0.13 
322 339.09 +0.13 
+0.13 
322 362.94 +0.13 

254 571.661+0.050 
254 678.380+0.050 
254 810.634+0.050 


54 437.641+0.050 
54 526.984+0.050 
54 637.448+0.050 
194 776.100+0.040 


195 159.554+0.040 
195 322.706+0.040 


Hg pressure at room temperature. At T=195°K this 
value will be reduced to 15 Mc/sec or less. If we assume 
their line-breadth parameters to be no larger than this, 
we would expect the line widths (2Ayv) due to collision 
broadening, for the deuterium halides at the pressures 
of our measurements (less than 10-* mm of Hg), to be 
less than 0.30 Mc,sec. Our procedure was to reduce the 
pressure until no further width reduction could be 
achieved. The line widths were then found to be ap- 
proximately those calculated for Doppler broadening 
alone. 

For making the frequency measurements, harmonics 
of a thermally controlled crystal oscillator operated at 
5 Mc/sec were employed. The fundamental frequency 
of the oscillator was a few cycles from the 5-Mc/sec 
standard signal broadcast by Station WWV of the 
National Bureau of Standards, and was continuously 
monitored by comparison of the beat note between the 
two signals with a calibrated audio-frequency signal. 
The accuracy of the standard frequency is better than 


Mc/sec for DI. Broadening by collision with the cell 
walls is of the order 


a+b 7 as 
(2ay)~1.7x10-(=—)(—) Mc/sec, (2) 
ab M 


where a and 6 are the dimensions of the cross section 
of the cell in centimeters. For the K-band cell employed, 
a=0.43 cm and 6=1.06 cm, and the line widths resulting 
from cell wall collisions are only about 0.013 Mc/sec 
for DCI, 0.009 Mc/sec for DBr, and 0.006 Mc/sec for 
DI. Because of the strong absorption of the molecules, 
the pressure could easily be reduced to a value such that 
the broadening by collision between the molecules was 
significantly less than the Doppler broadening. The 
line-breadth parameters for the deuterium halides have 
not been measured, but it is reasonable to assume they 
will be less than that for the comparable molecule HCN 
which has a dipole moment three times as large. For 
HCN the line-breadth parameter Av for the /=0—1 
transition has been measured® as 25 Mc/sec per mm of 


TABLE II. Derived molecular constants. 





DBr® 


254 548.914+0.050 


DBr” 


254 704.675+-0.050 


DCI 
322 349.69+0.13 


DCI 
323 295.77+0.13 





vo in Mc/sec 

Quadrupole coupling 
eQq(hal.) in Mc/sec 

Magnetic coupling 
C(hal.) in Mc/sec 

Dy in Mc/sec 

a, in Mc/sec 

By in Mc/sec 

B, in Mc/sec 

To in A 

r-inA 


67.340.7 53.0+0.7 530.5+0.3 443.540.3 


0.16+0.04 
2.6> 

2512° 

127 279.; 
128 535 
1.4214, 
1.414; 


0.15+0.04 
2.6> 

2515° 

127 357.; 
128 615 
1.4214, 
1.414; 


0.00+0.10 

4.085 * 

3352* 

161 183.01+0.07 
162 85, 

1.2812, 

1.27462 


0.03+0.10 
4.119% 

3367 * 

161 656.10+0.07 
163 34 

1.2812; 

1.27462 





* From the infrared data of J. Pickworth and H. W. Thompson, Proc. Roy. Soc. (London) A218, 37 (1953). 
b From the infrared data of E. D. Palik, J. Chem. Phys. 23, 217 (1955). 
¢ From the infrared data of F. L. Keller and A. H. Nielsen, Phys. Rev. 91, 235 (1953). 


DI!27 
195 067.866+-0.040 
1823.3+0.3 


0.17+0.02 
1.6° 
18204 

97 537.; 
98 44, 
1.61665 
1.609, 


4 From the infrared value of a for HI from D. R. J. Boyd and H. W. Thompson, Spectrochim. Acta 5, 308 (1952) and ae! =p*ae, p? =u/p'. See G. Herzberg, 


Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 


= Smith, Gordy, Simmons, and Smith, Phys. Rev. 75, 260 (1949). 





MILLIMETER AND 
1 part in 10°. In making the measurement a Hallicrafter 
receiver No. SX-42 was used for detection of the beat 
note between the fixed frequency marker and the 
klystron frequency. The receiver was tuned until the 
marker was superimposed on the peak of the absorption 
line. A signal from a Gertsch Frequency Meter (Model 
FM-3), calibrated with Station WWV, was then fed 
into the receiver and tuned to the frequency of the 
receiver setting for measurement of the beat note 
frequency. The rate of sweep of the klystron frequency 
was adjusted to minimize distortion of the marker as 
well as of the spectrum line. Possible delay of the 
marker frequency relative to the line was checked by 
reversal of the klystron sweep for each measurement. 

The advantage of this high-fidelity video sweep 
method of measurements is that difficulties with slow 
drifts in the frequency of the markers are eliminated. 
The method can of course be used only when a good 
signal-to-noise ratio on the absorption line can be 
obtained. Rapid fluctuations in the 5-Mc/sec oscillator 
cause obvious jitter of the marker on the scope. In- 
stability in the klystron frequency causes obvious jitter 
of the absorption line as well as of the marker. Fortu- 
nately, these effects are not hidden. By careful choice 
of the klystron and crystal oscillator, by close tempera- 
ture control of them, and by careful regulation of their 
power supplies (for which we are greatly indebted to 
our electronics technician, Frank Trippe), we were able 
to reduce the jitter-spread to appreciably less than the 
Doppler widths of the lines. 

The limits of errors given in Table I were arrived at 
from an estimation of the possible errors which might 
be caused by various factors as well as by the internal 
consistency of the measurements. Oscillator instability 
and Doppler broadening of the lines are the limiting 
factors in the accuracy of the present measurement. 
Both these factors can be reduced, the first by better 
stabilization of the oscillators, and the second by the 
employment of molecular beams.® A high-temperature 
molecular beam spectrometer has already been de- 
veloped for the shorter millimeter-wave region.’ .Thus 
the present measurements do not represent the ultimate 
in accuracy of measurement in the millimeter and sub- 
millimeter regions. Nevertheless, the frequencies of the 
DBr and DI lines are measured to an accuracy of 2 parts 
in 107, and those of DCI to 4 parts in 10’, or to an 
accuracy better than that of the velocity of light. 

With similar methods, millimeter and submillimeter 
transitions of CO have been measured* to an accuracy 
better than 2 parts in 10’, and the values Byp= 57635.965 
+0.008 Mc/sec and Dyp=0.1838+0.0005 Mc/sec have 
been obtained for C'*O"*. The latter measurements have 
been combined with the wavelength measurements of 


‘6H. R. Johnson and M. W. P. Strandberg, Phys. Rev. 86, 811 
(1952). 

7A. K. Garrison and W. Gordy, Phys. Rev. 108, 899 (1957). 

8 W. Gordy and M. Cowan, Bull. Am. Phys. Soc. Ser. II, 2, 212 
(1957). 
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TABLE III. Atomic masses and physical constants used in 
deriving the molecular constants. 


M (C}**)*=34.979964+0.000009 amu 
VW (Cl87 )* = 36.977637+0.000016 amu 
Vf (Br7)>=78.94341+0.00015 amu 
M (Br*)>=80.94208+0.00020 amu 
M (T27)>= 126.94480+0.00050 amu 
M(D)*=2.014735+0.000006 amu 
M (H)e= 1.008142+0.000003 amu 
ke = (6.62517+0.00023) X 10-2? erg sec 
c°= (299 793.0+0.3) km sec 
N° = (6.02486+0.00016) X 10% (g¢ mole) 


, Braams, Paris, and Sperduto, Phys. Rev. 105, 1002 


Physica 21, 385 
id, Layton, and 


27, 363 


1955). 
Rollet, Revs 


Modern Phys 


Rank® for an evaluation of the velocity of light as 
299 793.7+0.6 km/sec. The slightly greater accuracy in 
the CO frequency measurements over those of the 
deuterium halides results from the fact that CO can be 
cooled to liquid nitrogen temperatures where the 
Doppler broadening is lower. 

Table I lists the observed frequencies and compares 
them with the calculated ones. Theory for such calcula- 
tions is described elsewhere.””"! Nuclear magnetic, as 
well as nuclear quadrupole, coupling was observed, and 
second-order nuclear quadrupole effects were detected 
for DI. For a J=0—1 transition only three hyperfine 
components are observed for a single-coupling nucleus 
regardless of the value of the nuclear spin or the nature 
of the nuclear coupling. Because of Doppler broadening 
we were not able to resolve splitting by the deuterium 
nucleus. The measurements on DBr and DI are in 
agreement with the earlier measurements’ within the 
error limits. 

Molecular constants derived from the measurements 
are given in Table II. The atomic masses and other 
physical constants used in these derivations are listed in 
Table III. Because we could not make measurements 
on higher rotational transitions which fall in the 
infrared region, we were unable to evaluate the effects of 
centrifugal distortion. We were unable to make measure- 
ments on excited vibrational states because of their low 
population. Thus for the evaluation of By and r, we 
employed the D, and a from the infrared measurements. 
However, the corrections for centrifugal stretching and 
for zero-point vibration are small, and the employment 
of infrared constants Dy and a probably does not limit 
the accuracy of the derived constants for DCI. The 
limiting factor in the absolute accuracy of ro and rf, is 
the value of 4, which is known only to 3 parts in 10°. 
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Differential cross sections have been measured for the scattering of 39.4-Mev protons by hydrogen gas at 
angles from 45° to 4° in the laboratory system, with +}° angular resolution at small angles. Data are given 
for every half degree near the interference minimum. The relative and absolute probable errors given are 
respectively +0.5% and +0.8% from 45° to 8°. The corresponding probable errors at 4° are +4.0% and 
+4.1%. The cross-section curve is essentially flat at 11.15 millibarns from 90° to 55° in the center-of-mass 
system. It falls to a minimum of 9.80 millibarns at 21°, and rises rapidly to 104 millibarns at 8°. A typical 
but not unique set of phase shifts which fit the data is: \S9, 40°; *Po, 16.90°; P:, —6.93°; ®P2, 3.04°; ‘Ds, 
2.16°; coupling parameter between *P2 and #F; as defined by Stapp, —2.21°. 


I. INTRODUCTION 

SYSTEMATIC investigation of the nucleon- 

nucleon interaction at energies from zero up to 
roughly 100 Mev is now pertinent for two foreseeable 
objectives. It provides particularly useful data to guide 
the continuing search for a satisfactory theory of this 
fundamental interaction, since at these energies a com- 
pletely relativistic theory is not imperative.’ Secondly, 
since the internal energies of nucleons in nuclei fall in 
this energy region, this empirical knowledge of the 
nucleon-nucleon interaction supplies basic information 
for promising theories of complex nuclei based on two- 
body forces, such as that of Brueckner.? 

From the standpoint of determining phase shifts to 
describe proton-proton scattering, it is very desirable 
that angular distributions be taken to include accurate 
cross sections in the region of small scattering angles, 
where small nuclear phase shifts may be seen by their 
interference with the strong Coulomb phase shifts. 
This is a difficult region, experimentally. It is very 
helpful to the disentanglement of the phase shifts at 
higher energies if the phase shifts can be followed as a 
function of energy, beginning at the lowest energy at 
which P waves should begin to appear in definitely 
measurable amounts.* 


LINEAR ACCELERATOR 
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5 4 —e 


Ba SOS 








\A 
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BEAM DEFLECTING | 
} 
' CHAMBER 


MAGNET 


Fic. 1. General experimental layout, showing the end of tank 2, 
a foreshortened view of tank 3, and the relative position of the 
scattering chamber. Concrete shielding walls are shown as cross- 
hatched areas. 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at Midwestern Universities Research Association, 
Madison, Wisconsin. 

1R. Serber (private communication). 

? Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 

3G. Breit (private communication). 


Experiments to date have covered quite completely 
the energies below 8 Mev, where Van de Graaff 
generators and cyclotrons have long been available; 
and the recent work at Harvard* at 95 Mev has begun 
the exploration of the higher energies of this region. 
In between these energies, data have been obtained*-? 
at a relatively few isolated energies as a new machine, 
or a new adjustment of an older one, made protons of 
a new energy available. Many of these experiments are 
of the nature of preliminary explorations, which need 
to be followed up by experiments which are more 
accurate, or which cover an extended angular range to 
include the Coulomb interference region. 

The present work at 40 Mev was performed with the 
Minnesota linear accelerator, which has made available 
protons at 68, 40, and 10 Mev, and at certain inter- 
mediate energies. The major emphasis has been placed 
on obtaining reliable cross sections at angles sub- 
stantially smaller than that of the interference mini- 
mum, which in this experiment occurs at 10° in the 
laboratory system. 


II. EXPERIMENTAL APPARATUS 
A. General Layout 


The experimental layout is shown in Fig. 1. The 
Minnesota Linear Accelerator consists of a 0.5-Mev 
injector and three rf accelerating tanks. Proton beams 
are available at 10, 40, and 68 Mev from the first, 
second, and third accelerating tanks. For this experi- 
ment 40-Mev protons from the second tank of the 


4 Birge, Kruse, and Ramsey, Phys. Rev. 83, 274 (1951). 

5 Kruse, Teem, and Ramsey, Phys. Rev. 101, 1079 (1956). 

6 Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
(1952). (9.7 Mev). 

7B. Cork and W. Hartsough, Phys. Rev. 94, 1300 (1954). 
(9.7 Mev). 

8F, E. Faris and B. T. Wright, Phys. Rev. 79, 577 (1950). 
(12.4 Mev). 

® Wilson, Lofgren, Richardson, Wright, and Shankland, Phys. 
Rev. 72, 1131 (1947). (14.5 Mev). 

10 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
(18 Mev). 

11 W. K. H. Panofsky and F. L. Fillmore, Phys. Rev..79, 57 
(1950). (30 Mev). 

2 Cork, Johnston, and Richman, Phys. Rev. 79, 71 (1950). 
(32 Mev). 
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Fic. 2. Plan view of the scattering chamber showing a relatively small scattering 
telescopes. The telescopes are used independently to cover different p 


accelerator were allowed to drift through the third 
tank. On emerging from the third tank the proton beam 
is bent through an angle of 20° and collimated by a 
three-eighths inch diameter brass collimator. The pro- 
tons then travel sixteen feet to the input collimator and 
the entrance foil of the scattering chamber. 


B. Scattering Chamber 


The scattering chamber was designed to satisfy two 
major considerations. The first is the need to extend 
the differential cross sections to small angles, well below 
the Coulomb-nuclear interference minimum. Another 
consideration is the desire to obtain an absolute accu- 
racy of 1% or better for the experimental data. A plan 
view of the scattering chamber is shown in Fig. 2. 

The scattering chamber consists of two large external 
detector telescopes attached to a relatively small body 
of the scattering chamber, by means of vacuum-tight 
ball joints. These ball joints allow the telescopes to be 
rotated to various scattering angles without disturbing 
the high purity of the scattering gas. Wide detector 
apertures (slits) and consequently long detector tele- 
scopes are used to reduce the error introduced into the 
experimental data by the slit-penetrating properties of 
the protons. Two detector telescopes are employed in 
order to obtain data over the angular range of interest. 
One telescope covers the angular range from 4° to 20° 
(laboratory) with an angular resolution of +3°. High 
angular resolution is needed where the Coulomb part 
of the cross-section curve changes rapidly with angle. 
The second telescope covers the angular range from 10° 
to 60° with an angular resolution of + 2°. In this range 
the laboratory cross section continues to decrease slowly 
with angle, and one needs the additional counting 
efficiency afforded by shortening the detector telescope 
and widening its slits. 

The beam enters the chamber by passing through 
the entrance collimator and entrance foil. The entrance 


18 No rf accelerating field in the third tank. 
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collimator is a circular aperture of one centimeter 
diameter. The 0.0005-inch Mylar entrance foil separates 
the scattering gas from the accelerator vacuum. This 
beam of protons travels a distance of 140 cm in the 
scattering gas before passing through the beam exit foil. 
The total beam passing through the chamber is meas- 
ured by collecting the unscattered protons in a beam 
collector cup connected to a beam current integrator. 
The beam exit foil (0.002-inch aluminum) separates the 
scattering gas from the vacuum surrounding the beam 
collector cup. 

The scattering chamber is equipped with a set of ten 
antiscattering baffles, only two of which are shown in 
Fig. 2. Eight are located on the same side of the chamber 
as the 4°-20° telescope and two are located on the same 
side as the 10°-60° telescope. A chosen one of these 
baffles, the choice being determined by the angle of 
observation, cuts off much of the unwanted proton flux 
illuminating the front telescope slit. The remaining 
baffles are removed far from the beam by means of 
their vacuum-sealed shafts. Protons scattered from the 
front edge of the baffle cannot strike the front telescope 
slit due to the 2° taper on the edge of the baffle. 


C. Detectors 


Scattered protons selected by the detector telescope 
are detected by means of a single thick NalI(TI) 
scintillating crystal. The NaI crystal is contained in 
an evacuated detector capsule which is detachable from 
the telescope. NaI was chosen in preference over other 
scintillating materials because of its low sensitivity to 
neutrons. For the same reason care was taken in the 
construction of the crystal capsule to avoid the use of 
any organic materials, which might provide knock-on 
protons in a neutron flux. The protons enter the capsule 
by passing through a 0.002-inch aluminum foil. The 
crystal is prepared by polishing the front and rear 
facets and sanding the four side facets. Light passes out 
of the crystal capsule through a one-quarter inch thick 
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Fic. 3. Block diagram of the counting electronics. 


window of glass, through approximately 2 inches of 
air, and into a photomultiplier tube (Dumont 6292). 


D. Counting Electronics 


A block diagram of the counting electronics is shown 
in Fig. 3. Electrical pulses from the photomultiplier 
pass directly into a cathode follower circuit. The input 
circuit of the cathode follower is designed to give a 
pulse which rises to a maximum in one-quarter micro- 
second and decays to zero in a half microsecond. The 
pulses from the low impedance output of the cathode 
follower are transmitted a distance of 140 feet to the 
counting room by means of a doubly shielded 93-ohm 
coaxial cable (RG-71). 

The pulses arriving in the counting room are amplified 
by a pair of linear amplifiers each with a gain of 8. The 
pulses are then fed into a threshold and gating circuit, 
such that pulses pass through the circuit only if they 
arrive during the “‘on” time of the accelerator. The 
pulses are then counted by a Hewlett-Packard High 
Speed Decade Scaler Model 520A, having a recovery 
time of 0.1 microsecond. The number of counts ob- 
tained from this scaler is the number used in the 
calculation of cross sections. This branch of the proton 
detection system is referred to as the fast counting 
system. 

The same amplified pulse that is fed into the threshold 
and gating circuit of the fast counting system is fed 
into an auxiliary 10-channel pulse-height analyzer,'® 
having a recovery time of 5 microseconds. This auxiliary 
pulse-detection system makes it possible to monitor the 
entire pulse-height spectrum, and hence provides a 
means of setting the threshold of the fast counting 
system to include the entire elastic pulse-height peak. 
From such a pulse-height spectrum, one also obtains 
the energy resolution of the detection system, the 
relative amounts of elastically scattered protons to 
background counts, and the energy distribution of the 
background counts. 


1 The “on’’ time of the machine for this experiment consisted 
of a 200-microsecond pulse, repeated 30 times per second. 
18 C, W. Johnstone, Nucleonics 11, No. 1, 37 (1953). 
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Ill. TARGET GAS 


The target material in this experiment was hydrogen 
gas at a pressure slightly above one atmosphere. Tank 
hydrogen was purified by passing it through a palladium 
filter, which has been described’? previously. Evolution 
of contaminating gases by the walls of the scattering 
chamber was found to give a rate of pressure rise of 
3X10 mm of Hg per minute, on an ionization gauge. 
As a test of the nature of this gas, the evacuated cham- 
ber was sealed off for a period of three hours, and the 
scattering measured from the accumulated gases, whose 
pressure then read 60 microns on a thermocouple gauge. 
The cross section measured at 4° laboratory was con- 
sistent with Rutherford scattering from oxygen. From 
these tests it was decided to change the gas at least 
every 12 hours, and oftener if working at less than 20°. 
The palladium tube was tested for perforation after 
each filling, by a helium leak tester. 

A mercury manometer was used to measure the gas 
pressure. It was connected to the chamber only while 
readings were being taken, to avoid contamination. 
The chamber temperature was read by a thermometer 
embedded in the metal near the scattering region. Tem- 
perature and pressure readings were taken every two 
or three hours of operation. Sometimes the Mylar beam 
entrance window leaked enough to reduce the hydrogen 
density at the rate of 0.1% per hour. In calculating the 
density of scattering nuclei, correction was made for 
mercury temperature, acceleration of gravity, and 
Van der Waals forces. 


IV. GEOMETRY CALCULATIONS 


Since in this geometry the 4° scattering volume be- 
comes quite long, new calculations were made of the 
geometrical formulas.'*!7 We assume the incident beam 
to be a uniform circular cylinder having no divergence, 
and radius b. Both telescope slits are assumed rec- 
tangular, the first being of infinite height perpendicular 
to the plane of Fig. 4, and the detector slit being of 
height 2. Other geometrical parameters are defined in 
Fig. 4. If C is the number of detector counts, B the 
number of incident protons, V» the number of scattering 
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Fic. 4. Basic counting geometry. 


16 Allred, Rose, Tallmadge, and Williams, Rev. Sci. Inst. 22, 
191 (1951). 

17C. L. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 
(1949). 
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nuclei per cubic centimeter, and do/d. is the laboratory 
cross section, our result!® to second order in the dimen- 
sions is 


( v* cot’ 
C= BN,— — 


la 2v'2v2h 
dQ MR, sind 


3Ro? 


2 3b" h? 
i eee ‘ 
4R,? sin’?@ 8Ro? 2Ro? 


The significance of the terms in the brackets is as: 
follows: the term 2? cot?@/3R,? corrects for horizontal 
asymmetry of the scattering length, upstream and 
downstream from center along the incident beam. Two- 
thirds of the term (v’?+0°)/2M? corrects for horizontal 
obliquity of the protons at the first telescope slit, and 
one-third of it is for horizontal obliquity at the detector 
slit. The term 6?/(4R,*sin*#) corrects for horizontal 
width of the beam, which varies the radius for scattering 
element to detector element. The term 357, 8Ro° is for 
vertical obliquity at the detector slit due to height of 
the incident beam; and h?/2R,’ is for vertical obliquity 
at the detector slit due to height of the detector slit. 
The sum of these corrections amounts to less than 0.2% 
at all angles for each telescope. 

Table I gives approximate numerical values for the 
geometrical parameters defined above. The parameter 
Ry is a simple function of the angle 6 and the per- 
pendicular distance A from the telescope pivot axis to 
the axis of the cylindrical proton beam. 


V. EXPERIMENTAL PROCEDURE 
A. Alignment of the Scattering Chamber 


Because of the desire to obtain accurate data at 
small angles, the alignment of the scattering chamber 
and the telescopes relative to the incident beam is very 
critical. For example, at 4°, an error of 0.01° in the 


TABLE I. Approximate geometrical dimensions of scattering 
chamber. All parameters are defined graphically in Fig. 4, with 
the exception of A which is the perpendicular distance from the 
telescope pivot axis to the axis of the cylindrical proton beam. 
Parameter 4°20 60° telescope 

26 1.0 cm 1.0 cm 
M 114 cm 57) cm 
20 1.1 cm 2.0 cm 
20’ 1.1 cm 2.0 cm 
2.8 cm 8.0 cm 
3.4 cm 5.8 cm 


telescope 10° 


18 Tt is instructive to compare this with the results of Critchfield. 
When his formula as quoted in reference 16 is specialized to 
a=90°, m=0, it agrees with the first three terms of the six terms 
in our bracket; it omits the last three because it does not attempt 
to take into account finite beam diameter: and detector height. 
When the geometrical formula in reference 17 is adjusted for non- 
diverging beam (set his L=So=~) and rectangular detector 
aperture (instead of round), it is consistent with all of our terms. 
For a circular detector window he would change the coefficient 4 
in our sixth term to ?. 
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measured angle causes a 1% error in the measured cross 
section. 

The scattering chamber is rigidly fastened to a three- 
legged frame. Each leg rests on a set of positioning 
screws, which provide vertical and lateral adjustment. 
The 20° deflected beam was located in space by allowing 
it to form a darkened image on a glass plate. The cham- 
ber was then roughly aligned with this beam and the 
one-centimeter diameter entrance collimator was cen- 
tered on the beam. The entrance foil was removed and 
the chamber was evacuated to provide a sharp image 
of the entrance collimator on a glass plate at the exit 
end of the chamber. The axis of the scattering chamber 
was aligned with the center of the darkened image, care 
being taken not to move the entrance collimator. It is 
believed that this alignment was done to about +0.01 
inch. 

The axes of the 4°-20° telescope and the cylindrical 
beam were defined by taut wires, and the angle between 
them was adjusted by triangulation to 4°. The pointer 
mounted on the telescope was adjusted to the 4° mark 
on the ruled angular scale rigidly fastened to the 
scattering chamber body. The 10°-60° telescope was 
geometrically aligned in a similar manner. Angular 
settings of the telescopes using the pointer and scale 
are reproducible to 1/50°. To improve the reproduci- 
bility of the 4° angle, a mechanical stop was placed on 
the scale at this point. 

As a later check on the angle calibration, the same 
apparatus was used to measure the cross section of 
argon gas for 10-Mev protons at an angle of 4°. Optical 
model calculations at this energy and angle predict” 
a cross section about 1% greater than Rutherford 
scattering. Our argon result is 5% greater than the 
Rutherford cross section, which could be interpreted to 
indicate that the angular scale was reading angles 
0.04° larger than true angle. However there is sufficient 
doubt about the optical model predictions at these 
angles that we prefer to regard this as a rough check of 
the angular setting, and to assign correspondingly large 
probable errors to the angle calibration. 


B. Measurement of Beam Charge 


The space for the beam collector was rather restricted 
in this experiment by the requirement of locating the 
detector telescope close to the beam when scattering 
at 4°. This called for the compact geometry shown in 
Fig. 5. The beam is stopped in lead in the bottom of 
the collector cup, which is quite deep to discourage 
escape of secondary electrons. The “‘repeller ring” is 
intended to repel secondary electrons from both the foil 
and the cup; and the 400-gauss magnetic field is to 
deflect the highest energy electrons produced in the foil. 
In practice neither was found to be necessary, as shown 
in tests where the magnetic field was removed, and the 


19 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957). j 
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repelling voltage was varied between zero and —5000 
volts, with no significant effect on the measured cross 
section when counting 20000 protons. All final data 
were taken with the magnetic field present and the 
repeller ring grounded. A vacuum of about 5X 10-> mm 
of Hg was maintained in the cup during runs. 

The beam current integrator system uses a standard 
100% feedback circuit with electrometer tube input 
and a gain of 10 000. The collector cup thus only changes 
potential by 10 millivolts while the integrating capacitor 
is charged to 100 volts. Three different integrating 
capacitors were used in this experiment, selectable by 
a rotating switch to correspond to the magnitude of 
beam being used. The capacitor voltage (about 100 
volts) was divided 100:1 by a 10000-ohm precision 
resistance divider and read at the one-volt level by an 
Land N potentiometer. 

Two methods were used for determining the charge 
calibration of the integrator. The first involved measure- 
ment of the capacitance and the charging voltage. The 
capacitors were compared to a type 722-D General 
Radio Variable Air Capacitor by means of an impulse 
bridge. The measurement was made with the integrating 
capacitors in their normal environment and connected 
in their normal relationship to “ground,” to avoid 
changing stray capacitances. 

The second method was to measure the over-all 
charge calibration directly by injecting a known charge 
at the normal, slow rate into the integrator. The source 
of standard charge is shown in Fig. 6. It consists of a 
standardized 3-terminal shielded 0.001-uf air capacitor 
C, which has a leakage time constant exceeding 3000 
hours, and a potentiometer P; to charge one end of it 
to a precisely known potential. The speed of charge 
delivery is proportional to the speed of manual rotation 
of P;. The left-hand end of C; remains essentially at 
ground potential due to the feedback properties of the 
integrator circuit. The charge calibration of the in- 
tegrator was found to be about 0.2% higher when the 
calibrating charge was delivered slowly over a period of 
3 hour, than when it was charged in 35 second. This is 
taken to be due to soakage in the polystyrene capacitors, 
since separate allowance is made for grid current in the 
electrometer tube. The capacitor C; was standardized 
with an impulse bridge against a General Radio type 
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1401-D Fixed Air Capacitor, and against a General 
Radio type 722-D Variable Air Capacitor, both being 
advertised as good to 0.1%. 


C. Control and Measurement of Beam Energy 


The mean energy of the linear accelerator is a function 
of the tuning conditions of the machine. Variations of 
the mean energy of as much as plus or minus 3% have 
been noticed under extreme tuning conditions. To 
eliminate such fluctuations in energy, the operator was 
supplied with an energy monitor to enable him to keep 
the energy constant. This indication of beam energy 
was provided by a pair of differential pickup electrodes 
which sense the position of the 20° deflected beam. 
A small portion of the beam strikes the two electrodes, 
with a major portion of it passing between them into 
the scattering chamber. If the magnetic field is held 
constant, the position of the beam spot is a unique 
function of the energy of the machine. The operator 
then tunes the machine so that an equal amount of 
beam hits each of the pickup electrodes as indicated 
remotely in the control room, 

A relative indication of the magnetic field in the gap 
of the deflecting magnet, accurate to 0.1%, is provided 
by a current balance. This consists essentially of a 
d’Arsonval galvanometer movement placed in the mag- 
netic field of the deflecting magnet. A balance is indi- 
cated when a precisely measured current through the 
galvanometer coil produces enough torque (about 300 
g-cm) to begin lifting a lead counterweight. The purpose 
of the current balance is to enable one to reproduce a 
specific magnetic field, and hence a specific beam 
energy, to a high degree of accuracy over periods of 
many years if necessary. 

A spectrometer for analyzing the spectrum of energies 
present in the proton beam was constructed using the 
20° deflecting magnet, shown in Fig. 1, as the analyzing 
magnetic field. Collimation for the spectrometer was 
provided by a pair of slits (slits A and B in Fig. 7) 
0.020 inch wide, separated by 40 feet. The beam was 
deflected approximately 20° and was analyzed by use 
of a 0.020-inch slit (slit C in Fig. 7) at a distance of 
16 feet from the magnet. The spectrum was investi- 
gated by sweeping it across the fixed slit by changing 
the magnetic field. The extremely small beam current 
passing through the analyzing slit was measured by 
means of an air ionization chamber. A relative indica- 
tion of the magnetic field was provided by the current 
balance. 


CHARGE 
| IN 
a as 


RGE 
+ 





« 
CHA 
oe As. 
AANAAA 
VAVWV 








Y 


BEAM 
CURRENT 
INTEGRATOR 


me) 




















Fic. 6. Circuit used for calibration of beam current integrator. 
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The energy calibration of the magnetic spectrometer 
was accomplished by the floating-wire technique,” the 
essential features of which are shown in Fig. 7. A close 
analogy exists between the trajectory of a beam of 
charged particles of momentum mv and charge q in a 
magnetic field, and the trajectory of a flexible wire 
carrying a current J and subjected to a tension T in 
the same field. If one adjusts the trajectories to be 
identical, the relation mv/g=7/TJ holds. 

A “cold” wire (no current) was strung from the center 
of slit B to point D, which had experimentally been 
found to line up with slits A and B. By sighting verti- 
cally on the two wires at point & and adjusting the 
current in the floating wire, the horizontal coordinates 
of the floating wire could be made to coincide with the 
horizontal coordinates of the proton beam before de- 
flection. The horizontal coordinates of the floating wire 
and the proton beam coincided at the spectrometer 
analyzing slit C; hence the horizontal projection of the 
floating wire was identical to that of the proton beam. 
The momentum and hence the energy of the corre- 
sponding proton beam were computed. 

The effect of the gravitational force is to cause the 
wire to sag. The vertical coordinate of the wire is 
insignificant except in the region between the magnet 
pole pieces. The ends of the floating wire were raised 
about § inch at slit B and } inch at slit C in order that 
the trajectory of the floating wire would be horizontal 
and centered vertically in the magnet gap. The tension 
of the wire in the gap was taken as the horizontal com- 
ponent of the tension at slit C. 

Typical values for the current and tension applied to 
the 0.006-inch diameter copper wire were 1 ampere and 
100 grams-force. The wire was annealed in its trajectory 
by increasing the current to 3 amperes and providing 
enough tension to hold the wire in position. 

Hence the energy spectrum obtained by plotting the 
relative beam intensity as a function of current balance 
reading can be calibrated in terms of the corresponding 
proton energy for any value of current balance reading. 
Figure 8 shows three such sets of data, and three points 
at which the energy spectrum was calibrated in terms 
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Fic. 7. Experimental layout for the floating-wire energy cali 
bration. Magnet yoke and vacuum pipes are not shown. 


™L. Cranberg, Los Alamos Scientific Laboratory, Atomic 
Energy Commission Report AECU-1670, 1951 (unpublished). 
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Fic. 8. Energy spectrum of proton beam. Three points at which 
the energy spectrum was calibrated are shown on the abscissa. 
Although the mean energy is taken to be 39.70 Mev, the protons 
at the scattering region have been degraded to 39.40 Mev. 


of energy. The mean accelerator energy is 39.70 Mev, 
and the spread in energy is about +3%. The beam is 
degraded to an energy of 39.40 Mev before scattering. 


D. Final Procedure 


Before filling the scattering chamber with hydrogen 
gas, the chamber was evacuated for a period of at least 
12 hours to a pressure of 4X 10~° mm of Hg or less, and 
a rate of rise of less than 2X 10~* mm of Hg per hour. 
The inner volume of the palladium tube hydrogen 
purifier and its connecting pipes were evacuated. The 
region surrounding the palladium tube was alternately 
evacuated and flushed several times with commercial 
tank hydrogen (99.5% pure) before being filled to a 
pressure of 100 psi. When the palladium tube was 
heated, the purified hydrogen passed into the scattering 
chamber filling it to a pressure of one atmosphere. 
During the experimental run the chamber was isolated 
by valves from the hydrogen purifier, the oil diffusion 
pump, the liquid air trap, and the mercury manometer. 
The pressure was measured periodically between experi- 
mental runs for as long as the filling of hydrogen was 
used (up to twelve hours in certain cases). 

The detector telescope was set at the desired angle 
and the corresponding antiscattering baffle was placed 
in its correct position. With the aid of the current 
balance, the magnet current regulator was periodically 
adjusted during each run to give the desired magnetic 
field in the 20° beam deflecting magnet. 

The threshold of the fast counting system was ad- 
justed such that this system counts all pulses falling in 
channels 5 and above of the 10-channel pulse-height 
analyzer. Since the operation of pulse-height discrimi- 
nator circuits is sensitive to the pulse shape, a com- 
parison of thresholds can best be done with a pulse 
identical in shape to the pulses to be counted. The 
photomultiplier gain was set so that many proton 
pulses fell in channels 4 and 5, and short runs of 50 
counts were made. The threshold of the fast counting 
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Fic. 9. Typical pulse-height distribution. The fast counting 
system counts all pulses falling to the right of the fast counting 
system threshold. 


system was adjusted so that the number of counts in 
the fast system was equal to the sum of the counts in 
channels 5 and above. 

The photomultiplier gain was then adjusted so that 
the elastic proton peak fell entirely within channels 5 
and above of the 10-channel pulse-height analyzer. 
A typical pulse-height distribution is shown in Fig. 9. 
The above procedure enables the fast counting system 
to count all pulses in the pulse-height peak, without 
counting a significant amount of slit-scattered protons 
or background counts. 

The beam current through the chamber was adjusted 
to give an average counting rate of 10 counts per second, 
and a probable counting loss for the fast system of 0.1% 
(one second contains approximately 6000 microseconds 
of accelerator ‘‘on” time). The beam integrating 
capacitor was discharged and the zero of the beam 
current integrator was checked with a potentiometer. 
The beam was then turned on to start a typical run of 
40 000 counts. The run was interrupted when and if 
the feedback voltage of the beam current integrator 
reached 100 volts, in which case the voltage was read 
with a potentiometer (to better than 0.1%), the 
capacitor discharged, and the run resumed. 

Neutrons and y rays originating from the entrance 
collimator and the beam collector cup are the chief 
constituents of the background. The effect of this back- 
ground was reduced by placing lead shielding around 
the entrance collimator, and placing as much lead 
between the beam collector cup and the detector crystal 
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as the telescope would allow. The intensity of back- 
ground counts was insignificant over most of the angular 
range. Only for angles greater than 38° was it necessary 
to take background runs. The typical background 
correction in percentage of total counts for data taken 
at 40° is 0.15%, and at 45° is 0.35%. 


VI. CORRECTIONS 
A. Evaluation of Slit-Scattering Corrections 


The detector telescopes were designed to have suffi- 
ciently large-scale geometry that the slit-scattering 
corrections would be 1% or less (slit width of 4°-20° 
telescope, 1 cm; slit width of 10°-60° telescope, 2 cm). 
It was desired that this correction be known to such a 
degree that the residual error would be 0.1% or less. 
Such corrections can be calculated theoretically under 
ideal circumstances.*! However, these circumstances are 
far from being met, especially for the front slit of the 
telescope. It was found possible to evaluate the correc- 
tion experimentally. Two experiments were conducted ; 
one enabling the slit-scattering correction for the front 
slit to be measured, and the other providing similar 
information for the rear slit. 

In the case of the first experiment, a plug was placed 
in the front slit, making in effect two narrow slits 
(0.008 inch wide) precisely in the position of the 
edges of the ordinary slit. The plug side of these narrow 
slits was tapered (4° in the case of the 4°-20° telescope) 
to allow full view of the detector from the slit surfaces. 
The plug doubles the amount of slit scattering and 
reduces the proton-proton scattering by a factor of 50, 
thus greatly enhancing the relative effect of the slit 
scattering. This experiment was conducted with the 
correct antiscattering baffle in position. 

The second experiment involved measuring the count- 
ing yield of a telescope as a function of the width of a 
variable slit installed towards the rear of the 10°-60° 
telescope. The counting yield is a linear function of the 
rear slit width as long as care is taken not to make the 
slits so narrow as to alter either the illumination of the 
slits or the detection of protons from the slits. The 


TABLE II. Slit-scattering corrections, as determined experi- 
mentally. This correction factor when applied to the data reduces 
the number of counts. 





Rear slit 
apparent 
additional 
slit width 
(inches) 


0.0022, 
0.0020 


Front slit 
apparent 
additional 
slit width 
(inches) 


Total 
correction 


Telescope Lab angle factor 


4°-20° —_4°-10° 
11°-20° 


0.0020 
0.0016 
0.0012 
0.0007 0.9961 
0.0003 0.9963 


0.9955 
0.9957 
0.9959 


0.0015 
0.0017 
0.0020 
0.0024 
0.0026 


10°-19° 
20°-29° 
30°-39° 
40°-49° 
50°-59° 


10°-60° 


21 FE. Courant, Rev. Sci. Instr. 22, 1003 (1951). 
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intercept for zero slit width represents the counting 
yield due to scattered protons. 

The slit-scattering corrections are presented in 
Table Il, both as the apparent additional slit width 
for each slit of the two telescopes, and as the total 
correction factor by which the measured cross section 
was multiplied to give the cross.sections corrected for 
slit scattering. 


B. Correction for Inelastic Nuclear Reactions 


When a thick scintillation detector is used to count 
protons of energy greater than 10 Mev, an appreciable 
number of the protons make inelastic nuclear reactions 
in the scintillating material.?? These protons make sub- 
standard pulses in the pulse-height detector system. 
Hence the protons entering the detectors in this experi- 
ment produce a peak of standard height pulses, along 
with a low-pulse-height tail. Most of this tail is chopped 
off by a threshold circuit incorporated into the fast- 
pulse detector system to discriminate against low-energy 
background and slit-scattered protons. Hence a cor- 
rection is required to account for the substandard 
pulses of the low-pulse-height tail, which are discarded 
by the threshold circuit. 

This correction was determined for the protons of 40, 
28, and 10 Mev by producing a }-inch wide beam of 
protons free from low-energy components, and letting 
it strike the center of a j-inch wide NalI(TI) crystal 
detector under conditions of negligible background. 
The pure beam was produced by first collimating to 
0.1 milliradian and magnetically analyzing to reject 
slit-scattered protons. The pulse-height distribution 
yields the required correction (Table III) for various 
discriminator settings. A typical pulse-height distribu- 
tion is shown in Fig. 10. The magnitude of the correction 
can be interpreted as an effective inelastic reaction 
cross section for protons incident on sodium and iodine 
nuclei, amounting to roughly { of the geometrical cross 
section (r9=1.3X10~-" cm). In order to apply these 
corrections to the proton counts taken at various angles 
(energy changes with angle) and for particular dis- 
criminator settings, the table was interpolated on the 
basis of the assumption that the correction varies 
linearly with range in sodium iodide. 


TABLE III. Nal inelastic nuclear reaction correction due to the 
chopped-off low pulse-height tail from the scintillator. This cor- 
rection is expressed as a percentage of total number of counts in 
the pulse-height peak and, when applied, increases the number 
of counts. 


Threshold setting (in percentage of peak pulse height) 


Energy . x ; . 
50% 60% 80% 90% 


Mev 


40 
28 


1.95 
WK , . 1.10 
10 . 0. P 0.34 


2 This was first called to our attention by Robert Eisberg. 
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evaluation of the correction for inelastic nuclear reactions in 


NaI (TI). 


C. Corrections for Finite Angular Resolution 


There exists some differential cross section (6) 
which one is interested in measuring by using a sensing 
device with a finite angular resolution R(@). The resolu- 
tion function expresses the fact that although one is 
attempting to determine the differential cross section 
o(6) at 6, the sensing device is also partially sensitive 
to the protons scattered within the range 6+ A@. 

Consider the identity 


(=f Reo / f R(0)d0 
+f ROL#(@)—o(@) ue / f R(0)dé, 


where the integration is over the nonzero portion of the 
resolution function. The term on the left-hand side is 
the true cross section at 6. The first term on the right- 
hand side is precisely the cross section [to be denoted 
by om(@) ] measured by using a telescope with resolution 
function R(@). The second term on the right-hand side 
cannot be evaluated because of an ignorance of the 
function o(@) or the value o(@). However, if one can 
determine a known function ¢x(6@) which, except for 
proportionality constant C, is a good representation of 
the true function o(@) over the angular range 6+A8@, 
then Cox(6)—Cox(6) is approximately equal to o(6) 
—a(6). Using this relationship, the equation for o(@) 
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TABLE IV. Finite angular resolution correction, which reduces the 
experimentally measured cross section by the given factor. 








Correction factor 


0.961 
0.976 
0.988 
0.993 
0.998 


Lab angle 





reduces to 


o(@)=on(0) on(0) f R(0)d8 7. f Rox 0a | 


This correction factor was calculated for this experi- 
ment at the angles 4° to 8°. The factor is not sig- 
nificantly different from unity at other angles. The 
known function ox(@) was chosen as the laboratory 
cross section corresponding to one of the best fits to 
the preliminary data* obtained through a phase shift 
analysis.** The resolution function for the small- 
angle telescope is approximately proportional to [Aé 
—|6—6| ]/sind for |@—6|<Aé@, where AO=4°. The 
calculation of the bracketed correction factor was 
accomplished by a numerical integration. The results 
are given in Table IV. 


D. Correction for Change in Energy at Small Angles 


The energy of an incident proton for a scattering 
event is dependent on the total path length of hydrogen 
traversed. It is a feature of the design of this scattering 
chamber that the path length from the entrance foil 
to the center of the effective scattering volume is a 
function of the angle of the detector telescope. For 
angles larger than 10° the change in energy as a function 
of angle is insignificant. For these large angles the total 


TasLe V. Dependence of incident energy on angle, and energy 
correction factor (E/E»)*. Application of the correction factor 
extrapolates the measured cross sections, on the basis of a 1/E* 
dependence, to the cross sections expected at Eo. (Eo=39.40 Mev.) 








E (Mev) (E/E)? 
1.0045 
1.0030 
1.0020 
1.0015 
1.0010 
1.0005 
1.0000 





39.49 
39.46 
39.44 
39.43 
39.42 
39.41 
39.40 


39.40 1.0000 








% The preliminary data were corrected for finite angular resolu- 
tion effects by choosing the Coulomb cross section as the known 
function. 

% H. P. Noyes and M. H. MacGregor, University of California 
Radiation Laboratory Report UCRL-4947 (unpublished). 
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path length is approximately 100 cm, and the thickness 
in Mev of the entrance foil and the 100 cm of hydrogen 
is 0.30 Mev. Hence for the majority of the cross sections 
the laboratory energy of the incident particle was 39.40 
Mev. Only for a few of the smallest angles was the 
energy significantly different from 39.40 Mev. 

Rather than quote a separate energy for each cross 
section at these small angles, the cross sections were 
extrapolated on the basis of a 1/E£? dependence to the 
energy 39.40 Mev. Table V gives the dependence of the 
incident energy on angle and the energy correction 
factor. The cross section quoted in the results is 
o (Eo) = (E/E)*a(E), where Eyp= 39.40 Mev. 


E. Multiple and Plural Scattering 


The effects of multiple and plural scattering*®:** were 
found to be insignificant by both theoretical and experi- 
mental means. No corrections are required to account 
for these effects. 

The effects of multiple scattering on collection of 
beam charge was calculated to be less than 0.1%. Thé 
size of the beam near the collector cup was determined 
by exposing a glass plate to the beam. The darkened 
spot indicated that the beam fell well within the 
aperture of the collector cup. The collection of beam 
charge was experimentally checked by comparing the 
charge collected for the normally collimated beam to 
that collected for a beam collimated to half the normal 
diameter and at approximately half the normal distance 
from the beam current collector cup. Proton-proton 
scattering at 45° was used as a monitor of the total 
beam charge. The results were the same to within the 
0.3% counting statistics of the experiment. 

The effect of the multiple scattering superimposed on 
single-scattering events was calculated to be about 0.1% 
at 4° (lab). The introduction of counts due to plural 
scattering, for the detector telescope set at 4°, was also 
calculated to have less than 0.1% effect. Both of these 
effects give rise to a fractional increase in the measured 
cross section.”” The fractional increase varies as the 
first or higher power of the target gas pressure. Experi- 
mental proton-proton scattering runs were made at 
4° (lab) and at target pressures of 0.1, 0.5, and 1.0 
atmosphere. The measured cross sections show no 
dependence on pressure inconsistent with the probable 
error of the 0.3% counting statistics. 


VIl. ANALYSIS OF EXPERIMENTAL ERRORS 


Table VI gives a summary of errors attributed to all 
important sources. The entries in the absolute error 
column are the probable errors to be attached to the 
measured value of the quantity in the left-hand column. 
The entries in the relative error column signify the 
probable error of the ratio of the measured value of the 


25 E. J. Williams, Proc. Roy. Soc. (London) A169, 531 (1938). 
26 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 
* Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 





PROTON-PROTON SCATTERING AT 


quantity, for any two experimental points. The error 
contribution of the angular calibration is insignificant, 
except for the angles below 8°, where it rapidly becomes 
significant. The error contribution due to the angular 
calibration is taken as follows: 4°, 4%; 5°, 1.6%; 6°, 
0.8%; 7°, 0.4%; 8°, 0.2%; and 9° through 45°, 0.1%. 
The resultant absolute and relative probable errors at 
each angle are listed later in Table VIII. 


Vill. EXPERIMENTAL RESULTS 


Table VII gives the data for two typical angles. Our 
final results are based on 82 such scattering runs; these 
represent all of the runs taken after the final operating 
procedure was adopted, with the exception of ten runs 
discarded because of known errors, and four more dis- 
carded because their results differed so greatly from 


TABLE VI. Summary of experimental errors. 





Absolute error 


Relative error 


Source of error 


Beam current errors 
Capacity 
Voltage 
Electrometer drift 
Collection of stray charges 
Counting errors 
Nal inelastic nuclear reaction 
Slit scattering 
Counting statistics 
Counting losses 
Geometry errors 
Geometry calculation 
Angle calibration* 
Target errors 
Target temperature 
Target pressure 
Gas impurities 
Beam energy errors 
Mean energy 
Energy dependence on angle 


+0.2% 
+0.1% 
+0.1% 
+0.2% 


+0.3% 
+0.2% 
+0.3% 
+0.1% 


40.4% 
40.1% 


40.1% 
40.1% 
+0.1% 


+0.3% 
+0.1% 


Total error* +0.8% 








® The angle calibration error is valid for all angles except 4°, 5°, 6°, and 7° 
(see text). 


that of other runs that operational errors were assumed. 
In addition to these datum runs, there were 39 test runs 
and 46 runs for evaluation of corrections. The data 
were collected over a period of ten months. There is no 
evidence of a trend for early results to be either higher 
or lower than later results. 

The beam charge in Table VII is the measured in- 
tegrated charge corrected for electrometer tube drift 
(insignificant in most cases). The entries in the column 
headed “corrected number of counts” contain the 
majority of corrections. This number is corrected to 
the expected number of counts for a target gas at STP. 
The number is also corrected for inelastic nuclear re- 
actions in Nal, slit scattering, change in energy at 
small angles, finite angular resolution effects, back- 
ground counts, electronic pileup of counts, and counting 
losses. The cross section is transformed from the 
laboratory coordinate system to the center-of-mass 


40 MEV 


TABLE VII. Experimental results of typical proton- 
proton scattering runs. 








Corrected 
cross section 
(c.m,) 
(mb/sterad) 


40.31 


10.20 
10.29 


Corrected 
number 
of counts 


44 403 
43 910 
45 472 


43 350 
41 736 
43 930 


Laboratory Beam charge 
angle® (microcoulombs) 


~ -134°LA———S=«*« L009 
134° LA 0.1109 
134° SA 3.4210 





11.18 
11.11 
11.19 


0.2862 
0.2773 
0.2899 


40° LA 
40° LA 
40° LA 





® SA indicates experimental runs using the small-angle telescope; LA indi- 
cates experimental runs using the large-angle telescope. 


coordinate system by the relation [do/dQ(lab) JdQ(lab) 
=[do/dQ(c.m.) JdQ(c.m.). The calculation of the ratio 
dQ(lab)/dQ(c.m.) was done relativistically.** The cor- 
rected cross section is given in the last column of 
Table VII. 

Table VIII lists the mean value of the cross section 
for each laboratory angle, and for center-of-mass angles. 
Individual runs are weighted in terms of the number of 
counts in each. The rms deviation from the mean is 
less than 1% for all angles, and with the exception of 
3 angles, is less than 0.7%. The fourth and fifth columns 
list the absolute and relative error assigned to the given 
value of the cross section. 

Figure 11 gives the over-all features of the experi- 


TaBLe VIII. Summary of the mean value of the proton-proton 
differential scattering cross section for energy of 39.40 Mev. 








Relative 
error (+) 


Absolute 
error (+) 
4.1% 
1.8% 


do/dQ (c.m.) 
O6.m. (mb/sterad) 


8°S’ 103.8 
10°6’ 40.85 
12°7’ 20.63 
14°9’ 13.50 
16°10’ 10.87 
bie 10.26 
18°11’ 10.01 
19°12’ 9.98 
20°12’ 9.79 
21°13’ 9.82 
22°14’ 9.85 
23°14’ 9.93 
24°15’ 9.94 
25°15: 10.07 
27°16’ 10.27 
30°18’ 10.52 
36°21’ 10.75 
40°23’ 10.86 
44°25’ 10.98 
50°27’ 11.10 
56°30’ 11.13 
60°31’ 11.16 
64°32’ 11.18 
70°34’ 11.17 
76°35’ 11.18 
80°35’ 11.16 
90°36’ 11.16 


No. of 
runs 





. 
32 
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*8 Formulas for the relativistic transformation from laboratory 
to center-of-mass angles and solid angles are given by Chamber- 
one Tripp, Wiegand, and Ypsilantis, Phys. Rev. 105, 288 

1957). 
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Fic. 11. Gross features of the experimental results. 


mental results. Figure 12 shows in more detail the region 
of the interference minimum and the cross sections 
extending to 90° (c.m.). The relative experimental error 
of +3% is attached to each point. 


IX. DISCUSSION OF RESULTS 


A careful phase-shift analysis of these cross sections 
has been made by Noyes and MacGregor, which appears 
in an adjoining article.** Some of their results may be 
summarized as follows: 


1. The data cannot be fitted by S, P, and D waves 
alone; a finite amount of F wave is required. 

2. A unique set of phase shifts cannot be assigned on 
the basis of this angular distribution at a single energy, 
in view of the high-order partial waves involved ; good 
polarization data and energy-dependence data might 
be able to resolve the ambiguity. 

3. The presence of noncentral forces is specifically 


2” H. P. Noyes and M. H. MacGregor, Phys. Rev. 111, 223 
(1958), following paper. 


AND D.. A: 


SWENSON 


indicated by the fact that different values are required 
for the three *P phase shifts in any set of phase shifts 
found to fit the data. 

4. A set of phase shifts which fits the data is as 
follows: 1S, 40°; *Po, 16.9°; *P1, —6.93°; *Ps, 3.04°; 
‘Do, 2.16°; coupling parameter between *P2 and *F», as 
defined by Stapp, —2.21°. This is the only solution 
given which agrees with recent polarization measure- 
ments from Harvard at 40 Mev. Noyes and MacGregor 
indicate that they do not feel that this set of phase 
shifts is unique. 
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Fic. 12. Partial graph, showing in detail the interference 
minimum and the cross sections extending to 90° (c.m.). The 
relative experimental error of +$% is attached to each point. 
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Analysis of 40-Mev p-p Scattering* 
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Analysis of the 40-Mev p-p scattering data of Johnston and Swenson shows that either the singlet proton- 
proton interaction gives an anomalously large D wave and an anomalously small S wave at 40 Mev, or that 
angular momentum states in addition to S, P, and D are present. The anomalously small S-wave fits to the 
data are always accompanied by large polarizations unless / waves are present as well. Hence, recent experi 
mental measurements at Harvard, which show that the p-p polarization at 40 Mev is small, rule out the 
possibility of fitting the data with only S, P, and D waves. 


I. INTRODUCTION 


S is well known, low-energy proton-proton scat- 
tering can be used to determine an effective range 

and scattering length for the singlet even S state, but 
gives no information about the radial variation of the 
interaction. However, knowledge of the singlet S phase 
at 40 Mev, if accurate enough, can yield a limited 
amount of information about this, as has been stressed, 
for example, by Raphael. Since the 32-Mev p-p angular 
distribution indicates the presence of strong noncentral 
forces,? which have been shown to give large polariza- 
tions at higher energies, it is anticipated that an accu- 
rate phase-shift analysis will be required in order to 
disentangle this piece of information. Although the 
wide-angle scattering at 40 Mev is nearly isotropic, 
S-wave scattering alone could not give the sharp inter- 
ference minimum that is observed, and since central- 
force scattering would give a minimum at 90° c.m. 
rather than isotropy (see arguments in reference 1), it is 
clear from the start that the analysis must be made in 
terms of different phase shifts in each of the *P states. 
Starting with the simplest assumption that only S and 

P waves are present, which has been extensively in- 
vestigated by several authors,’ it is impossible to 
obtain a reasonable fit to the data. If the method of 
Clemente] and Villi* is slightly extended to include the 
'D» state, it is only possible to fit the data for a D phase 
of 3.1° and an S phase of less than 33°. As is argued in 
detail in Sec. III, both of these values are completely at 
variance with presently accepted ideas about the singlet 
interaction. Also, recent measurements at 40 Mev by 
the Harvard group,’ which show that the polarization is 
very small, rule out even the solutions for S less than 
33°, since these solutions give large polarizations. Hence 
this analysis indicates that higher angular momentum 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1R. B. Raphael, Institute for Advanced Study, Princeton, New 
Jersey, March 13, 1957 (to be published). 

2R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 

3R. M. Thaler and J. Bengston, Phys. Rev. 94, 679 (1954); 
Thaler, Bengston, and Breit, Phys. Rev. 94, 683 (1954); A. 
Garren, Phys. Rev. 101, 419 (1956); C. A. Klein, Nuovo cimento 
1, 581 (1955) and 2, 38 (1955). 

4E. Clementel and C. Villi, Nuovo cimento 2, 352 and 1165 
(1955); Clementel, Villi, and Jess, Nuovo cimento 5, 907 (1957). 

5 R. Wilson (private communication). 


states are already present at 40 Mev. If the possibility 
of coupling to the *F2 state is included in the analysis, a 
multiplicity of fits to the data is discovered, and can be 
followed as a continuous function of the assumed singlet 
S phase, and even a polarization measurement at a 
single energy probably does not lead to a unique phase 
shift analysis. 


II. LEAST-SQUARES SOLUTIONS 
Clementel and Villi* have made use of the fact that if 
only *Po,1,2 are present in addition to the singlet 
scattering, the p-p cross section may be written as 


k’o (0) = Rosing OV +R [Fomor (8) ] 
+214 (6)+22B(0)+23P2(cos8), (1) 
where 


9 


a= > (2J+1) sin?(?P,), 
J=0 


2 
ze= >> (2J+1) sin(*P,) cos(*P,), 
J=0 


z3= 3 sin?(?P,)+ sin?(®P2) 
+4 sin(®Po) sin(?P.2) cos(?P)—*Pe) 
+9 sin(*P;) sin(*P») cos(*P,;—*P2), 


with k=c.m. wave number, ¢sing(9)=singlet spin state 
scattering, 6=c.m. scattering angle, *omor: (0) = triplet 
spin state Mott (Coulomb) scattering, P2(cosé) 
=Legendre polynomial, *P;=nuclear triplet-P-wave 
phase shift for total angular momentum J, and 
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A(6)=1+- co —--- — 
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Fic. 1. Variation of the least-squares sum with the singlet D phase, 
assuming only S, P, and D waves present. 


where n=e?/htiap, Yia»= Velocity of incident proton in 
the laboratory system, s=sin(@/2), c=cos(@/2), and 
¢i= tan». 
Since this expression is linear in the 2’s, the least- 
squares sum 
- 


M = > [ (Roexp(9:) — ko (6;))/R’Acexp (6) P, (4) 


t=] 
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Fic. 2. Variation of the Clementel-Villi parameters with the 
singlet S phase for the singlet D phase which minimizes the least- 
squares sum. 
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Fic. 3. The four sets of P phases which minimize the least- 
squares sum under the assumption that only S, P, and D phases 
are present. 


where V=number of experimental points, cexp(0;) =ex- 
perimental cross section at c.m. angle 6;, o(@;)=calcu- 
lated cross section at 6;, and Aoexp(0;) = uncertainty in 
the experimental cross section measurement, has a 
single minimum as a function of the 2’s. If it is assumed 
that the only singlet states present are 1S» and ‘D2, one 
can calculate M at this minimum as a function of the 
two corresponding singlet phase shifts Ko” and K2. 
When this is done for the 40-Mev p-? scattering data of 
Johnston and Swenson, it is found that M is independ- 


TABLE I. Phase shift sets assuming S, P, and D waves, with an S 
phase of 40°. 








No. 
angles 


P(40°) used® 


0.0622 
0.0661 
0.0725 
0.0750 
— 0.0658 
— 0.0656 
—0.0778 
—0.0691 
0.0401 
0.0395 
0.0234 


tPo 5P; 8P, M 


—8.51 —7.04 7.76 29.1 
—8.66 —7.06 7.67 13.1 
—11.73 —5.72 7.55 27.8 
—18.09 —1.56 6.38 35.3 
10.11 931 —5.68 29.5 
9.91 9.27 —5.73 13.4 
16.53 6.36  —5.14 28.4 
21.79 2.67 —3.38 40.0 
13.03 —8.55 5.82 61.3 
12.88 —8.62 5.74 25.9 
20.78 —5.69 3.06 62.9 











*®15 experimental points were used in the least-squares fit. The rows 
marked ‘‘13 angles used" correspond to the ‘‘15-angle’’ rows directly above 
them and were obtained by eliminating the two smallest angles (4° and 5° 
in the lab system) from the least-squares fit. 


6 L. H. Johnston and D. Swenson, Linear Accelerator Labora- 
tory Report, University of Minnesota, March, 1957 (unpublished), 
p. 9; Bull. Am. Phys. Soc. Ser. IT, 2, 180 (1957); Phys. Rev. 111, 
212 (1958), preceding paper. 
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ent of the value of Ko” and varies with K2” according 
to the curve given in Fig. 1. It is seen from this curve 
that the best fit to the data is for Ko¥=3.1°. Pre- 
sumably this unique value for the D phase arises because 
when Eq. (1) is fitted to the data, the fit requires an 
appreciable (cos@)* term, and under the above assump- 
tions, the coefficient of this term is a function of K2” 
alone. 

The values of 21, Z2, and 23 for Ke’ =3.1° are given in 
Fig. 2 as a function of Ko’. When the trigonometric 
equations (2) are inverted to obtain the four‘ sets of P 
phases, it is found that the required value of 23 is too 
negative to be compatible with the equations for 2; and 
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Fic. 4. Comparison of the best 5- and 6-phase shift fits to the 
data for an assumed S phase of 40°. The experimental points that 
have been used in computing the least-squares sum are shown 
with errors. The open circles are experimental points with the 
same errors. Points at 8°, 10°, 12°, and 14° were used in addition 
to those shown in the figure for the 15-angle fit. The 13-angle fit 
excluded the points at 8° and 10°. 


zo if the S phase is greater than 33°, The P phases are 
plotted in Fig. 3 from an S phase of 20° up to this 
limiting value. It is possible to find least-squares solu- 
tions for larger S and smaller D phases, as is indicated in 
Table I, but these give statistically poorer fits to the 
data as is shown in Fig. 4. Since, as is discussed below, 
an S phase as small as 33° and a D phase as large as 3.1° 
are very unlikely, we now investigate whether the 
presence of higher partial waves will improve the fit to 
the data for more reasonable values of the singlet 
parameters. 

A tensor interaction in the triplet odd states will 
couple *F, to *P». Since the coupling parameter varies 


SCATTERING 

















SINGLET S$ PHASE 


Phase shift set which minimizes the least-squares 
8 


Fie. 5. 
sum; note that the coupling parameter e is that defined by Stapp. 
do, 6:, and 62 are the *P phase shifts. Ke is the ‘D2 phase shift. 
Solution I. 


as k* while the *F2 phase itself varies as k*, one could 
have the coupling parameter present at 40 Mev without 
an appreciable *F; phase; this is in fact the case for the 
model proposed by Gammel and Thaler.’ Alternatively, 
a o-L force of sufficiently long range could lead to a 
*F, phase without coupling. It is found that either as- 
sumption, or both together, lead to indistinguishable 
fits to the data. Examples of phase shift sets obtained by 
a straightforward least-squares search are given in 
Figs. 5-8 as a function of the assumed singlet S phase, 
and an example of the multiplicity of fits obtainable for 
an S phase of 40° is given in Table II. The fit to the 
data, in comparison with an S, P, D fit using the same 
S phase, is given in Fig. 4. Note that the coupling 
parameter is that defined by Stapp,® mot the Blatt- 
Biedenharn coupling parameter. 

Since 15 points were used for the fitting, the expected 
value of M for a six-parameter curve is 9, whereas no 
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Fic. 6. Solution II. See caption for Fig. 5. 


7 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
8 Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 (1957), 





a. ?. COVES AND 








SOLUTION IT 
E+ 39,40 MEV 








i l ! 
35° 40° 45° 
SINGLET S PHASE 





Fic. 7. See caption for Fig. 5. Solution IIT. 


value of M less than 16.8 has been found. However, if 
the one point at 4° laboratory scattering angle is 
dropped, the M value is reduced to about the expected 
value. To insure that the attempt to fit the 4° point was 
not dominating the results, we made least-squares fits 
to 15-point curves and to 13-point curves (the latter 
having the two smallest angles, at 4° and 5° lab, re- 
moved), using the same starting point for the search. 
As Table II shows, the phase shift solutions were about 
the same for both sets of data. With the 13-point search, 
the M values are just as expected, showing that the 
solutions are consistent with the quoted errors. The 
calculated and experimental cross sections at the 4° lab 
angle differed by 2.5 standard deviations. Comparison 
between the 15-point and 13-point solutions is given in 
Fig. 4. 

The solutions given in Figs. 5-8 and Table II make no 
pretense of being exhaustive. The plotted curves were 
obtained by systematically following an originally arbi- 
trarily located set as a function of the S phase, but 
random searches often led to additional solutions which 
did not fall on any of these curves. Also, including the 
3, phase either with or without the coupling parameter 
led to still different solutions. 





T 


SOLUTION IZ 
E* 3940 MEV 


Box $ 














1 








e% 
40° 


SINGLET S PHASE 


Fic. 8. Solution IV. See caption for Fig. 5. 


M. H. MacGREGOR 

After the work was completed, we received prelimi- 
nary data from the Harvard group® which gave the 
maximum polarization at 46 Mev as 1.2+1.39%. This 
small value of the polarization not only eliminates 
the possibility of obtaining a satisfactory fit to the data 
with S, P, and D waves, but it also eliminates all of the 
solutions in Table II except one (this is not to imply that 
the one remaining is in any sense unique). 


III. DISCUSSION 


Since the foregoing analysis indicates a good fit to the 
angular distribution data (but not to the polarization 
data) for an S wave of less than 33° and a D wave of 
about 3.1°, it will be useful to see what values might 
reasonably be expected for these parameters. In making 
our estimates, we will ignore the difference between the 
true p-p phase shifts and the purely nuclear phase shifts, 
since direct calculation at? 32 Mev showed that this 
Coulomb correction is less than a degree for the S phase 
and negligible for the D phase. For orientation, we first 
calculate the S phase from the effective range expansion 
of kcotKo’ in the shape-independent approximation 
(corresponding to a potential shape intermediate be- 
tween exponential and Gaussian) and obtain 42.7° at 40 
Mev. Longer-tailed potentials would give a larger value, 
and short-tailed or hard-core potentials a smaller one. 
As the high-energy p-p scattering clearly shows a 
repulsive interaction at short distances in the singlet 
state,? this value is to be taken as an upper limit. 
Actually, even if we knew the shape parameters of the 


TABLE II. Phase shift sets assuming S, P, and D waves and 
3P,F, coupling, with an S phase of 40°. 


No. 
angles 
used® 


M P(40°) 


~ 
~ 


1D 5Po 5P; 


2.31 —7.36 
2.26 —7.39 
1.95 — 5.06 
1.15 —2.35 
0.70 —1.17 20.2 0.0494 
135 —5.82 d : 18.1 0.0694 
1.22 — 5.94 rf 5 9.0 0.0703 
2.22 —2.46 16.8 0.0825 
2.24 3.46 17.8 0.0502 
1.42 8.67 as : 18.9 —0.0716 
8.78 : iS 96 —0.0720 
5.60 17.1 —0.0824 
2.15 16.9 —0.0750 
11.23 ; : 18.0 —0.0302 
11.27 , 5 8.5 —0.0305 
7.22 16.9 —0.0525 
6.50 18.3 —0.0469 
—8.97 . ; 18.2 0.0298 
—9.12 5 8 7.5 0.0313 
—9.00 5 17.9 0.0268 
— 6.93 17.6 0.0073 
—3.12 18.3. —0.0311 


16.8 0.0462 15 
6.3 0.0485 
17.5 0.0524 
18.3 0.0518 


—5.77 
—6.37 
— 10.66 
— 13.74 
— 14.30 
—6.67 
—7.02 
— 15.85 
—19.54 
11.64 
11.33 
16.89 
20.71 
—2.41 
—2.84 
14.49 
16.10 
4.21 
3.70 
7.05 
16.90 
21.35 
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0.04 —2.23 


®15 experimental points were used in the least-squares fit. The rows 
marked ‘‘13 angles used"’ correspond to the ‘‘15-angle’’ rows directly above 
them and were obtained by eliminating the two smallest angles (4° and 5° 
in the lab system) from the least-squares fit. 


9H. P. Noyes and H. G. Camnitz, Phys. Rev. 88, 1206 (1952). 
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effective range theory, we would not expect this ex- 
pansion to converge much above 10 Mev, as was pointed 
out by Chew and Goldberger.’ But as was shown by 
Raphael," the logarithmic derivative k cot (Ko*+#) is 
much less energy-dependent, since * can be chosen in 
such a way that the first energy-dependent term to 
appear in the expansion of this quantity is of order k# or 
higher. If the logarithmic derivative is taken to be 
independent of energy, as in the boundary condition 
model,!* we find an S phase of 39.5° at 40 Mev and of 
—43.1° at 310 Mev. Thaler" has argued that the physi- 
cally acceptable phase shift solution at 310 Mev is the 
Stapp-Ypsilantis-Metropolis Solution I,° which has an S$ 
phase of — 20.2°. If we add to our expansion the small k* 
term of the logarithmic derivative which gives this value 
to the S phase at 310 Mev, the S phase predicted at 40 
Mev changes by only one degree to 40.5°. The D phase 
for a Yukawa potential at this energy would be 2.4° and 
for a square well 1.3°. Monotonic potentials would be 
expected to give D phases between these values, and 
core potentials should give D phases close to the lower 
value. These estimates are substantiated by the calcula- 
tion of Gammel and Thaler,’ who fitted a model to the 
low-energy scattering and to the Stapp S and D phases 
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Fic. 9. Polarization at a scattering angle of 40° c.m. to be ex- 
pected if the phase shift sets given in Fig. 3 are assumed; I and I’ 
correspond to the upper two sets in Fig. 3; II and II’ correspond 
to the lower two sets. 


WG. F. 
(1949). 

"R. B. Raphael, Phys. Rev. 102, 905 (1956). 

2G. Breit and W. Bouricius, Phys. Rev. 75, 1029 (1949); H. 
Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). 

3R. M. Thaler, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics 1957 (Interscience 
Publishers, Inc., New York, 1957). 


Chew and M. L. Goldberger, Phys. Rev. 75, 1637 
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35° 40° 45° 
SINGLET S PHASE 
Fic. 10. Polarizations to be expected from the phase shift sets 
given in Figs. 5-8 at a scattering angle of 40° c.m. 
at 310 Mev; they give an S phase of 39.82° and a D 
phase of 1.37° at 40 Mev. 

From the above estimates it is clear that only a 
violently velocity-dependent singlet interaction could 
give rise to an S phase differing by more than a couple 
of degrees from 40°, or a D phase which did not lie 
between 1° and 2.5°. We have seen that it is possible to 
find solutions which meet these requirements, but that 
there are also equally good fits to the data with anoma- 


lously small S$ waves and anomalously large D waves. If 
only S, P, 
accompanied by polarizations of about 20%, as can be 


and D waves are present, these fits are 


seen in Fig. 9. Consequently the recent Harvard 
polarization measurements,° which give a maximum 
polarization of 1.2+1.3% at 46 Mev, prove un- 
ambiguously the presence of F waves at this energy. 
Unfortunately, the small polarization that is observed 
does not completely rule out the possibility of anomalous 
singlet phases, since Solution IV gives small polariza- 
tions even when the S phases are small. (See Fig. 10.) 

The tentative conclusion we reach from the above 
discussion is discouraging, since it shows that F waves 
make a substantial contribution to 40-Mev p-p scat- 
tering, and that .it is unlikely that a polarization 
measurement would be able to give a unique phase shift 
solution. It is therefore believed that a minimal require- 
ment for unique phase-shift analyses in this energy 
region is a set of experiments that follow both the 
angular distribution and the polarization as a function 
of energy, and even this cannot be guaranteed to lead to 
success. 
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Six new short-lived Pd and Ag isotopes have been isolated from the fission products by fast chemical 
separations. Their decay properties have been studied by 8 and y counting and spectroscopy or by periodic 
extractions of daughter activities. The nuclides described are: 1.4-min Pd""’ decaying to 1.2-min Ag!” and 
5.3-hr Ag"; 2.4-min Pd" from which 5-sec Ag"* was extracted; 45-sec Pd"® which decays to about 20-sec 


Ag'™ and 21.1-min Ag! 
of Cd"? and In"?, 


I. INTRODUCTION 


SOMERIC states are common in those nuclides 

which have proton or neutron numbers a few units 
less than the ‘‘magic”’ or closed shell numbers. This 
fact is illustrated by the complicated decay chains of 
Ag, Cd, and In, where isomerism is the usual case 
rather than the exception. The odd-A isotopes of Ag, 
with masses 107, 109, and 111, have isomeric states 
with half-periods between 40 and 75 seconds. Ag!” 
and Ag"! are formed by 6~ decay of the Pd parents; 
the formation of Ag’ from Pd’ is energetically 
prohibited. It would be expected that Ag" and Ag!® 
might also have short-lived metastable states which 
are formed by the 8 decay of Pd. This was proposed 
for Ag"® by Wahl and Bonner! on the basis of fission 
yield measurements. 

A more complete study is presented here of the 
expected isomeric states. These species are produced 
abundantly in the deuteron fission of natural uranium. 
The yield-mass curve’ is almost flat in the mass 113 to 
117 region and the valley-to-peak ratio in 14-Mev 
deuteron fission is about 0.2, whereas in the thermal 
neutron fission of U™* it is about 0.0016. However, the 
relative fission yields of the individual chains studied 
here may not all be the same, because of problems 
related to isomerism and distribution of yield along the 
chain.* Rapid chemical procedures have been developed 
for the separation of Pd and Ag activities from fission 
products. With these techniques, six new Pd and Ag 
activities of half-period less than three minutes have 
been studied. 


II. CHEMICAL PROCEDURES AND 
COUNTING TECHNIQUES 


Fission was induced by the bombardment of U foil 
or UO; with 15-Mev deuterons, usually for 1 minute. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ Present address: Radiation Laboratory, University of Cali- 
fornia, Berkeley, California. 

t Present address: Bundes laboratorium fiir Kernforschung, 
Karlsruhe, Germany. 

1A.C. Wahl and N. A. Bonner, Phys. Rev. 85, 570 (1952). 

2 Sugihara, Drevinsky, Troianello, and Alexander, Phys. Rev. 
108, 1264 (1957); J. M. Alexander, Ph.D. thesis in chemistry, 
Massachusetts Institute of Technology, October, 1956 (un- 
published). 

3J. M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
(1957). 


; 2.5-min Ag"®; and 1.1-min Ag"’ which gives rise to the complicated decay chain 


The chemical procedures used in the experiments were 
as follows: 

(a) Separation of Pd from fission products —The 
bombarded U foil was dissolved in aqua regia containing 
~2 mg Pd (II) carrier. After diluting, AgCl was 
precipitated by the addition of 10 mg Ag carrier, and 
Pd was extracted into chloroform as the dimethyl- 
glyoxime complex (1 ml 1% dimethylglyoxime in 
methanol per 20 ml chloroform). The organic phase 
was washed twice with dilute HNO; and the Pd was 
back-extracted into concentrated ammonia. After 
scavenging with Fe(OH);3, the Pd was reduced with 
Zn powder, filtered, washed, and counted. (The time 
required for the chemical separation was three minutes.) 

(b) Separation of Ag daughters from Pd.—(\1) The 
bombarded U metal was dissolved in aqua regia con- 
taining ~2 mg Pd (II) and ~10 mg Fe (III). After 
dilution, Fe(OH); and (NH,4)2.U.0; were precipitated 
with ammonia, and the Pd was reduced to the metal 
with Zn powder. The Pd was then dissolved in aqua 
regia, diluted, and extracted into chloroform as de- 
scribed in section (a). The organic phase, containing 
Pd, was shaken with an aqueous solution containing a 
known amount of Ag carrier, and the moment of phase 
separation was taken as the separation time of Ag 
formed by the decay of Pd. The Ag solution was washed 
with chloroform containing dimethylglyoxime, and 
AgCl was precipitated, washed, and counted. When 
required, the chemical yield was determined after 
counting. (The time requirement was five minutes.) 
Periodic extractions at one-minute intervals were 
performed in order to determine parent half-periods. 

(2) In the search for Ag activities of half-period less 
than 20 seconds, the Pd was purified as described in 
section (a). The Pd metal was dissolved in aqua regia; 
the solution was diluted and the Ag was separated by 
rapid isotopic exchange‘ with Ag foil coated with AgCl. 
The foil was washed with water and counted im- 
mediately. 

(c) Periodic separation of Cd daughters from Ag and 
Pd.—(1) Bombarded U foil was dissolved in aqua regia 
containing ~1 mg Pd. After dilution the Pd was 
extracted into chloroform as the dimethylglyoxime 
complex. The organic phase was washed twice with 


4D. N. Sunderman and W. W. Meinke, Science 121, 777 (1955). 
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TABLE I. Experimental results. 





A. Pd isolated from fission products 
No. of 
half-periods followed 


Radiation observed Observed half-period 





B’s>0 Z Mev = =e i 4 
B’s>3.5 Mev - ni 6 
y’s>0.1 Mev + in 4 
Photopeaks: 

0.14+0.01 Mev 2.2+0.4 min 

0.30+0.02 Mev 1.9+0.4 min 

0.57+0.02 Mev 2.4+0.3 min 


Unresolved y’s>0.7 Mev present in low intensity 
Maximum @ energy associated with 2.4+0.1-min Pd: 4.6+0.4 Mev 





B. Ag grown from Pd 


Radiation observed Observed half-period 


§’s>0.2 Mev .25+0.15 min 
B’s>1.0 Mev 8 3 min 
B’s>3.5 Mev b +2 sec 

y’s>0.1 Mev 15 min 
Photopeaks: 

0.14+0.01 Mev 
0.31+0.02 Mev 
0.39+0.02 Mev 
0.56+0.02 Mev 
0.70-+0.02 Mev 





.20 min 
20 min 
20 min 
20 min 
.35+0.20 min 


Maximum 8 energy of 1.2-min Ag: <2.0 Mev 





C. Ag isolated from fission products 
No. of 
Radiation observed Observed half-period half-periods followed 


I 





8’s>0.2 Mev 
8’s>3.0 Mev oy 
y’s>0.1 Mev .25 min 


5 min 


Photopeaks over 0.26 Mev 
from < 3-min Ag 

0.32 +0.02 Mev 

0.515+0.015 Mev 

0.70 +0.03 Mev 


1.5+0.5 min 

3.0+0.5 min 

2.6+0.4 min 
Unresolved y’s>0.7 Mev ~2 min present in low intensity 
Maximum £ energy of 2.5-min Ag: 5.0+0.4 Mev 


Measurements on longer-lived Ag: 


8’s through 900 
mg/cm? Al 
B’s>0.2 Mev 


21.1 +0.5 min 
5.3 +0.2 hr 


Photopeaks from long-lived Ag: 
0.138+0.010 Mev 
0.227+0.015 Mev 
0.310+0.010 Mev 
Maximum £ energy of 21.1-min Ag™*: 2.9+0.3 Mev 
Maximum £ energy of 5.3-hr Ag": 2.2+0.2 Mev 


~20 min) 
~20 min 
~S5 hr 


probably but not 
definitely in coincidence 


D. Indirect observation of parents by periodic extraction of daughters 
Radiation and half-period 





of daughter observed 
hr Ag!!8 (6’s>0.1 Mev) 
min Ag (8’s>0.1 Mev) 
-min Ag (photopeaks, see Fig. 1) 


an 
w 


NmrNm 


wut 


Half-period 


No. of parent half- 
of parent f 


periods followed 





1.43+0.16 min Pd" 
1.29+0.17 min Pd 
1.3 +0.15 min Pd 


-sec Ag (8’s>3.5 Mev) 3 +1 min Pd 
1.1-min Ag"® (§’s>0.1 Mev) 50 +12 sec Pd™s 
2-day Cd" (@’s>0.1 Mev)* 44 + 3sec Pd5 
50+20 sec Ag (8’s>0.7 Mev) 50 +20 sec Pd 
2.2-day Cd™5 (6’s>0.1 Mev)> 20 +10 sect Agts 
2.2-day Cd"5 (6’s>0.1 Mev)° <50-sec Agim 

Cd"7 (8’s>0.1 Mev)> 1.1 +0.1 min Ag!” 
Cd"? (6’s>0.1 Mev) 1.1 +0.1 min Ag!” 


NNwNuU 








® 21-min Ag was extracted successively from Pd [Sec. II (6)1] and the extracts allowed to decay to Cd, which was counted. 
> Cd was extracted successively from the combined Pd and Ag parents [Sec. II (c)1] 

¢ Cd extracted successively from Ag after removal of Pd [Sec. II (c)2]. 

4 Half-period from curve fitting 45-sec Pd — Ag - 2.2-day Cd (see Fig. 2). 
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TABLE IT. Summary of conclusions. 


Nuclide Half-period 


Ey (Mev) 


AND 


Daughters 


EBnay (Mev) 


Pd%§ 1,440.1 min. 


Pd 2.4+0.1 min 
Pdus 45 +3 sec 


Agi3m 1.2+0.15 min 


2.2+0.2 
4.6+0.4 


Agis 5.340.2 hr 
Ag" 5 +2 sec 
Agitsm 20 +10 sec 


Agis 21.1+40.5 min 2.9+0.3 


no prominent y’s 1.2-min Ag! 
5.3-hr Ag'3 (90%)* 
5-sec Ag! 

~20-sec Agim 
21.1-min Ag! 
5.3-hr Agl3 > 
Stable Cd" 


5-yr Cam (<5%)* 


no observable y’s 
no prominent y’s 


0.14+0.01 
0.30+0.01 
0.39+0.02 
0.56+0.02 
0.70+0.02 
0.30+0.01 
0.57+0.02 


Stable Cd! 

Stable Cd"4 
21.1-min Ag!!5 > 
2.2-day Cd"5 
43-day Cdiim (9% je 
2.2-day Cd¥5 (91%) 


0.138+0.010 
0.227+0.015 


(both weak, probably coincident) 


Agilé 2.5+0.1 min 5.0+0.4 


Agi? 1.1+0.1 min 


* Yields discussed in the Appendix. 
> Inferred from decay systematics (see Appendix). 
¢ Yields from reference 1. 


0.015M HNOs. Then dithizone (diphenylthiocarbazone) 
in chloroform® containing 1 mg Ag carrier was added 
to hold in the organic layer the Ag growing from Pd. 
The organic phase containing Ag and Pd was then 
shaken with an aqueous solution containing a known 
amount of Cd carrier in 0.015M HNOs, and the instant 
of phase separation was taken as the separation time 
of Cd formed by the decay of Pd and Ag. The Cd 
solution was then washed with chloroform and com- 
plexing agents, and the Cd purified following a pro- 
cedure (similar to that of Glendenin®) which included 
an AgCl scavenging, Fe(OH); and PdS and Sb.S; 
scavengings, CdS precipitation, and final Cd precipi- 
tation and weighing as the Cd(NH,)PO,. 

(2) In one experiment Pd was removed from the 
HNO; solution by a dimethylglyoxime extraction. Ag 
then was extracted with dithizone and Cd periodically 
removed as described in Sec. II(c)1. In these experi- 
ments the chemical procedures required two to three 
minutes. 

(d) Separation of Ag from fission products —Bom- 
barded U metal was dissolved in aqua regia. After 
dilution with chlorine water, Ag was separated by 
AgCl precipitation or by isotopic exchange with AgCl 
coated on Ag foil. The AgCl was dissolved in ammonia 
and the solution was scavenged with an Fe(OH); 
precipitation. Ag was reduced to the metal with Zn 
powder, then dissolved in HNOs;, washed with chloro- 
form containing dimethylglyoxime, and precipitated as 


5 E. B. Sandell, Colorimetric Determination of Traces of Metals 
(Interscience Publishers, Inc., New York, 1950), pp. 86-112. 

6 L. E. Glendenin, Radiochemical Studies: The Fission Products, 
edited by C. D. Coryell and N. Sugarman (McGraw-Hill Book 
Company, Inc., New York, 1951), Paper No. 265, National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. 
IV. 


0.515+0.02 Stable Cd" 


0.70+0.03 
m6 3-hr Cd!!7™ 
50-min Cd!!7 


AgCl which was washed and counted. (The time 
required was three minutes.) 

(e) Counting techniques—Gamma spectra of the 
short-lived species have been measured by scintillation 
spectrometry making use of a 1-in.X1-in. cylindrical 
Nal(T]) crystal and a 20-channel analyzer. The gamma 
spectra of 21.1-min Ag" and 5.3-hr Ag'*® were measured 
on both a gray-wedge analyzer and a single-channel 
analyzer. Beta spectra were similarly measured using 
a 0.5-in.X2-in. NaI(Tl) crystal with a 5 mg/cm? Al 
window. Energy calibration was made with both § and 
7 standards having maximum energies up to ~3 Mev. 
Since the samples counted were not weightless, the 
Kurie plots did not yield straight lines and only the 
maximum 8 energy of the hardest component could be 
estimated. End-window flow-type proportional counters 
and well-type scintillation counters were used for con- 
ventional 8 and y counting. Irradiations were obtained 
from the M.I.T. cyclotron, which delivers 15-Mev 
deuterons and secondary neutrons from a Be or LiF 
target. 


III. EXPERIMENTAL RESULTS 


Because of the number of short-lived nuclides in- 
volved and the growth of short-lived Ag daughters 
from short-lived Pd nuclides, a variety of different 
observations had to be made, and for reliability of the 
results, these had to be repeated a number of times. 
Table I gives a survey of the types of observations 
made, the half-period correlated with each, and the 
length of time for which the correlation was followed. 
Estimates on the reliability of each half-period are 
given from the inherent precision of the observation 
and its reproducibility in different preparations. Con- 
clusions are drawn in Sec. IV below from the data in 





SHORT-LIVED 
Table I, and Table II gives the summary of the con- 
clusions from our work of the decay properties and 
mass assignments of the ten species of interest. Pro- 
posals for decay schemes of the nuclides are given in 
the appendix. 

Part A of Table I gives the observations on Pd 
isolated directly, the Ag growth time being about 1 
min before counting. The data refer largely to 2.4-min 
Pd"* in equilibrium with 5-sec Ag"*, except for the y 
rays of 0.30 and 0.14 Mev, due to 1.2-min Ag!’ 
coming to equilibrium. 

Part B of Table I, which describes short-lived Ag 
daughters of short-lived Pd parents, gives the decay 
properties of 1.2-min Ag!” exclusively, except for the 
experiments with hard 6 rays. 

In Part C of Table I, the species responsible for the 
different observations are adequately identified by the 
half-periods observed, and Part D on periodic extrac- 
tion of known daughters is self-explanatory. 

(a) 1.4-min Pd'*—The half-period of Pd" is con- 
sidered best determined as 1.43+0.16 min from 
periodic extractions of 5.3-hr Ag" from purified Pd, 
in agreement with the value of 1.5 min reported by 
Hicks and Gilbert’ by a similar experiment. Prompt 
counting of the silver extracts always showed a 1.2-min 
component. Plotting the initial specific 6 activities 
against time established a half-period of 1.29+0.17 
min for its parent, and plotting the intensities of the 
y rays of 0.14 and 0.31 Mev gave the value 1.3+0.1 
min. Curve 7 of Fig. 1 shows the y evaluation of the 
Pd half-period. As shown below, there is no doubt that 
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Fic. 1. The y spectrum of six different Ag samples periodically 
extracted from Pd. This spectrum is the result of two normalized 
experiments representing a 35-channel analysis. The photopeaks 
are at 0.14, 0.31, 0.39, 0.56, and 0.70 Mev with approximate 
relative abundances 40:100:30:10:10. Curve 7 gives the half- 
period of the Pd parent, which is 1.3 min (crosses represent the 
area under the 0.31-Mev peak, circles represent the area under 
the 0.56-Mev peak). 


7H. G. Hicks and R. S. Gilbert, Phys. Rev. 94, 371 (1954). 
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AND Ag 231 
these data all refer to the same parent, Pd"*. The value 
chosen for the half-period is 1.4+0.1 min. No evidence 
was obtained for any characteristic y rays. 

(b) 45-sec Pd*.—The half-period of Pd"* was found 
by periodic extraction and counting of 21.1-min Ag’® 
to be 50+12 seconds. A more accurate value of 44+3 
seconds was found by identical periodic extraction and 
subsequent purification and counting of 2.2-day Cd"® 
after decay of 21.1-min Ag!®. The half-period chosen 
is 45+3 sec. 

(c) 1.2-min Ag*”—As indicated above, the promi- 
nent short-lived Ag isolated from short-lived Pd is the 
1.2-min species of relatively low 8 energy with complex 
spectrum, formed in the decay of 1.4-min Pd’. Only 
an upper limit of 2.0 Mev could be established for its 
maximum 8 energy because of interference of the 2.9- 
Mev 8 particles from 21.1-min Ag"®. The y spectrum 
showed lines at 0.14, 0.31, 0.39, 0.56, and 0.70 Mev 
(Fig. 1), which are all associated with decay of silver 
nuclides with half-periods of 1.2+0.25 minutes. These 
y’s a priori may originate from the decay of either 
Ag!8” or Ag”, To distinguish between these possi- 
bilities, six silver samples were extracted from Pd at 
intervals of 1 minute and the y spectra observed. Since 
Pd" has a half-period of 45 sec and Pd"* has a 1.4-min 
half-period, the intensity of y rays from Ag!" should be 
depleted by a factor of ~8 with respect to Ag!” in the 
course of this experiment. Figure 1 shows that the 
relative intensity of all y peaks is unchanged in all six 
Ag samples, indicating a common origin. The half- 
period of this common parent is 1.3+0.15 min and 
thus the y rays are assigned to Ag". The energies, 
with the exception of 0.14 Mev, are in agreement with 
the energy levels observed* in Cd"? by Coulomb 
excitation of Cd!" and by the Cd"?(d,p) reaction. 

The half-periods shown for measurements of the 
different types of radiations are listed in Part B of 
Table I. The average of all but the curves for Eg>1.0 
Mev and Es>3.5 Mev (principally Ag"®™ and Ag", 
respectively) will be taken as 1.2+0.15 min. 

(d) 5.3-hr Ag" —The half-period for Ag" is con- 
firmed," the maximum @ energy remeasured" as 2.2 
Mev, and a y ray of 0.31 Mev found in low abundance. 
A comparison of the relative 8 intensities of the 1.2- 
min Ag! and the 5.3-hr Ag"® shows that 90+5% of 
the 113 chain passes through 5.3-hr Ag", 

(e) ~20-sec Ag'*™.—Periodic extraction of 2.2-day 
Cd"> from its combined precursors Ag and Pd"!® [by 
methods of Sec. II(c)1] gives definite evidence that 
2.2-day Cd" is formed by the decay of a short-lived 
Ag™®™ as well as 21.1-min Ag”®, 


8G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
(1955); 99, 617 (1955). 

® Mark, McClelland, and Goodman, Phys. Rev. 98, 249, 1245 
(1955); 99, 617 (1955). 

10 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. Ser. 
IT, 1, 164 (1956); N. S. Wall, Phys. Rev. 96, 664 (1954). 

11 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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Fic. 2. Delimitation of the half-period of short-lived Ag4®™ by 
periodic extraction of 2.2-day Cd™* from Pd+Ag sample. At time 
zero, Pd was isolated by the method of Sec. II(c)1 and Ag starts 
to grow in. In one-minute intervals Cd was separated and counted 
after purification. Experimental points give relative activities of 
2.2-day Cd!" extracted 1, 2, 3, --- minutes after final Pd sepa- 
ration in two runs (% and ©). The curves are the calculated 
relative Cd activities for successive extracts, assuming that Cd" 
is formed by the following scheme: 


45-sec Pd'l5 — short Ag!5m 
~ 
\ 28% 
2% \ an 
3 22-day Cds 


SAY 


| / 
21.1-min Agit\. 


9% 

\. 43-day Cdttsm 

and using for the half-period of Ag™®" 10 sec (- - - - -), 20 
sec (— - — - —), and 40 sec (— — —). The value 20 sec 
gives fit with an uncertainty of +10 sec. 


Figure 2 shows the activity of 2.2-day Cd!'® in suc- 
cessive Cd extracts taken after 1 minute of growth at 
various times after purification of the mother sample 
of Pd. The high activity in the first three minutes is 
good evidence for short-lived Ag!*”™ undergoing 8 
decay. The three curves of Fig. 2 show predictions for 
the 2.2-day Cd"® activity with postulated half-periods 
of 10, 20, and 40 sec for Ag!®", using the branching 
ratio 0.28 for 8 decay determined by Wahl and Bonner! 
from fission yields. The 20-sec curve gives reasonable 
fit with an estimated uncertainty of +10 sec. 

In another experiment 2.2-day Cd! was periodically 
extracted from Ag.alone, after removal of Pd. Ex- 
tractions of Cd from Ag were made at 45-second 
intervals beginning 3.8 minutes after bombardment. 
None of the Cd samples showed evidence of an Ag" 
parent other than 21.1-min Ag™*. Thus only an upper 
limit of 50 sec for the half-period of Ag™*™ could be 
determined by this method with 8 counting. 

The direct observation of the decay of Ag’®™ is 
difficult because of the presence of 1.2-min Ag”, but 
discrimination in favor of Ag"®" can be obtained by 
cutting out the lower energy 8 rays, since Ag" has a 
maximum # energy of 2.0 Mev. Periodic separations 
of Ag were made from Pd, and the extracts counted for 
6 rays above 1 Mev. The gross half-period of 0.80.3 
min was obtained for the Ag fractions, showing sub- 
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stantial content of Ag"®™. Using this half-period without 
correction for Ag! contribution, the half-period of 
0.8+0.3 min is obtained for the Pd parent, identifying 
the mass number as 115. The half-period for Ag!®™ is 
taken as 20+ 10 sec. 

(f) 21.1-min Ag"*—The half-period of Ag"® is 
confirmed," the maximum # energy remeasured!! as 
2.9 Mev (from absorption measurements), and weak 
y rays of 0.138+0.010 and 0.227+0.015 Mev found, 
which are probably in coincidence. 

The discussion so far is based on the assumption that 
short-lived Ag activities grown from ~1-min Pd are 
only Ag” and Ag"®", A rough determination of the 
maximum # energy of these ~1-min Ag species sets 
an upper limit of 2.0 Mev. The systematics of 8 decay” 
predict 2.2 Mev for the maximum §-decay energy of 
Ag"® (observed 2.2 Mev) and 3.2 Mev for Ag!® (ob- 
served 2.9+0.3 Mev). The predicted maximum 8 
energies of other possible Ag species (114, 116, 117, 
etc.) are all greater than 4 Mev; therefore, their 
presence is unlikely. The following discussion of these 
other mass chains supports this conclusion. 

(g) L.d-min Ag"’—The Cd activity which was 
periodically extracted from Ag contained in addition 
to 2.2-day Cd"* a much shorter-lived activity which 
was not observed when Ag and Cd were extracted from 
Pd. The decay curve was consistent with the com- 
plicated growth and decay®™ of 3-hr Cd", 50-min 
Cd"7, 1.1-hr In", and 1.9-hr In”, initially flat and 
then passing to an apparent half-period of 3.0 hr. The 
absence” of 6 decay from 75-sec Ag’! eliminates 
possible contribution of 49-min Cd'™, as verified by 
the observed Al absorption curve. Also a large con- 
tribution’ of 30-min Cd"* could be ruled out by the 
apparent half-period of the separated Cd. 

The Cd decay curves of the successive extracts were 
analyzed into components of chains of masses 115 and 
117. The data correspond to a half-period of 1.1 min 
for Ag"’, Pd"? must have a much shorter half-period 
or a very low yield in the deuteron fission of U**. 

(h) 2.4-min Pd"4 and 5-sec Ag'*.—Direct obser- 
vation of the decay properties of Pd"* and Pd" was 
impossible because of the growth of their Ag daughters 
and of the presence of another Pd activity with a half- 
period of 2.4 minutes. In the measurement of the 6 
spectrum, this half-period was observed in all channels 
over 3 Mev for 15 minutes, and the maximum £ energy 
was found to be 4.6 Mev. According to the systematics 
of 6 decay," no Pd nuclide of mass number less than 


2C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305; J. Riddell, “A Table 
of Levy’s Empirical Atomic Masses,”’ Atomic Energy of Canada 
Limited Report CRP-652, 1956 (unpublished), based on H. B. 
Levy, Phys. Rev. 106, 1265 (1957); R. C. Fix, Ph.D. thesis in 
chemistry, Massachusetts Institute of Technology, 1956 (un- 
published). 

18 Coryell, Lévéque, and Richter, Phys. Rev. 89, 903 (1953). 

4 C, L. McGinnis, Phys. Rev. 94, 371 (1954). 

6 Schindewolf, Winchester, and Coryell, Phys. Rev. 105, 1763 
(1951). 
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117 (with the exception of Pd"® which has a half-period 
of only 45 seconds) is expected to have a maximum 8 
energy of greater than 3.5 Mev. However Ag" or Ag!!®, 
which are expected to have very hard 8 radiation, may 
be in equilibrium with Pd precursors and be responsible 
for the observed hard 8 component. Since no hard-8 
emitter was observed in the Ag extracted from Pd, it 
may be concluded that a possible Ag daughter must 
have a half-period of less than 20 seconds. 

Very fast periodic extractions [Sec. II(b)2] revealed 
the existence of an Ag activity of (5+ 2)-sec half-period 
having 6 radiation greater than 3.5 Mev and a Pd 
parent with half-period ~3 minutes as shown in Fig. 3. 
The y spectrum of this Pd, which includes the 5-sec 
Ag daughter in equilibrium, shows a very intense peak 
at 0.56 Mev associated with the 2.4-min decay. (The 
other ¥ lines listed in Part A of Table I can be assigned 
to Ag.) A level between 0.55 and 0.56 Mev has been 
found in Cd by several investigators®**"8 using 
Coulomb excitation of Cd"* and neutron capture of 
Cd", and it has been found in the decay” by K capture 
of 50-day In". The similarity of the energy levels 
suggests the mass number 114 for the 2.4-min Pd, 
5-sec Ag chain. No other y radiation was observed that 
could be assigned to Pd!‘ 

(1) 2.5-min Ag"®,—Attempts to observe the decay 
properties of Ag!’ by direct separation of Ag from the 
fission products were unsuccessful due to the presence 
of a 2.5-min Ag activity. (A short-lived Ag in the fission 
products was observed before,’ but mass assignment 
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Fic. 3. Decay curve for 5-sec Ag" in five successive extracts 
from purified Pd. Open circles are observed counts of 8 particles 
with energy greater than 3.5 Mev, the curves being analyzed for a 
5-sec component and a longer-lived contamination. The half- 
period is 5+2 seconds as taken from decay curves 1 to 5. Filled 
squares give the initial 5-sec activity from which a 3+1 minutes 
half-period (curve 6) for the Pd parent follows, if constant 
chemical yield is assumed in the silver extractions. 

16 A, L. Recksiedler and B. Hamermesh, Phys. Rev. 96, 109 
(1954). 

17T. H. Braid, Phys. Rev. 102, 1109 (1956). 

18H. T. Motz, Phys. Rev. 104, 1353 (1956). 

9 L. Grodzins and H. Motz, Phys. Rev. 100, 1236 (1955). 

2” W. Seelmann-Eggebert, Naturwissenschaften 33, 279 (1946). 
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AND Ag 233 
and characterization of its radiation were not reported.) 
The y spectrum of this directly isolated Ag shows 
photopeaks at 0.515 and 0.70 Mev which are associated 
with the 2.5-min decay and a relatively weaker peak 
at 0.310 Mev which is assigned to Ag” because of its 
shorter half-period. Coulomb excitation of Cd"* reveals 
the presence of a 0.508-Mev level’ in this nuclide which 
is, within the experimental error, identical to the y line 
of 0.515 Mev observed for the 2.5-min Ag. Because of 
the similarity of these energy levels it is proposed to 
assign the 2.5-min Ag to the mass number 116. 

The maximum £ energy of the 2.5-min Ag is 5.0 Mev 
and is definitely greater than that of the 5-sec Ag, as 
found by a careful comparison of the 8 spectra of the 
2.5-min Ag and the pair 2.4-min Pd, 5-sec Ag. (The 
quoted uncertainties in ‘Table I arise from the extra- 
polation of the energy calibration curve.) This difference 
in maximum @ energy gives further evidence that the 
2.5-min Ag has a higher mass number than the 2.4-min 
Pd, 5-sec Ag chain, and that the mass assignments 
made by comparison of the energies of the decaying 
nuclides with the energy levels of excited Cd isotopes 
are correct (if mass numbers greater than 117 are 
excluded as unlikely). ‘ 

Duffield and Knight™ have reported a 2-min Ag 
activity formed by fast neutron bombardment of 
enriched Cd"*, which they assign to Ag" and which 
could be identical with the 2.5-min Ag fission product. 
It could also be an isomer of the 5-sec Ag" not formed 
in observable quantity in the 8 decay of 2.4-min Pd". 
We have been unable to produce a 2-min Ag with 8 
radiation above 3 Mev by the fast-neutron bombard- 
ment of natural Cd or of 10 mg of enriched Cd". 

The 0.170-Mev 7 line of 4.8-min Pd!™, which decays” 
by isomeric transition to 13.6-hr Pd'”, could not be 
observed in the y spectrum of the fission palladium. 
Its direct formation in fission is unlikely,’ and its 
formation by 6 decay of Rh’ is unlikely” because of 
its high spin (11/2—). 


APPENDIX. DECAY SCHEMES 


The decay data presented in Table II can be repre- 
sented in reasonable decay schemes presented below for 
palladium and silver isotopes of mass numbers 113 
through 116. The schemes are consistent with the 
earlier ones presented by Goldhaber and Hill™ and 
Dzhelepov and Peker,™ with due account of more 
recent information cited in the corresponding sections 
below. Very little information is available on coin- 
cidence of various 8 groups and y rays, but the spin 
assignments were chosen with due regard for 6-decay 


21 R. B. Duffield and J. D. Knight, Phys. Rev. 75, 1613 (1949). 

® U. Schindewolf, Phys. Rev. 109, 1280 (1958). 

2% 4 Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 205 
(1952). 

24 B.S. Dzhelepov and L. K. Peker, ‘“‘Decay Schemes of Radio- 
active Isotopes,” Academy of Science, U.S.S.R., 1957; translated 
and issued as Atomic Energy of Canada Limited Report,AECL- 
457, 1957 (unpublished), ; 





ALEXANDER, 


3 13 
4gcd acrd 


1/2 +(3/2 +) 





SCHINDEWOLF, 


AND CORYELL 


B 
3 
a7Ag" 


3 
aeCd 








~0.i Mev t 





5/2+  ~— 
\\sv2+] | yaa 


a39 
ri | 
W72-\,4_4 


a7o 1030 | 
v2, O96 








7.4 





theory™.* and log ft values,” and Weisskopf’s radi- 
ation theory*®**° as modified empirically by Way 
et al.,®° together with other literature information cited 
below. 

The decay schemes are given for each isobar, followed 
by discussions below. Wherever possible, branching is 
noted by percentage of decay, and log ft values are given 
in italics. A firm decision cannot yet be made for two 
alternative decay schemes A and B for Pd"* and Ag'. 


Mass Chain 113 


The parity and spin assignments made by Goldhaber 
and Hill* and repeated by Dzhelepov and Peker™ and 
by Way and co-workers* seem quite acceptable. They 
are 3— for 5.3-hr Ag™*, 11/2— for 5.1-yr Cd¥", 3+ 
for ground-state (natural) Cd"*, and 9/2+ for ground- 
state In"*. Two rather different decay schemes A or 
B, as shown in Fig. 4, will result according to whether 
$+ or 3+, respectively, is assigned to 1.4-min Pd’. 
It is unlikely that Pd"* could be 11/2— and decay so 
readily to Ag without prominent y radiation. 

Determination of the @ intensities of 1.2-min Ag" 
and 5.3-hr Ag"™® shows that the saturation 6 activity 
of the former is 0.1+0.05 of the latter, most of the error 
coming from the uncertainty in the half-period of the 
1.2-min species. One of the isomers is probably 3+ and 
the other 4—, in the pattern of the well-known™.*. 
Ag isomers at A= 107, 109, and 111. The expected Qs 
for ground-state Ag" is!* 2.0 Mev. 


25 E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 

26R. D. Evans, The Atomic Nucleus (McGraw-Hill Book 
Company, Inc., New York, 1955). 

272). R. Wiles, Nucleonics 11, No. 11, 32 (1953). 

28'V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

3% Way, Kundu, McGinnis, and Van Lieshout, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
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Fic. 4. Decay 
schemes for A = 113. 
Note two alternative 
possibilities, scheme 
A and scheme B. 





With the unlikely assumption that the 1.2-min Ag 
isomer is the }— state, its 8 transition would go directly 
to ground-state (3+) Cd"* (competing with isomeric 
transition only if the }— level fell above $+ level), 
and its rich y spectrum would be unexplained. The 
1.2-min isomer is thus identified as $+. 

It can be shown that the $+ level does not lie ap- 
preciably below }— (5.3-hr Ag"), because 90% of the 
8 decay of Pd"* ultimately leads to the 5.3-hr Ag™*. If 
the 1.2-min level lay more than slightly below the 
5.3-hr level (>0.03 Mev), isomeric transition from the 
5.3-hr level to the 1.2-min level would occur, giving the 
easily identifiable y spectrum of the latter in equi- 
librium. We conclude that the 5.3-hr level is at most 
barely above the 1.2-min level, and that it probably is 
ground state. 

For decay scheme A, 1.4-min Pd" will be classed 
$+ in accord with the Pd ground states™:™:*° at A = 103, 
105, 107, and 109. The same value* has also been 
proposed for 22-min Pd". The predicted 6-decay 
energy’? of Pd" is ~3.6 Mev corresponding to log ft 
~6.1, compatible with decay to 1.2-min Ag" ($+) 
without prominent ¥ radiation. 

The chief source of 5.3-hr Ag" in scheme A is 
isomeric transition. The partial half-period for isomeric 
transition (90%) of Ag"®™ is 80 sec, similar’® to 74 sec 
for Ag'™ (0.087 Mev), 40 sec for Ag!” (0.087 Mev), 
and 44 sec for Ag!” (0.094 Mev). The transition energy 
of 1.2-min Ag"*™ by this scheme would be judged as 
about 0.10 Mev, about the cutoff of our measurements. 
It is possible that the y from isomeric transition, even 
though weakened greatly by internal conversion, is 
included in the abundant 0.14-Mev peak we observe. 

For decay scheme B, 1.4-min Pd'” will be classed 
as 3+, but 3+ is not excluded. The spin }+ is re- 
corded™.*4.* for the ground state of Cd isotopes A = 111, 


31 C. L. McGinnis, Phys. Rev. 87, 202 (1952). 
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113, 115, 117, suggested*®® for the ground-state Pd™, 
and proposed for 45-sec Pd'® (see below). The 3+ 
Pd'® would be expected to undergo 8 decay principally 
to 3— Ag"® (5.3 hr). It is supposed that the @ yield of 
~10% of 3+ Ag"® (1.2 min) comes from 6 decay of 
Pd'* to higher energy levels of Ag"*, followed by y 
de-excitation. 

Under scheme B, isomeric transition in Ag! can- 
not be very prominent and the }— level (5.3 hr) would 
lie in the range <0.03 Mev above the $+ level to 
<0.06 Mev below. 

The 6 decay of the two Ag'® isomers to Cd" is 
independent of choice A or B of decay schemes ex- 
cept for the fraction of decay of the 1.2-min Ag'*™ 
to give 5.1-yr Cd!" The 5.3-hr Ag! is expected to 
decay almost exclusively to ground state Cd!*. The 
8-decay energy of 2.2 Mev corresponds to log ft of 7.4 
consistent with the assignment. A small branch to the 
0.31-Mev level of Cd is also seen (Table II), sug- 
gesting that this level has assignment* $+ rather than 
3+. 

Inelastic scattering and excitation studies*®’!° have 
established excited states in Cd!" at 0.31 ($+ or $+), 
0.56, and 0.70 Mev and the y cascade 6.39+0.31 Mev. 
Our observation (Fig. 1) of a high yield of 0.14-Mev y 
rays in the decay of 1.2-min Ag!” suggests also the y 
cascade 0.14+0.56 Mev. These data lead to the assign- 
ment of spins of 3+, $+, and 3+ for the levels at 0.30, 
0.56, and 0.70 Mev. 

The use of 8-decay theory**-*’ for branching, with 
~2.3 Mev 8-decay energy for 1.2-min Ag"*, and the 
use of Weisskopf’s theory**-**.* of radiation probabilities 
as modified empirically by Way et al.,*° leads to rea- 
sonable agreement between observed and _ predicted 
y-ray yields in the decay of 1.2-min Ag"*™. The spec- 
trum of Ag!” was explored only above 0.10 Mev. It 
exhibits the components of energy 0.14, 0.30, 0.39, 0.56, 
and 0.70 Mev (Fig. 1 and Table II). Correcting for 
scintillator efficiency** gives the relative yields 
40: 100: 30:10:10, respectively. The predicted yields, 
taking the mean life*® for £2 transitions as 0.08 times 
the single-particle life, are 3:100:30:2:2. This is con- 
sidered satsifactory agreement.*° 

Fission yield measurements! indicate that 0.5% of 
the 113 chain leads to 5.1-yr Cd" (11/2—). This 
occurs most likely in the 6 decay of Ag"*” of high spin 
through an intermediate state. 


Mass Chain 114 


Parity and spin in the levels of Cd! and In"* have 
previously been assigned.”:™*°.% The proposed decay 
scheme is shown in Fig. 5. The ground state of Pd"* is 
undoubtedly 0+. The 0.56-Mev vy ray associated with 
the decay of 2.4-min Pd" is ascribed to a y transition 


%M. I. Kalkstein and J. M. Hollander, University of California 
Radiation Laboratory Report UCRL-2764, 1954 (unpublished). 

3 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. Ser. 
IT, 2, 267 (1957). 
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Fic. 5. Decay scheme for A =114. The order and energy differ- 
ence of the two Ag!‘ isomers is unknown, as indicated by the 
curved double-ended arrow. 


following 6 decay of 5-sec Ag". The mass assignment 
depends partly on the agreement of this energy with 
that observed*—?!*19.% for an excited state in Cd", 
The ~5-sec Ag! is very probably 1+, a common 
ground state” :***° in odd-odd nuclides in this region. 
This is supported by the log ft value for Pd" of 4.5 
corresponding to the estimated! decay energy of 1.7 
Mev. Similarly the decay of ~5-sec Ag! to either the 
0+ ground state or the 2+ first-excited state of Cd!"4 
should be allowed transitions. No evidence was seen 
for appreciable decay via the reported!’ excited states 
at 1.21 and 1.37 Mev (2+ or 1+) and at 1.31 Mev 
(0+), but the higher y rays may well have been missed. 
Assuming 60% @ transition to the ground state, the 
log ft value is 5.2. 

The ~2-min Ag" reported by Duffield and Knight 
from the reaction Cd!4 (n,p) may well be the 5— 
isomer, another well-known level for odd-odd nuclides, 
and thus it would not be formed appreciably in 6 decay 
or in high yield in a low-energy (,p) reaction. It should 
show the 0.72-plus 0.56-Mev y cascade. Little can be 
said about the separation of levels for the Af!‘ isomers, 
and about which is higher. If the high-spin (2-min) level 
is higher, isomeric transition will compete with 8 decay 
for it. 


Mass Chain 115 


By analogy to Pd"*, the ground-state spin of Pd!® 
could be assigned either (A) 3+ or (B) 3+ or 3+. 
From the following discussions of the spins of Ag and 
Cd isomers it will become evident that $+ can be 
excluded for Pd'®, so that $+ is the best assignment 
although $+ is possible. If negative-parity Pd states 
are considered, }— is excluded on the same grounds, 
but $— is permissible. The proposed decay scheme is 
shown in Fig. 6. 

The spins of the two Ag isomers can be expected by 
analogy” ™:*° to be $+ or 3—. The 21.1-min Ag™ 
decays to the extent! of 9% to 43-day Cd!" (11/2—) 
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Fic. 6. Decay scheme for A = 115. 


and 91% to 2.2-day Cd" (+). This branching cannot 
be explained by a 3— assignment, and thus $+ is 
assigned to 21.1-min Ag’, contrary to several re- 
views,”:*4 and $— is assigned to 20-sec Ag™®™. It has 
also been established from thermal-neutron fission 
yields! that 28% of the 2.2-day Cd"® arises promptly 
from 6 decay of the short-lived Ag!®” (3—). If the 
45-sec Pd" had spin $+, direct decay to the $+ 21.1- 
min Ag"> would be an allowed transition and no 
mechanism exists for transmitting 28% of the chain 
through 6 decay of ~ 20-sec Ag™®™ (3—),. 

The assumption of 3+ or $+ for 45-sec Pd"™® leads 
to prediction of a first-forbidden transition to the }— 
isomer of Ag">, and second-forbidden transition to the 
$+ isomer. The logft for 45-sec Pd" of assumed?* 
B-decay energy of 4.5 Mev is 6.0, consistent with the 
pattern shown. 

If the }— state of Ag" should be below the $+ 
state, there would be negligible population of the latter 
state. If the }— state should be about 0.1 Mev above 
the $— state, the half-period for isomeric transition 
would be about 1 minute,”? consistent with the half- 
period and inferred branching. 

It has been shown! that 6 decay of the short-lived 
Ag isomer leads to 2.2-day Cd" only. If one uses a 
6-decay energy of 3.2 Mev, the log ft for the 8 decay 
of ~20-sec Ag!®™ is ~5.6, in comparison with 6 to 8 
expected **.*? for the direct decay }— —}+. 

The y spectrum of 21.1-min Ag’ reveals two tran- 
sitions of 0.23 and 0.14 Mev (probably in coincidence) 
with relative intensities of 5:1. We therefore postulate 
energy levels in Cd" at 0.23 and 0.37 Mev, both 
assigned spin 3. The log ft for decay of 21.1-min Ag™ 
($+) to a $+ state would be expected to be 4 to 6, 
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and to a $— state 6 to 8. Assuming 80% decay with 
2.9 Mev and 20% decay with 2.76 Mev, log ft values of 
6.6 and 7.1 are determined, not inconsistent with either 
choice for parity of the Cd states. However, analogy 
with known excited states of other odd-A Cd isotopes 
and shell-model considerations favor the choice $+. 

A small fraction (9%) of the 21.1-min Ag" (3+) 
leads to the 11/2— state. Assuming this to be a direct 
transition of 2.9 Mev, a log ft of 7.8 is obtained, rea- 
sonable for AJ= 2, yes. 


Mass Chain 116 


The proposed decay scheme for mass chain 116 is 
shown in Fig. 7. The ground state”.*4°° of even-even 
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Fic. 7. Decay scheme for A = 116 


Cd"® is 0+. Its first excited state has been found by 
Coulomb excitation®:!*’ to be 0.510 Mev and assigned 
2+, and the second state at 1.217 Mev identified® 
also as 2+. The y spectrum of 2.5-min Ag"® shows in 
addition to the 0.515-Mev line another line at 0.70 
Mev (relative intensity 0.2), which we assume to be in 
cascade with the first. 

Ignoring possible ground-state decay for lack of 
evidence, the log ft for the 5.0-Mev § transition of 2.5- 
min Ag" to the 0.51 level in Cd"® is 6.8, which is 
consistent with AJ, =0, +1, yes. Thus the assignments 
1—, 2—, or 3— are suggested for the ground state of 
Ag"®, These are all consistent with the relative y 
intensities due to branched 8 decay. The 1— state is a 
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common one*.4.5° for odd-odd nuclei in this region. 
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Some possible experiments are proposed for deciding the relative strength of scalar and vector interactions 
and that of tensor and axial vector interactions in beta decay. For all the proposed experiments, it is neces- 
sary to measure the recoil of the nucleus directly or the nuclear resonance fluorescence caused by a gamma 
ray which follows the beta decay or K capture. Formulas are given for decays involving the beta-gamma 
cascades and K capture-gamma-gamma cascades. We describe possible experiments for decays involving 
beta-gamma-gamma cascades, but do not give explicit formulas. They will be presented in a subsequent 
paper. These experiments will also determine whether the beta interaction is the same for both signs of the 


electric charge. 


1. INTRODUCTION 


ECENT experiments verifying parity nonconser- 

vation in beta decay, namely on the beta-ray 
angular distribution from polarized nuclei, the longi- 
tudinal polarization of beta particles, and the beta- 
circularly polarized gamma angular correlation, have 
suggested the relations among the coupling constants 
in beta interactions to be C;=—C,’ for STP and 
C,=C; for VA.! Assuming these relative signs between 
the C,’s and C,’’s, the results of these experiments are 
in agreement with theory, whatever the values of the 
ratios |Cs/Cy| and |Cr/Ca| may be. In order to 
obtain information on these ratios, the most direct 
method is to measure the beta-recoil nucleus angular 
correlations. Data of this sort have been presented by 
many authors.” In this paper, we investigate other 
possible recoil experiments in beta decay and K capture 
which could give more information on the values of 
the ratios |Cs/Cy| and |Cr/Ca}. 

* Preliminary reports have been published by M. Morita in 
Soryusiron Kenkyu (in Japanese) 16, 542, 545 (1958) and Nuclear 
Phys. 6, 132 (1958). 

7 On leave from Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo, Japan. Now Ernest Kempton Adams Fellow 
of Columbia University. 

tOn leave from Department of Physics, University of Tokyo, 
Tokyo, Japan. 

1C. S. Wu, in Proceedings of the Rehovoth Conference on Nuclear 
Structure, edited by H. Lipkin (North-Holland Publishing Com- 
pany, Amsterdam, the Netherlands, 1958), p. 346. The authors wish 
to thank Dr. Wu for showing this article to them before publication. 
See also M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 
Slight modifications are also possible. For example, C;=C;’ for 
all STPVA, where VA is dominant, may fit all experimental 
data within experimental errors. 

2 The experimental data on the beta-(recoil nucleus) angular 
correlation of the neutron [J. M. Robson, Phys. Rev. 100, 933 
(1955) ]; He® [B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 
(1955); Szalay et al., Padua Conference, 1957 (to be published) ]; 
Ne’® [Maxson, Allen, and Jentschke, Phys. Rev. 97, 109 (1955); 
M. L. Good and E. J. Lauer, Phys. Rev. 105, 213 (1957); W. P. 
Alford and D. R. Hamilton, Phys. Rev. 105, 673 (1957)]; Ne® 
[R. W. Ridley, Nuclear Phys. 6, 34 (1958) ]; and A** [Hermansfeld, 
Maxson, Stihlin, and Allen, Phys. Rev. 107, 641 (1957) ] may all be 
compatible with the same values of coupling constant ratios if 
certain corrections to the experimental results on He® are taken 
into account. (B. M. Rustad and S. L. Ruby, postdeadline paper 
presented at the New York Meeting of the American Physical 
Society, 1958). 


The reason for requiring a measurement of the recoil 
momentum of the nucleus is as follows. In all of the 
phenomena of beta decay without observation of the 
recoil, the theoretical transition probabilities are the 
same for the assumption of either STP with C;= —C,/’ 
or VA with C;=C/ (or a linear combination of these 
two interactions). The measurement of the recoil 
momentum is extremely important, since it can distin- 
guish between these possibilities. The measurement of 
the recoil momentum can be performed by direct 
observation or by the nuclear resonance fluorescence 
caused by a gamma ray following the beta decay or K 
capture.‘ In fact, such an experiment has been per- 
formed in the A capture-gamma decay of Eu’ by 
Goldhaber, Grodzins, and Sunyar.® Since our methods 
can be applied in both positron and electron decays, 
we can determine whether the beta interaction is the 
same for both signs of the electric charge. 

In Sec. 2, possible experiments are presented for the 
cases of beta-gamma decay and K-capture gamma- 
gamma decay. We shall consider measurements of the 
nuclear resonance fluorescence (or the resonant scat- 
tering of nuclear gamma rays) and the circular polar- 
ization of gamma rays, but not of the polarization of 
beta rays. In Sec. 3, the calculation of the resonance 
probability is discussed. Explicit formulas are given for 
decays involving beta-gamma cascades in Sec. 4, and 
for decays involving K capture-gamma-gamma cascades 
in Sec. 5. In Sec. 6, some remarks concerning experi- 
mental applications are given. In Appendix I, angular 


§ This is true in the following cases: (1) the beta decay is an 
nth forbidden transition (n=0 means an allowed transition) with 
AJ = + (n+1); or (2) the beta decay is an mth forbidden transition 
with AJ=-n and the beta-ray spectrum has an allowed shape. 
The proof is on p. 438 of M. Yamada and M. Morita, Progr. 
Theoret. Phys. (Japan) 8, 431 (1952); on p. 438 of M. Morita, 
Progr. Theoret. Phys. (Japan) 9, 345 (1953); and on p. 2051 of 
M. Morita and R. S. Morita, reference 1. 

‘K. G. Marmfors, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, the Netherlands, 1955), p. 521. 

5 F. Metzger, Phys. Rev. 101, 286 (1956), and 103, 983 (1956). 

® Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). L. A. Page has also considered a similar experiment 
[Nuovo cimento 7, 727 (1958) ]. 
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integrals, taking into account the resonance condition, 
are given. Appendix ITI contains a list of the possible 
experiments for the case of the beta-gamma-gamma 
decay. 


2. POSSIBLE EXPERIMENTS FOR DETERMINING THE 
RELATIVE MAGNITUDES OF THE COUPLING 
CONSTANTS IN BETA INTERACTIONS 


As is well known, the simplest experiment for deter- 
mining the values of the ratios |\Cs/Cy| and |Cr/C4| 
in beta interactions is a measurement of the beta- 
neutrino angular correlation.?:? The beta-neutrino- 
gamma angular correlation in a successive beta and 
gamma decay is also useful. This correlation can be 
obtained by the following measurements: 


1. The circular polarization of a cascade gamma ray 
in coincidence with the beta ray and recoil nucleus. 

2. The beta-(nuclear recoil)-gamma directional cor- 
relation. 

3. The beta-ray spectrum in coincidence with the 
gamma-ray and recoil nucleus. 


Two other possible experiments, the nuclear recoil- 
gamma directional correlation and the measurement of 
circular polarization of the gamma ray in coincidence 
with the recoil nucleus, have been proposed by Frauen- 
felder, Jackson, and Wyld,’ and by Treiman." 

If we use the method of nuclear resonance fluorescence 
to obtain information about the recoil of the nucleus, 
the following experiments are available in the cases of 
beta-gamma decay and (K-capture)-gamma-gamma 
decay. The experiments must determine one of the 
following: 


TABLE I. g,’s in Eq. (3). 


Ine- 
quality 
involv- 
ing p,g, ? 29 
andK +K 


K>p 
+4 
sEq(p+q—K) pEq 0 
igl— P+ (K—g)*] 0 0 
—KpE 0 
0 


q>p 
+K 


a 





7 For example, M. Morita, Phys. Rev. 90, 1005 (1953); Progr. 
Theoret. Phys. (Japan) 9, 345 (1953), and 10, 364 (1953). The 
electron-neutrino angular correlation has been given up to the 
first forbidden transition, taking into account the nuclear charge 
and all interferences among STPVA. 

8M. Morita, Nuclear Phys. 6, 132 (1958). 

9 Frauenfelder, Jackson, and Wyld, Phys. Rev. 110, 451 (1958). 

10S. B. Treiman, Phys. Rev. 110, 448 (1958). 
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4. the absolute intensity of resonant gamma rays 
and the nuclear level width (in the case of beta decay) ; 

5. the directional correlation between the beta and 
resonant gamma rays; 

6. the beta-ray spectrum in coincidence with a 
resonant gamma ray; 

7. the circular polarization of the resonant gamma 
ray in coincidence with the beta ray; 

8. the circular polarization of the resonant gamma 
ray in the cases of both beta decay and K capture; 
first (second) 
second (first) 
the case of K 


9. the circular polarization of the 
gamma ray in coincidence with the 
gamma ray and the recoil nucleus (in 
capture) ; 

10. the circular polarization of the first 
in coincidence with the resonant second gamma ray 
(in the case of K capture). 


gamma ray 


In the case of more complicated decay schemes, 
there are many possible experiments for determining 
the values of the ratios |Cs/Cy| and Cr/C4| in beta 
interactions. A list of the possible experiments is given 
in Appendix IT for the case of the beta-gamma-gamma 
decay. 

3. THE RESONANCE CONDITION 


Since the mechanism of nuclear resonance fluores- 
cence, or the resonant scattering of gamma rays, has 
been discussed in many papers,’® we do not enter into 
the details of it here. We focus attention especially 
upon the resonance scattering by Doppler shift due to 
the nuclear recoil from preceding radiations, namely 
the beta particle and A capture and gamma rays. 
First, we shall neglect such factors as the natural width 
of the nuclear level, the thermal motion of the nucleus, 
and the slowing down of the recoil nucleus before 
gamma emission. Then the probability of finding a 
resonant gamma ray is proportional to the probability 
that the component of nuclear recoil momentum K 
(before emission of the resonant gamma ray) in the 
direction of emission of the gamma ray lies between Ko 
and Ko+dKo, where Ky is the gamma-ray momentum, 
Thus the probability can be expressed in the form 
P(Ko)dK dQ, including Ko as a parameter in P. These 
probabilities are given in Secs. 4 and 5 after appropriate 
angular integrations over the momenta of the emitted 
particles. 

If we include such factors as the natural width of the 
nuclear level, the thermal motion of the nucleus, and 
the slowing down of the recoil nucleus before gamma 
emission, then the probability of finding resonant 
gamma rays can be written as [ f//(K)P(K)dK jdQ, 
where /(K) is an appropriate distribution function and 
P(K) has the same functional form as P(Ko). For 
simplicity, we drop the subscript zero of Ko, hereafter. 
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4. BETA-GAMMA DECAY 
We assume the decay scheme to be j-8—>j;-’—j2, where j, 71, and j» are spins in the initial, intermediate, and 
final nuclear states, respectively. The beta decay is an allowed transition and the gamma ray has a mixture of 
the 241-, 24’, -.- pole radiations (see Fig. 1).!! The beta-resonant gamma angular correlation is obtained from 


the beta-neutrino-gamma angular correlation’ and Eqs. (A1) and (A2) as follows: 


P=0 for q< p cosd+K |, 


1 1 
P(0,7,E,K \dkdKdaQ aQ, FZ E)dbaK ato, 1—a p cos#( p cosé+ kK) ge exe: ly hh y ] 
Eq : Ly 


1 1 
(4 p cosd— By (peo +k) E12 j(jr+1)) 2 
k qg 
1 1 
—Ay» p cosd+ By (p cos6+K) 6731(3)73 
E q . 


XL Le (jo! La) ja) G2 Lr"! Pi Lal joj) ] 


Ly, L\’ 


1 
E Pp cos@( p cosé +A )(—)/ 2(2(2)/ +] 
ay 
xX (jo Ly I) U2 L' j)Fs(Cala'i]| for q2 p cos6+K . 


Ly,’ . 
F (Lily joji) \ sd WHE (2 914 1)(2Z2,+1)(2L,'+1)}3 L,Ly'1 —] nO)W (jijilaly; Nj2), 


and @ is the angle between the directions of the beta and gamma rays. f, g, and K are the momenta of the electron, 
neutrino, and gamma ray, respectively, in units of mc. E is the electron energy in units of mc. F(Z,E) is the 
Fermi function. £, a, 6, and ¢ are defined by Jackson et al.," Ay being replaced by unity in our case. A;,2 and 
By.» are defined as follows: ‘ 


EA, = [+2 Re(C7rCr'* —C4C4"*) + (aZ p)2 Im(CrC 4'* +-Cr’C4*) |Mer’. 
£Ay=[2 Re(CsCr’*+Cs'Cr*¥—CyCa'*¥—Cy'Ca*) 


+ (aZ p)2 Im(CsC,4"* t Cs‘ : rh —CyCr7'* —-Cy 'Cr*) |Mr: Mar. 
(2) 
=[+2 Re(CrCr'*¥+C4C4'*)+ (y/E)2 Re(CrC4'*¥+Cr’Ca*) |Mar’. 


F¥ (¥ E)2 Re(C - +C.'C i*+C, Cr’* +Cy ‘Cr*) |Mr- Mar. 


Here, the upper (lower) sign refers to the electron (positron) decay. r=1 (—1) for a right- (left-) hand circularly 
polarized gamma ray." (j;j2myme| jm) and W(a,b,c,d; e,f) are the Clebsch-Gordan and Racah coefficients, re- 
spectively. (jz) £1) 71) is the nuclear matrix element of the gamma transition. Equation (1) is to be used in analysis 
of experiments 5, 6, and 7. 

The relative intensity of the resonant gamma rays is obtained from the beta-neutrino-gamma angular correlation® 


1 For a gamma decay, the parity condition is always taken into account by the relation L+ L’+6+6’=even, where 5=0(+1) for a 
magnetic (electric) radiation. For simplicity, we do not write it in this paper. 

12 Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957), and Nuclear Phys. 4, 206 (1957). We use the symbols My’, Mar? and 
My: Mar instead of their | My|?, | Mar|*, and |Mr|-|Mar|, respectively. Our My and Mar are real and they may be positive or 
negative. 

13 This 7 is the same symbol used by several authors recently to indicate the state of the circular polarization of the gamma ray. 
Its sign is equal to that of the helicity of the gamma ray. In all of our previous work (e.g., reference 1), we adopted p=1(—1) for 
left (right) circular polarization of a gamma ray. Thus / and 7 are related by p= —r. On the other hand, the definition in optics is 
sometimes taken opposite to ours. In this case, the right-hand circularly polarized gamma ray has negative helicity, while the gamma 
ray with the same label used by us has positive helicity. 
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and Eqs. (A3)-(A8) as follows: 


P(7,Eo,K)dKdQ, = aKaD, f F(ZE) Lortoget 6 /E) > (jo! Ly!| 71)? JA (A get Bygs)[1 271 (jit 1 )] } 
Ii 


[2+ ji( ji t+1)— 7 (G41) ]— (A oge+ Bogs)6ii1(3)4} 2 > (jol| Lal) fs) (poll Lr’ || pF (Lily joji) J 


L;,L' 


+cgs(—)” +12(2(271+1) ZW (jrgill; 29) Zz (je Ly ji) Gala Palatal jai) Jal (3) 


Ly,Li’ 
The forms of the g,’s are shown in Table I. They have values depending on inequalities involving p, g, and K. 
The integration over the electron energy may be performed numerically" (see also discussion in Sec. 6). 
5. K-CAPTURE GAMMA-GAMMA DECAY 


We write down here the recoil nucleus (of the 7; state)-gamma-gamma angular correlation in the cascade, 
j-K capture_, 7,114 j,-¥2-+ j, (see Fig. 2). The direction of the recoil from the neutrino emission is chosen as the 


— 
K CAPTURE 
Sela wha” a ee . . 
>: 2°',2°', «POLE Fic. 2. A capture-gamma-gamma decay. 


/ 
% g'2 ot2 |... POLE 


a 


z axis. The first and second gamma rays are assumed to be emitted in the directions with polar angles 61, ¢i:=0, 
and 62, ge, respectively. We neglect the Fierz term, 6, hereafter. The result is 


W (01,02, 02,71,72)dQrecoitdQy1dQy2 
a a | c(™) (—) i brtmrtnal (27 4+1) (201 +1) (2m +1) (271 +1) (2724+1) }} 


I1,L1' Le,L2’ n,ni,n2 


ji je Lh 
% ri" fol! Lal! fx) (gol! La"|| jx) (Lay 1-1]0)X} jr fe Li’ 

n M2 My 
XX (—)4(mm yOu | 2) D_y, 0" (0,01,0) Dy, 0 (¢2,02,0) ] 


ith n+,+ 1 X 72" (js||Lel| jz) (fs|| Lo || j2)Pn2(Leole’ jsj2)dQreeoisdQridQy2, (4), 
with u-+-"\-+-N2= even.** 

co = i. (S) 

c= —[(jrt1)/fr}'B, (6) 


14 Neglecting the effect of the nuclear charge [namely F(Z,E)=1], integration over the beta energy can be performed analytically. 
rhe results are 


J sdE= (A/96){ (5Ee—K?—5) —8E°(Ee— K2) +2 (E+ K?) (Eo? — K*)*} + (1/16) In(Eo?— K?), 


f gd E= f gd E= — (A8EK/24) (Ee—K?), 
J ged = (A/96){(—Et+5K*+5) —8K*(E?— K2) 14.2(E,?+K?) (Eq— K2)-*} — (1/16) In(Ee—K2), for (Ee—1)'> K>0. 
gdE=0, i=1—4, for K>(E?—1)}. 


Here A = E,?—K?—1. It is a remarkable fact that these results are the same for both cases of (Eo?—1)#> K > Ey—1, and Eyo—-1>K 20. 
Although the approximation Z=0 is not too good (except in the region of the lightest nuclei), it is useful for qualitative estimate os 
energy integrals. For example, if K is very close to (Z,?—1)!, the intensity of the resonant gamma rays becomes very small and if 
proportional to (E?— K?—1)*. Actually, we may observe no resonant gamma rays in this case. 

18 Therefore, the recoil-gamma-gamma angular correlation may be applied as a test for invariance of the strong interactions under 
time reversal, but not for the weak interactions. The same is true for the case of beta-gamma-gamma correlation [M. Morita and 
R. S. Morita, Phys. Rev. 110, 461 (1958) ]. 
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with 
§B=2 Re{dji(CrCr’*+C4Ca"*+CrCa*+Cr'Ca*) Mor’ —sialji/ (jit) ]}(CsCr’*+Cs'Cr*+CyCa*+Cy'Ca* 
+CsC4'*+Cs'C4*+CyCr'*+Cy'Cr*) Mr: Mat}, 


and 
hin= for joji=jt+l 


=1/(j:+1) for j>yi=Jj 


= — ji/(jr#1) for j>ji=j—1. 


Cc 


X\d ec f)/=X(2e+1)W (abkf; c&)W (dfhb; et) W (adkh; gi). 
k 


gh 


Di. of! (¢,0,0) =€ ime]),, 0? (0,6,0) = (— “— ) Firat’, p). (8) 
2l+1 


r, and r2 indicate the states of circular polarization of the first and second gamma rays, respectively. In Eq. (4), 
terms with 2+2,+2.=odd would appear if the strong interactions were noninvariant under time-reversal.® 
Equation (4) is to be used in the analysis of experiment 9. For experiments 8 and 10, the angular integrals taking 
into account the resonance condition are necessary. They are given in Appendix I. 

Since Eq. (4) is very complicated, we present an example of a particular decay scheme: $(K capture)3(dipole)- 
3(dipole)3. For this decay scheme we give the formulas to be used in analysis of experiments 8, 9, and 10. 


(a) Polarization correlation of two gamma rays and the nuclear recoil of the 7, state (experiment 9): 
W (p,,Ki,ke,71,72)dQrecoitdQy1dQy2= [1 — (1/50) {3 (Ki: Ke)?— 1} + 71723%5 (Ki kee) 
+71B{— (7/10) (p,- ki) + (21/125) ((p,- ke) (ki ke) —3.(p,-ki))} 
+ roB{— (7/25) (p,- ke) — (21/250) ((p,- ky) (Ki: Ke) — 3 (p,- ke))} JdQrecoindQyi1dQy2. (9) 


Here, p,, ki, and ky are unit momentum vectors of the recoil nucleus and the first and second gamma rays, re- 
spectively. 
(b) (Circularly polarized gamma)-(resonant gamma) angular correlation (experiment 10): 


P=0 for P,<|K, cos#+Ko|, 
P(0,71,P7,K1,K2)dK dK odQ) dQ). =[1— (1/50) (3 cos’?@—1) 
— (147/250)7,B cos6(K, cos8+K»)(1/P,) ]dK dK odQy1dQy2 
for P,>|K,icosé+Ko|. 


Here, P,, Ki, and Ky are the magnitudes of the momenta of the neutrino and the first and second gamma rays, 
respectively. @ is the angle between the two gamma rays. 
(c) The relative intensity of the resonant gamma ray (experiment 8): 


P(12,P,,K1,K2)dK dQy2= [1 — (1/50) (3h45—1) — (21/250) 2B (3h3t-he) ]dK 2dQy2, (11) 


with h;=J,/1), i=3, 5, and 6. The J; (¢=1, 3, 5, and 6) are given in Appendix I. Equations (9), (10), and (11) 
are to be used in the analysis of experiments 9, 10, and 8, respectively. It should be noticed that these three equa- 
tions are the same for the magnetic and electric radiations, if we"assume pure multipolarities for the first and 
second gamma rays. 

If the gamma-gamma angular correlation and also the higher correlation among recoil and gamma rays are 
very small, we can neglect all terms with m;+2> 2. In this case, the formulas to be used in the analysis of experi- 
ments 8, 9, and 10 are simplified as follows. 
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(d) Polarization correlation of two gamma rays and the nuclear recoil of the 7; state: 
W (p,,ki,k2,71,72)dQrecoidQy1dQy2= {LX (fal! Lr)! 71)? JE is!! Le! Fe)? ] 
I Le 
+7,:BL(j:+1) 3h} > (je L, I (je Ly IDF (LLY joj) ILE Us Ll» Je)? | (pr: ki) 
11,11’ L2 


+ 7r2B(—) tH (9341) (271 4+1) (27e+1)/3 71 PL (—) OW (fiprjoje; 101) (fol! La! 7)? ] 
Ly 


(12) 


xX 3 (Js Le J2)(Ja Lo'|| jo) F (LoL! 7372) (pre ke, J AQrecoidQy1dQy2. 
Le, L2' 


(e) Circularly polarized gamma-resonant gamma angular correlation: 


P=0 for P,<!|K;cosé+Ko2!l, 


P(0,71,P,,K1,K2)dK dK odQ1dQy2 


= {[> (jo! La!) j1)? J +71 BE (71 4+1) 3A IL (Je Ly ler L,' W)Fi(LyLy' joji) 
ie ' 


L;,L, 


X (cosd/P,)(K1 cos +K 2) }}[S- ( js! Le!! js)? JdK dK dQ) dQ). for P,>|K,cos#+Ky). 
Le 


(f) The relative intensity of the resonant gamma rays: 
P=0 for 
P( 7o,P,,K1,K2)dK dQ, o= {{> (je IZ] wil ( q3 Lo 


Li Le 


+72B(—)* HC (j,+1)(2j141) (2j2+1)/3 PLE (—)“W (jrjrjejas WL) 


Li 


X (fell Lalli) IE XL (Gsl|Le!! go) (ps|! Lo"! jo) Fi (LoLe! js je) ts}dK2dQy., 


Ly, Ly! 


K,>P,+K,, 


2)? ] 


with 
h;=0 for K,>P,4+K2 
P,2>Ki+K, 


P,+K,2> Ky> P,~K,. 


=K./P, for 
=(P,—K,+K,)/2P, for 


6. CONCLUDING REMARKS 


Although a formula for the absolute intensity of 
resonant gamma rays for the beta-gamma decay has 
not been deduced, it is easily obtained from 
41>, S 1(K)P(r7,E0,K)dK |dQ,. Here we use the expres- 
sion in Eq. (3) for P(r,E,K). The result of this inte- 
gration is to be used in the analysis of experiment 4. 
In this case, the a and c terms are relevant for determi- 
nation of the values of the ratios |Cs/Cy| and |Cr/Ca|. 
We have no such terms for K capture. 

In Eq. (3) the integrals over the energy of the beta 
ray for go and g; are equal and negative, if we assume 
either the electron mass=0, or nuclear charge=0 
[namely F(Z,E)=1].'* Thus, the circular polarization 
of the resonant gamma ray in experiment 8 could be 
large for T and zero for A.!* Here C;=—C;,’ for STP 
and C;=C;’ for VA are adopted. Taking into account 
the effect of the nuclear charge, it would be large for T 


16 A. M. Bincer and J. Weneser have also mentioned this. We 
wish to thank Dr. Bincer and Dr. Weneser for a valuable discus- 
sfon. 


and small, but not equal to zero, for A. Furthermore, 
circular polarizations for T and A have different (same) 
signs in the electron (positron) decay. The same state- 
ment holds for the interference terms of the Fermi and 
Gamow-Teller parts, with the replacements 7—VA 
and A—>ST. The resonant gamma ray from K capture- 
gamma-gamma decay has its maximum circular polar- 
ization when Ko=P, and K,=0. 

In experiments 1—3, 5-7, 9, and 10, we can choose a 
suitable geometry and/or energy of the beta ray to 
give large effects for both STP and VA. As an example, 
we discuss experiment 7 in detail. The resonant gamma 
ray in coincidence with the beta ray has its maximum 
polarization at @=/2 and K =g [see Eq. (1) ]. Further- 
more, if we assume a Gamow-Teller transition for the 
beta decay and a pure multipolarity for the gamma ray, 
the degree of the circular polarization becomes (£,;+1)~", 
G4+2)CG4+1)(it)}, and (f-1) C74) 
for j>j4i—oj+14+h, joj+i—j+1—lh, and j-> 
j-1—j—14+1, respectively. Thus the best decay 
scheme is j-+j+1—/ with a dipole transition. (The 
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same decay scheme is also best for experiment 8.) In 
this case, numerical values of the degree of circular 
polarization are 100%, 83%, 75%, 70%, 67%, and 64% 
for j=0, 4, 1, 3, 2, and 3, respectively. The helicities of 
the emitted neutrino and antineutrino are equal 
(opposite) to that of the gamma ray coming out at 
6=n/2 in the decay scheme j—-j+1—j+1¥l, 
(j>j4+ij4+1+1L)). 

Explicit formulas for possible experiments in decays 
involving beta-gamma-gamma cascades discussed in 
Appendix II and a description of suitable nuclei will 
be published in the near future. 
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APPENDIX I. ANGULAR INTEGRALS EVALUATED 
UNDER RESONANCE CONDITIONS 
First, we present the results of angular integrals 
evaluated under resonance conditions in the case of K 
capture-gamma-gamma decay. For the calculation of 
the gamma-resonant gamma angular correlation, the 
following two integrals are necessary : 


Ji _ fc PA p;: k,)+ Ki (ky ko) +K o)dQyecoit 


=2r/P, 


for P,> K,cosd+Kz2)\, 


=() for P,<|K,cos0+K>.)|. (A1) 


Jo f (per kai— Pele ba) + Kalk ke) +R) Aen 


= 2r(K, cos0+K:2)/P,? for P,> | K,cosd+Ko|, 
+ =0 for P,<|K,cos#+K.|. (A2) 

For calculation of the intensity of resonant gamma 
rays, we define J; by 


T= f $8(— Pole ke) +K (hike) +A dein, 


Here, /; is a function of (p,-k,), (p,- ke), and (ky: ke). 
In general, the integrals with f;=(p,-k»)(k,-k,)" and 
(p,--k,)(ki- ky)" give the same result. The six integrals 
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involving the lowest powers of k; and k, are as follows: 
fi =1, 
T a= 89"/ Ky, 
T\,= 49? (P+ Ki— K2)/P,Ki, 
1,,=82'*/P,. 
fo= (k- ks), 
> —89°K»/K/’, 
—2n°[K—(K2—P,)? ]/P,K?, 
= 0. 
'5= (p,- ke), 
0, 
= 29r[ P?—(K2—K1)*]/ PPR, 
= 89 K2/P,’. 
= (p,-k,), 
a= 89° P,/3K_’, 
= 2n°[2P3+2K'+K3 
—3K.,(P2+K,’) ]/3P?K?, 
= 89K, /3P/. 
(ki-k;)?, 
a= 89 (3K+ P?)/3K3, 
= 4? (PP +KP—KF+3P,K? 
—3P?K2)/3P,Ki, 
= 8r'/3P,. 
= (p,-k,)(k,-k»), 
— 169 P,K2/3K}', 
T= (3PA—3K— Ko'+6P7K? 
—8P3K2+4K1'K2)/3P7K}', 
T¢c= 89° K2/3P,? 
Subscripts a, 6, and ¢ of the J;’s denote inequalities 
involving P,, Ky, and K» as follows: 
a: K,2P,4K,, 
P,+K,>Ky>P,~K,, 
c: P,2Ki+K.. 
The J,’s (:=1 through 6) are equal to zero if K2>P, 
+K;,. In decay schemes where nuclear spins and multi- 
polarities of gamma rays have high values, integrals 
containing higher powers of k; and ky are necessary. 
In the case of beta-gamma decay, corresponding 


angular integrals obtain with the following substitu- 
tions: —P,p,—q, Kiki—p, k2->k, Pg, Ki, and 
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K-—>K, both in the results for the integrals and in the 
energy inequalities. 


APPENDIX II. LIST OF POSSIBLE EXPERIMENTS 
IN BETA-GAMMA-GAMMA DECAY 
In the decay scheme j-8—j;-"—j:-”—j;, the fol- 
lowing measurements determine the values of the 


ratios |Cs/Cy| and |C7r/C,4| in beta interactions: 


1. the absolute intensity of the resonant gamma rays 
and the nuclear level width; 

2. the circular polarization of the resonant gamma 
ray; 

3. the beta-recoil directional correlation; 

4. the beta-ray spectrum in coincidence with the 
recoil ; 

5. the beta-resonant gamma directional correlation; 

6. the beta-ray spectrum in coincidence with the 
resonant gamma ray; 

7. the circular polarization of the resonant gamma 
ray in coincidence with the beta ray; 

8. the directional correlation of the first (second) 
gamma ray and the recoil; 

9. the circular polarization of the first (second) 
gamma ray in coincidence with the recoil ; 

10. the circular polarization of the first gamma ray 
in coincidence with the resonant second gamma ray; 

11. the circular polarization of the resonant second 


gamma ray in coincidence with the first gamma ray; 
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12. the (first gamma)-(resonant second gamma) di- 
rectional correlation; 

13. the beta-(first gamma)-(resonant second gamma) 
directional correlation; 

14. the beta-ray spectrum in coincidence with the 
first and resonant second gamma rays; 

15. the circular polarization of the first (resonant 
second) gamma ray in coincidence with the beta and 
resonant second (first) gamma rays; 

16. the beta-(recoil nucleus)-first (second) gamma 
directional correlation ; 

17. the circular polarization of the first (second) 
gamma ray in coincidence with the beta ray and recoil 
nucleus ; 

18. the beta-ray spectrum in coincidence with the 
recoil nucleus and the first (second) gamma ray ; 

19. the (recoil nucleus)-gamma-gamma directional 
correlation ; 

20. the circular polarization of the first (second) 
gamma ray in coincidence with the recoil nucleus and 
the second (first) gamma ray; 

21. the beta-(recoil nucleus)-gamma-gamma direc- 
tional correlation; 

22. the circular polarization of the first (second) 
gamma ray in coincidence with the recoil nucleus, beta 
ray, and the second (first) gamma ray ; 

23. the beta-ray spectrum in coincidence with the 
recoil nucleus and the first and second gamma rays. 
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Calculation of the O1°(d,p)O'’ Angular Distribution* 


Joun L. RicHTER AND EvGENE V. IvAsH 
University of Texas, Austin, Texas 
(Received February 19, 1958) 


Results of calculations based on the Tobocman theory are presented for the angular distribution of the 
outgoing protons produced by the O'6(d,p)O" stripping reaction in which the residual nucleus is left either 
in the ground state or in the first excited state, and for incident energies well below the Coulomb barrier. 
A variety of nuclear models are examined, including the optical model, and the theoretical distributions 


compared with experimental ones. 


I. INTRODUCTION 


HE angular distribution of the outgoing particle 

for the (d,p) and (d,n) stripping reactions has 
been the subject of numerous theoretical investigations! 
based on varying approaches and different simplifying 
assumptions. The original treatment of Butler? neglected 
the effects of the nuclear Coulomb potential and the 
interaction of the outgoing particle or of the deuteron 
with the nucleus. Subsequent investigations by Yoccoz,° 
Grant,‘ and Tobocman® have dealt with one or both of 
these effects. Tobocman,' in particular, has developed 
a theory taking the Coulomb field into account, and 
containing two parameters related to the specific nuclear 
model chosen specifying the type of nuclear interaction. 
Calculations based on this theory have been presented 
by Tobocman and Kalos® for a number of cases of 
interest. 

It is the purpose of the present investigation to 
consider in some detail, from the point of view of the 
Tobocman theory, the O'*(d,p)O" stripping reaction 
for a variety of models, including the optical model of 
Feshbach, Weisskopf, and Porter,’ and, in particular, for 
incident deuteron energies well below the Coulomb bar- 
rier of the oxygen nucleus. Since it is just in this energy 
region that the pure-stripping theory of Butler may be 
expected to breakdown, it is of interest to determine the 
extent to which the inclusion of the Coulomb and 
secondary nuclear effects will enable agreement to be 
attained. The experimental data selected for comparison 
are those of Grosskreutz,* who has obtained angular 
distributions for a wide range of energies near or below 
the Coulomb barrier. 


* This research was supported in part by the U. S. Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1 For references dealing with the earlier work in this field see 
R. Huby, Progress in Nuclear Physics (Butterworths-Springer, 
London, 1953), Vol. 3, p. 177. 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

8 J. Yoccoz, Proc. Phys. Soc. (London) A67, 813 (1954). 

4T. P. Grant, Proc. Phys. Soc. (London) A67, 981 (1954); A68, 
244 (1955). 

5 W. Tobocman, Phys. Rev. 94, 1655 (1954). 

6 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 

7 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

8 J. C. Grosskreutz, Phys. Rev. 101, 706 (1956). 


II. CALCULATIONS 


The Tobocman expression for the (d,p) cross section 
has the form® 


va 
| > P,'™! (cosy) Z. an gr” . 
L l=0 » 


L 
ao1(0,)=A z= (1) 


where 


D 


gnt= f dr hy, (i| Ky r) 
R(i+Mwn/M1) 


X LF i(np,K pr) —ax.Hy(nv,Kor) | 


X LF i(np,K pr’) — B.A i(np,K pr’) |, (2) 
where dj,” are quantities dependent on Coulomb 
phase factors and on Clebsch-Gordan coefficients, A 
is a constant for a particular bombarding energy, and 
r’=r(1+My/M,)-. The parameters a, and @; are the 
partial scattering amplitudes for deuterons and protons, 
respectively, expressible in terms of the appropriate 
logarithmic derivatives at the surface of the nucleus, 
while Z, 7, and are angular momentum quantum 
numbers for the neutron, proton, and deuteron, re- 
spectively. The notation for the remaining quantities 
follows that of Tobocman and Kalos.® 
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Fic. 1. The angular distribution of protons from the O'*(d,p)O!"* 
reaction for Eg= 2.00 Mev, Q=1.04 Mev, and R=4.71X10™" cm. 
Curves are presented for the (a) Butler, (b) Butler+Coulomb, and 
(c) Butler+ Coulomb+proton absorption for /<1 interactions. 


245 





J. L. RICHTER 





. 
° 


CROSS SECTION 
é 
3 


RELATIVE 











80 10 
CENTER=-OF-MASS ANGLE 


Fic. 2. The angular distribution of protons from the O'*(d,p)O!"* 
reaction for Egz=2.00 Mev, Q=1.04 Mev, and R=4.71X10™" cm. 
Calculations are for the optical model with Vo=32 Mev and for 
¢=0, 0.03, and 0.06. 
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Fic. 3. The angular distribution of protons from the O'*(d,p)O1”* 
reaction for Ez=2.00 Mev, Q=1.04 Mev, and R=4.71X10™" cm. 
Calculations are for the optical model with V)>=42 Mev and for 
¢=0, 0.03, and 0.06. 


Calculations based on the above expressions have 
been made for bombarding energies of 2 Mev and 
2.51 Mev for both the ground state and the first 
excited state of the residual nucleus O!’. These energies 
are well below the Coulomb barrier of oxygen, which is 
about 3 Mev or 3.5 Mev, depending on the value chosen 
for the nuclear radius. The Q energies used in the 
calculations have been taken from the article by 
Ajzenberg and Lauritsen,’ as have the L values of 2 and 
0 for the ground and first excited states of O”, 
respectively. 

The most laborious quantities to compute are the 
integrals gn”, whose integrands depend on both the 
regular and the irregular Coulomb wave functions, as 
well as on the spherical Hankel functions. Since the 


*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 
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Fic. 4. The angular distribution of protons from the O!*(d,p)O"7 
reaction for Ez=2.00 Mev, Q=1.92 Mev, and R=4.71X10-" cm. 
Curves are presented for the (a) Butler, (b) Butler+-Coulomb, and 

c) Butler+Coulomb+proton absorption for /<1 interactions. 
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Fic. 5. The angular distribution of protons from the O!*(d,p)O" 
vaseaiia for Ea=2.00 Mev, Q=1.92 Mev, and R=4.71X 10" cm. 
Calculations are for the optical model with V)>=32 Mev and for 
¢=0, 0.03, and 0.06. 


existent tables of the Coulomb functions” were found 
insufficiently comprehensive for the present purpose, it 
was necessary to calculate the required values directly. 
For this purpose the power series expansions given by 
Fréberg" appear to be satisfactory for the energies used. 
The integrals gn” themselves were evaluated by 
numerical integration. The sums over / and ) in Eq. (1) 
were broken off at 7 (except for the less accurate results 
of Figs. 13 and 14, for which the sums were broken off at 
5, and for which the Coulomb wave functions of Bloch 
et al.” were used), since higher values were found to 
contribute only negligibly. The Clebsch-Gordon coeffi- 
cients and the Coulomb phase factors used in the calcu- 


10 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951); Tables of Coulomb Wave Functions, 
U. S. National Bureau of Standards Applied Mathematics Series 
(U. S. Government Printing Office, Washington, D. C., 1952), 
Vol. I. 

C, E. Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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Fic. 6. The angular distribution of protons from the O'*(d,p)O" 
reaction for Eg= 2.00 Mev, 0=1.92 Mev, and R=4.71X 107" cm. 
Calculations are for the optical model with V)>=42 Mev and for 
¢=0, 0.03, and 0.06. 
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Fic. 7. The angular distribution of protons from the O!*(d,p)O!"* 
reaction for Eg=2.51 Mev, Q=1.04 Mev, and R=4.71X10™ cm. 
Curves are presented for the (a) Butler, (b) Butler+ Coulomb, and 
(c) Butler+Coulomb+proton absorption for /<1 interactions. 


lations were obtained from the tables of Simon! and 
those of Stanley and Wilkes," respectively. The actual 
calculations were performed with the aid of an IBM 
Card-Programed Calculator. 


III. RESULTS 


The results for the relative differential cross sections 
(taking into account the small corrections due to the 
finite mass of the oxygen nucleus) are presented in 
Figs. 1—14. Curves for bombarding energies of 2 Mev 
and 2.51 Mev are shown in Figs. 1-6, 13, and 14, and in 
Figs. 7-12, respectively. Figures 1-3, 7-9, and 13 refer 


A. Simon, Oak Ridge National Laboratory Report ORNL- 
1718, 1954 (unpublished). 

18 J. P. Stanley and M. V. Wilkes, Tables of the Reciprocal of the 
Gamma Function for Complex Argument (Computation Centre, 
University of Toronto, 1950). 
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Fic. 8. The angular distribution of protons from the O!*(d,p)O1"* 
reaction for Eg=2.51 Mev, Q=1.04 Mev, and R=4.71X10™8 cm. 
Calculations are for the optical model with Vo=32 Mev and for 
¢=0, 0.03, and 0.06. 
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Fic. 9. The angular distribution of protons from the O!*(d,p)O!"* 
reaction for Eg=2.51 Mev, Q= 1.04 Mev, and R=4.71X10-" cm. 
Calculations are for the optical model with Vp=42 Mev and for 
¢=0, 0.03, and 0.06. 


to the case in which the residual nucleus is left in the 
first excited state, while Figs. 4-6, 10-12, and 14 
correspond to formation in the ground state. A nuclear 
radius of 4.71 10~" cm has been adopted for all the 
calculations, except those for Figs. 13 and 14 which are 
for a radius of 3.76X10~" cm. Circles indicate the ex- 
perimental points as given by Grosskreutz.* The curves 
have been normalized so that the maximum values are 
100 on an arbitrary scale. 

Calculations have been performed for the following 
nuclear models: (1) Butler, (2) Butler+Coulomb, 
(3) Butler+Coulomb+proton absorption for /<1, and 
(4) the optical model with the complex potential 
V=—V (1+¢7%) with Vo=32 Mev and 42 Mev, and 
¢=0, 0.03, and 0.06. The case for proton absorption for 
l<2 has also been considered, but since the results were 
found, in general, to be much poorer than for /<1, the 
curves are not shown. 
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Fic. 10. The angular distribution of protons from the O!*(d,p)O" 
reaction for Egz=2.51 Mev, Q=1.92 Mev, and R=4.71X10-% cm. 
Curves are presented for the (a) Butier, (b) Butler+Coulomb, and 
(c) Butler+Coulomb+proton absorption for /<1 interactions. 
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Fic. 11. The angular distribution of protons from the O'*(d,p)O"” 
reaction for Eg=2.51 Mev, Q=1.92 Mev, and R=4.71X10-" cm. 
Calculations are for the optical model with Vo=32 Mev and for 
¢=0, 0.03, and 0.06. 


IV. DISCUSSION OF RESULTS 


An examination of the results presented reveals that 
the effect of the pure Coulomb field for both the ground 
and first excited states is to broaden the maxima, 
shifting them toward larger angles, and to raise the 
minima. This is in agreement with the conclusions of 
Tobocman and Kalos.* It is clear that insofar as the 
angular distribution is concerned, the Coulomb effect 
for the low bombarding energies chosen predominates 
over that of pure stripping for a wide range of angles, 
particularly for scattering in the backward direction. 

The introduction of proton absorption for protons 
with /<1 is seen by comparison with the Butler+Cou- 
lomb case to narrow the maxima, moving them in 
toward smaller angles, and to reduce the backward 
yield. Thus, this interaction counteracts the effect of 
the Coulomb field, so that the resultant curves here turn 
out to be not so very different from the pure-stripping 
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Fic. 12. The angular distribution of protons from the O'*(d,p)O"" 
reaction for Eg=2.51 Mev, Q=1.92 Mev, and R=4.71X10-" cm. 
Calculations are for the optical model with V9>=42 Mev and for 
¢=0, 0.03, and 0.06. 
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Fic. 13. The angular distribution of protons from the O"*(d,p)O!"* 
reaction for Eyg=2.00 Mev and R=3.76X10™" cm for the (a) 
Butler, (b) Butler+-Coulomb, and (c) Butler-+Coulomb+proton 
absorption for /<1 interactions. 


ones of Butler. This behavior would explain the well- 
known success of the Butler theory in the low-energy 
region, where one would not expect the theory to be 
particularly applicable. 

A secondary peak for the first excited state appears in 
the curves calculated with the inclusion of proton 
absorption in agreement with experiment, but at angles 
which are too large. Changing the nuclear radius R will, 
of course change the position of this peak, or, in general, 
of any peak not centered at @=0°. However, as a 
comparison of Fig. 4 with Fig. 14 shows, the optimum 
value of the nuclear radius—as is the case for pure 
stripping, and in spite of the inclusion of the Coulomb 
and proton absorption effects—is still too high. Of 
course, the approximate character of this particular 
model should be kept in mind. Even though a semi- 
classical calculation yields a value for / not too different 
from 1, quantum mechanically a certain amount of 
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Fic. 14. The angular distribution of protons from the O'*(d,p)O! 
reaction for Eg=2.00 Mev and R=3.76X10-" cm for the (a 
Butler, (b) Butler+ Coulomb, and (c) Butler-+Coulomb+ proton 
absorption for /<1 interactions. 


proton absorption would be expected for the higher 
angular momenta, and the inclusion of these could 
readily change the nature of the angular distribution. 

As an examination of the experimental curves reveals, 
the compound nucleus effects are here rather large, 
especially for the case in which the residual nucleus is 
formed in its ground state. In fact, as can be seen from 
Fig. 10, the experimental distribution for this case is 
very nearly symmetrical about 90° for an incident 
energy of 2.51 Mev. The excitation curve for the 
O'*(d,p)O"” reaction actually indicates a resonance 
somewhere near this energy.’ The Tobocman theory 
does not specifically take into account the possibility of 
the emission of protons by a compound nucleus and so, 
as might be expected, is inherently incapable of yielding 
a nonisotropic distribution having this symmetry. 
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Indeed, it is rather remarkable that under the present 
unfavorable circumstances there should be any sort of 
agreement at all between the stripping theory and 
experiment, even in the forward direction where the 
stripping effects might be expected to be strongest. 

For the optical model, curves are presented for vari- 
ous cases in Figs. 2, 3, 5, 6, 8, 9, 11, and 12. Both the 
proton and deuteron are assumed to move in the same 
potential.'* Two conclusions emerge from a considera- 
tion of the results: (1) the agreement with experiment 
is quite poor, and (2) the curves corresponding to a 
given final nuclear level are almost identical. Examina- 
tion shows that the closeness of the curves to each other 
is a consequence of the large values for the logarithmic 
derivatives obtained. This tends to make a, and @r 
and, as a result, the differential cross section—more or 
less independent of the potential parameters. As a 
matter of fact, the logarithmic derivative for the 
deuteron vanishes for a value of Vo somewhere between 
32 Mev and 42 Mev, indicating the existence of a 
nuclear resonance in this region. Likewise, there appears 
to be a proton resonance for a potential not too far 
above 42 Mev. 

A pronounced change in the angular distributions 
would be expected near these resonances due to the 
rapid variation of a, and 8;. The possibility, therefore, 
seems to exist that a much better agreement with experi- 
ment might be obtained for the proper choice of poten- 
tial parameters than is evidenced by the present results. 
It is hoped that a more thorough investigation of the 
optical model for a number ‘of different stripping reac- 
tions can be made in the future. 


4 As has been pointed out by W. Tobocman (private communi- 
cation), this is somewhat unrealistic. As will be seen below, 
however, a more refined calculation should not affect the general 
conclusions. 
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Scattering of 14.5-Mev Neutrons by Complex Nuclei* 


J. H. Coon, R. W. Davis, H. E. FELTHAUSER, AND D. B. NicopEemust 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received February 10, 1958; revised manuscript received May 19, 1958) 


New measurements of the differential elastic scattering cross sections of C, Al, Fe, Cu, Sn, Pb, and U for 
14.5-Mev neutrons are reported. For Fe, Cu, Sn, and Pb the angular range from 5° to 150° was investigated 
with +1° to +3° angular resolution. For the other elements a smaller angular range was investigated. 
Particular effort was devoted to the problem of discriminating against inelastically scattered neutrons and 
methods were developed which provided an experimental energy resolution of ~500 kev. Limited differential 
cross section data for inelastically scattered neutrons of energy greater than 9 Mev are also presented for 


Fe, Cu, Sn, and Pb. 


I. INTRODUCTION 


URING the past few years differential elastic 

scattering of protons and neutrons by complex 
nuclei has been studied experimentally at many energies 
between 1 and 100 Mev. The experiments have been 
interpreted by means of the optical model' of the 
nucleus, and interesting values of the depth, shape, and 
radius of the apparent nuclear potentials have been 
derived. Above about 10 Mev the proton experiments’ 
have yielded more information than the neutron experi- 
ments because of the relatively high accuracy and wide 
angular range possible in the proton measurements. At 
lower energies many measurements* have been made 
and provide information in the energy region where 
proton scattering is predominantly Coulomb and there- 
fore not indicative of the nuclear potentials. More 
accurate data over wider ranges of energy and angle are 
still desirable for further development of the theory 
which is beginning to incorporate spin-orbit coupling 
and nuclear shape. 

The present article is a report of new measurements 
of differential elastic scattering of 14.5-Mev neutrons. 
Limited cross section data for inelastic scattering are 
also presented. More accurate elastic scattering data 
for protons at the roughly equivalent energy of 17 Mev 
are available.* However, experimental investigations for 
both neutrons and protons are certainly of value because 
there are probably real differences between the nuclear 
potentials experienced by neutrons and by protons.’ 
Furthermore the theory for the neutron data is con- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ On leave from Oregon State College, Corvallis, Oregon. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) ; 
L. Van Hove, Physica 22, 979 (1956) ; W. B. Riesenfeld and K. M. 
Watson, Phys. Rev. 102, 1157 (1956); A. E. S. Green, Phys. Rev. 
102, 1325 (1956); Melkanoff, Nodvik, Saxon, and Woods, Phys. 
Rev. 106, 793 (1957); Glassgold, Cheston, Stein, Schuldt, and 
Erickson, Phys. Rev. 106, 1207 (1957); A. E. Glassgold and P. J. 
Kellogg, Phys. Rev. 107, 1372 (1957). 

2.N. M. Hintz, Phys. Rev. 106, 1201 (1957). This article presents 
a comprehensive list of references to experimental work on proton 
scattering. ay 

3 —. J. Hughes and R. S. Carter, Brookhaven National Labora- 
tory Report BNL-400, 1956 (unpublished). 

‘I. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 

5 We wish to thank A. E. S. Green for discussions of this point. 

6H. A. Bethe, Physica 22, 945 (1956). 


siderably simplified by the absence of the Coulomb 
potential. The neutron data yield significant values 
near zero degrees where the Coulomb force dominates 
proton scattering. 

There have been several previous experiments’*~"’ on 
neutron scattering at 14 Mev. Among the earliest was 
that reported by Amaldi et a/.’7 who obtained differential 
cross sections for Pb in the angular range from 20° to 
80°. Although their experiment was seriously limited by 
the low neutron source strength available, it developed 
an optimized ring-scattering geometry which is very 
useful. Subsequent measurements, using various tech- 
niques, have been made on 20 elements (excluding H, 
D, and He) from Be to U, though usually the experi- 
ments have covered a rather limited angular range. The 
earliest extensive work was that of Cross and Jarvis*!* 
who measured Bi, Cd, Ca, and Mg over the angular 
range from 8° to 130°. However for angles greater than 
90°, their measurements for Bi and Cd were quoted 
with errors up to 50% and no structure was evident in 
their differential cross section curves for these angles. 
Measurements by Elliot’ * on five elements covered 
angles from 5° to 55° where the test of the theory is not 
as stringent as at larger angles. More recent measure- 
ments by the Livermore group'’ have covered angles 
from 90° to 165° for Pb, Sn, Cd, Ag, Cu, and Fe, and 
from 20° to 140° for Be, C, and N. The present work, 
begun in 1953,*.* covers the angular range from 5° to 


7Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, Nuovo 
cimento 3, 203 (1946). 

8 J. P. Conner, Phys. Rev. 89, 712 (1953). 

® J. H. Coon and R. W. Davis, Phys. Rev. 94, 785(A) (1953). 

10 J. R. Smith, Phys. Rev. 95, 730 (1954). 

1 W, J. Rhein, Phys. Rev. 98, 1300 (1955). 

2 W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621(A) (1955). 

18 J. O. Elliot, Phys. Rev. 101, 684 (1956). 

4H. Nauta, Nuclear Phys. 2, 124 (1956). 

1°H. A. Mehlhorn, Bull. Am. Phys. Soc. Ser. II, 1, 56 (1956). 

16 Dolan, Fincher, Kenny, Berko, and Whitehead, Bull. Am. 
Phys. Soc. Ser. II, 1, 339 (1956). 

17 Anderson, Gardner, Nakada, and Wong, Bull. Am. Phys. Soc. 
Ser. II, 2, 233 (1957); Proceedings of the International Conference 
on the Neutron Interactions with the Nucleus, held at Columbia 
University, 1957 (to be published), Sec. IV-C4; also private 
communication. 

18, A. Rayburn, Bull. Am. Phys. Soc. Ser. II, 2, 233 (1957). 

19 Many of the data, some of which are not elsewhere published, 
appear in reference 3. 
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150° for Pb, Sn, Cu, and Fe, and a more limited range 
from 5° to about 60° for U, Al, and C. 


II. EXPERIMENTAL METHOD 


The scattering geometry is shown in Fig. 1, where 
the scattering sample is shown as a thin cylindrical 
shell located with its axis along the line between a 
T(d,n)He‘ neutron source and a recoil-proton neutron 
detector. The angle between the axis of the scattering 
geometry and the deuteron beam was either 0° or 
90°, and these orientations will be referred to as 
“0°-geometry” and “90°-geometry” conditions. A solid 
cylindrical rod of tungsten (shadow bar), mounted on 
the axis of the scattering ring, shielded the detector 
from neutrons emitted along the the 
detector. A small fraction of the neutrons emitted from 
the source with initial average energy F were elastically 
scattered from the ring through angles near @ toward 
the detector. These scattered neutrons, of average 
energy E’<E, lost a small fraction of their original 
energy to the recoiling nuclei and were detected with 
efficiency e(E')%e(E). 

At the midpoints of the sample, the scattering angle 
is given by 6=2 arc tan(6/D). Scattering angle 6 was 
varied by varying 6 and D, about eight sample radii 
being used to cover the angular range from 5° to 150°. 
The value of 2D ranged from 11 to 30 inches. 

Observations of the number of counts in the neutron 
detector per source neutron were made under the follow- 
ing three sets of conditions: 4=count with scattering 
ring and shadow bar in place; B= count with scattering 
ring removed ; C= count with both ring and shadow bar 
removed. For the 0°-geometry measurements, the count 
C was observed with the detector rotated on a circular 
arc around the T(d,) source to an angle a such that the 
neutron energy was equal to the energy of the elastically 
scattered neutrons. The neutron energy variations 
around the source, due to center-of-mass motion, were 
of convenient magnitude to permit quantitative compen- 
sation in this manner for the small energy lost by the 
elastically scattered neutrons. This procedure elimi- 
nated the need for detector sensitivity corrections, but 
required a knowledge of the relative neutron yields vs 
angle around the source. However, for the 90°-geometry 
measurements, the count C was observed with the 
position of the detector left unchanged, i.e., on the axis 
of the scattering geometry. For this arrangement the 
average energy of the detected neutrons was equal to 
the average energy of those incident on, rather than 
scattered by, the scattering sample. An explicit correc- 
e(E) for detector sensitivity versus neutron energy was 
then required. ' 

The quantity (A — B) is the net count due to neutrons 
scattered by the ring, B being the background count due 
to neutrons scattered by the air, target holder, and 
nearby objects around the room. Since the background 
counts were negligible compared with C, as will be dis- 
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Fic. 1. Scattering geometry showing relative position of neutron 
source, scattering sample, neutron detector, and shadow bar. 


cussed in Sec. VI, no background correction was made 
to the count C, which is taken to be the count due to 
neutrons emitted by the source directly toward the 
detector. One of the chief experimental problems was 
to make the “‘signal-to-background” ratio (A — B)/B as 
large as possible for the sake of accuracy. An attempt 
was made to optimize the geometry for this purpose. 
The number of neutrons scattered by the sample and 
arriving at the detector is proportional to N/(ryre)*. 
Thus this quantity should be made as large as possible 
with the appropriate limitations on angle spread Aé, and 
on sample thickness traversed by the neutrons. Con- 
tributions to Aé@ by the finite size of the neutron source 
and the detector must be included. To optimize the 
geometry under these conditions, Amaldi ef a/.? em- 
ployed barrel-shaped samples with the scattering atoms 
along the locus of points of equal scattering angles. In 
every plane through the axis joining source and de- 
tector, this locus defines a circular arc. Because of the 
difficulty of fabricating the barrel-shaped samples 
needed to fit this arc, we used thin cylindrical samples 
located tangent to the circle of equal scattering angles, 
i.e., halfway between source and detector. Approxima- 
tion of the barrel shape by a short cylinder does not 
increase the angular spread drastically, because a con- 
siderable fraction of the over-all spread is due to the 
finite size of a practical source and detector. 

For the purpose of minimizing the background B, the 
amount of extraneous scattering material in the vicinity 
of the experimental setup was kept to a minimum and 
scattering of neutrons by the air was a major contribu- 
tor to the background. 

Differential cross sections were evaluated from the 
expression " 


RL “ & 
o.(0)= (f 
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where R= (A—B)/C is the “net-over-bare”’ ratio, N is 
the number of atoms in the sample, and 71, 72, D, and L 
are dimensions given in Fig. 1. The terms following the 
integral term are corrections, usually not more than 5 
or 10%: n(a@)/n(6/2) is a correction for the laboratory 
yield asymmetry of the T(d,m) reaction; f; and fe are 
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corrections for neutron flux asymmetries due to attenu- 
ation of neutrons by absorption and scattering in the 
target holder; ¢ is the detector-sensitivity correction 
referred to above; exp(~/Ax) is a correction for absorp- 
tion of neutrons by nonelastic collisions within the 
thickness ¢ of the sample, \x being the mean free path 
for nonelastic collisions” and p=¢/sin(@/2); M is a 
correction for multiple scattering and is not strictly 
separable from the factor exp(p/Ax). The correction 
M~ exp(p/Ax) was calculated for some of the measure- 
ments by Monte Carlo methods.” 

Considerable effort was devoted to the problem of 
discriminating against neutrons inelastically scattered 
with small energy loss. As will be described later, this 
was done by detailed study of the upper end of the pulse- 
height spectra A, B, and C observed from the recoil- 
proton detector. 

The 0° and the 90° geometries referred to above have 
specific advantages and disadvantages when compared 
with one another. With the 0° geometry, the energy 
spread of neutrons incident on the sample is less than 
exists with the 90° geometry, where the energy spread 
increases quite rapidly with increase in scattering angle. 
On the other hand, with the 0°geometry, the average 
energy of neutrons incident on the scattering ring 
varies from 14.9 to 14.2 Mev as scattering angle varies 
from 5° to 150°, whereas with the 90° geometry the 
average energy is constant. However, no very rapid 
variation of the cross section with energy is expected 
in this energy range.”* For these reasons the 90° geome- 
try was employed only for angles up to about 70°, and 
the 0° geometry for angles between 20° and 150°, the 
large region of overlap serving as a check between the 
two methods. 


Ill. NEUTRON SOURCE 


Neutrons were produced by bombarding thick targets 
of tritium absorbed in zirconium*® with 250-kev deu- 
terons from a Cockcroft-Walton accelerator. Up to 
300 ua of beam current were available. Total available 
neutron emission rate, as measured by counting the 
associated a particles from the T(d,n)He‘ reaction, was 
usually about 3X 10" neutrons per sec. 

Laboratory angular asymmetry in the yield of the 
neutrons from the T(d,) reaction was calculated on the 
basis of yield isotropy in the c.m. system.*4 For the 0° 
geometry, the ratio n(a)/m(@/2) in Eq. (1) is the ratio 
of the calculated yield at the angular position a of the 
detector during the count C, and at the mean angular 


2” FE. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

21 4 Monte Carlo theory for these calculations was developed 
by Herman Kahn and the calculations were carried out under his 
supervision at the Rand Corporation laboratories, Santa Monica, 
California. 

2 F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958); 
also private communication. 

23 Graves, Rodrigues, Goldblatt, and Meyer, Rev. Sci. Instr. 20, 
579 (1949). 

*S. J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 
(1957). 


FELTHAUSER, 


AND NICODEMUS 

position 6/2 of the circumference of the scattering ring 
during the count A. For the 90° geometry, the ratio 
n(a)/n(6/2) is equal to unity, because a simple calcula- 
tion shows the average yield of neutrons incident on the 
scattering ring is equal to the yield at 90°, the fixed 
detector position. Approximate calculations of the 
average neutron energy E and the neutron energy 
spread AE were calculated from particle dynamics with 
an estimate of multiple scattering of deuterons within 
the thick target.”® For the 0° geometry these quantities 
varied with scattering angle as shown in lig. 2, where it 
is seen that AE was approximately +350 kev, nearly 
independent of angle. For the 90° geometry E=14.1 
Mev was constant, independent of angle, while AE 
increased from +150 kev at 6=0° to +800 kev at 
6=70°. It is apparent that our differential cross sections 
should strictly be regarded as functions o,(6,£) of 
neutron energy as well as angle. However, to a first 
approximation one may refer all the values to an arbi- 
trarily chosen mean energy of 14.5 Mev. This point will 
be discussed further in Sec. XII. 

There was an additional neutron flux asymmetry in 
the 0°-geometry measurements caused by absorption 
and scattering of neutrons in the target holder and 
immediately surrounding materials. The factors f; and 
fo, which correct for these attenuation effects, were 
determined by a series of direct measurements of the 
relative yield of neutrons emerging through the target 
holder as a function of the angular position of the 
detector around the target holder. By a graphical 
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Fic. 2. Variation of average neutron energy F with lab scatter- 
ing angle 6, for the 0°-geometry experiments. Neutron energy 
spread is indicated by the shaded area. On the right-hand side of 
the figure the energy spread increases discontinuously for the 
7-foot-diameter Fe sample. 


*5 Calculations of multiple scattering of deuterons within the 
thick target were carried out by R. G. Thomas at this laboratory. 
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averaging and interpolating of such data the values of 
fi and f, were determined, f:(¢,a) being a correction 
for the yield in the direction of the detector during the 
count C, and f2(6/2) being a correction for the average 
yield over the surface of the scattering sample. The 
correction factor f1/f2 never differed from unity by 
more than 4%. 


IV. SCATTERING SAMPLES AND SHADOW BARS 


The cylindrical shells used as scattering samples 
ranged in diameter from 1 to 34 inches and in length 
from 2 to 8 inches, except for the largest ring of Fe which 
was 83 inches in diameter and 36 inches long. Radial 
wall thickness was chosen to keep the correction factor 
exp(p/ x) in the neighborhood of 1.05 to 1.10. Thicker 
samples were considered undesirable because of the 
increased multiple scattering. 

In general the rings were sufficiently rigid to maintain 
their circular shape with the aid of several radial spokes 
of piano wire. However, the larger Pb and Sn samples 
were supported with additional thin steel rims, dupli- 
cates of which were set in place when the scattering ring 
was removed for a background run. 

Chemical analysis** was made for suspected impurities 
in the scattering samples. In a few measurements 
impurities may have contributed a maximum of 3% 
error in o,(0). For example, at the first minimum for 
Pb (see Fig. 6) a possible 0.2% Sb impurity would 
constitute a 2 to 3% contribution to o,(@). No correc- 
tions for impurities were made. 

The tungsten shadow bars were 1, 3, or 2 inch in 
diameter and 7 to 28 inches long. Choice of dimensions 
for a particular condition was made to minimize the 
background count. Although transmission through a 
14-inch long bar was not significant, it was found ap- 
preciably better to use a longer bar when the geometry 
permitted. In general, the ends of the shadow bar 
extended as near as possible to the source and detector 
without shadowing any of the scattering ring. No doubt 
some neutrons were scattered toward the scattering ring 
by the end of the shadow bar near the neutron source. 
An attempt to observe the magnitude of this effect was 
made for several typical geometries by placing the 
detector at the position of the scattering ring and 
comparing the count with the shadow bar in place and 
then removed. The increase in count was not observable 
and was less than 1% over the whole spectrum of pulse 
heights observed. 


V. NEUTRON DETECTORS 


Neutrons were detected in small organic scintillators 
in which recoiling protons gave rise to light pulses 
viewed by a photomultiplier. Most of the measurements 
for scattering angle @>40° were made with liquid 
scintillators, }, 3, or ? inch in diameter, the larger 


26 Careful chemical analyses were carried out by W. H. Ashley 
of the Chemistry Division at Los Alamos. 
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detectors being used with large-diameter scattering 
rings where over-all angular resolution was not spoiled 
by a relatively large detector. For 6<40° most of the 
measurements were taken with cylindrical ¢rans-stilbene 
crystal detectors, } inch in diameter. Stilbene was not 
useful at large angles because its pulse-height response 
is markedly dependent on the direction of incidence of 
the neutrons. This characteristic prevented the response 
of the detector from having azimuthal symmetry which 
is essential in the cylindrical geometry employed in the 
experiments. 


VI. COUNTING PROCEDURES AND DATA 
REDUCTION 


In all measurements, the upper third of the pulse- 
height spectrum from the recoil-proton detector was 
recorded in an 18-channel analyzer. Figure 3 shows a 
typical set of spectra for the counts A, B, C, and the 
“net” count A—B. To deduce cross sections from the 
0°-geometry data, values of the ratio R= (A—B)/C 
were determined for the counts observed in each 
channel, and these ratios were then plotted vs pulse 
height as shown for‘a typical example in the lower part 
of Fig. 4. In general, R would fall with increase in pulse 
height to a plateau level which was interpreted as being 
characteristic of pure elastic scattering, the higher 
values at lower pulse height being due to the onset of 
inelastic scattering. The plateau value, shown by the 
dashed line in Fig. 4, was used to evaluate elastic 
scattering cross sections. This procedure, used to dis- 
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Fic. 3. Pulse-height spectra for the various conditions for which 
counts were observed in the recoil-proton neutron detector. 
Measurement of the direct neutron beam is curve C. This figure 
shows a typical set of data for which 6X10* alpha counts were 
registered to obtain each one of curves A and B. 
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Fic. 4. The ratio R= (A —B)/C vs pulse height for a typical set 
of data (lower) and for the same conditions altered to simulate an 
inelastic neutron group from a 460-kev level (upper). See text for 
meaning of “wrong value” of a. The energy scale runs up to 
fictitiously high values because of energy spread in the neutron 
source and broad instrumental energy resolution. 


criminate against inelastically scattered neutrons, was 
not employed in the early 90°-geometry measurements 
where R was determined simply by using the total] 
counts above a particular threshold. However, the 
simpler procedure was adequate in the region of angles 
less than 70°, where it was employed, and gave values 
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in agreement with those obtained by the more elaborate 
procedure. 

Several significant features of the raw data can be 
visualized on Fig. 3 and the lower part of Fig. 4 which 
displays the same set of original data. The signal-to- 
background ratio (4 — B)/B for this example is seen to 
be a little more than unity in the region of the plateau 
(~80 volts) on the plot of R vs pulse height. In other 
measurements (A—8)/B varied from 10 in the best 
data to about 0.2 in the worst cases. The ratio B/C of 
the counts with and without the shadow bar for the 
present example is about 0.001 in the pulse-height region 
near the middle of the plateau. Values of B/C in this 
region ranged from a maximum of 0.006 downward by a 
factor 10. For this reason backgrounds were considered 
negligible compared with the direct beam count C. 

As mentioned previously, in measurements with 0° 
geometry, when the count C was observed, the detector 
was rotated around the T(d,m) source to an angle a such 
that the neutron energy was equal to the energy of 
the elastically scattered neutrons. With each a setting, 
the detector was also turned through a polar angle 6 on 
a vertical axis through the center of the detector. The 
magnitude of 6 was @/2 and therefore the angle of 
incidence on the detector of primary neutrons from the 
source was the same as the angle of incidence of neutrons 
when scattered from the ring samples during the count 
A. With this procedure a correction for a small de- 
pendence of sensitivity on the angle 8 was unnecessary. 

In order to account for the degradation in energy of 
the neutrons during elastic scattering in the 90°- 
geometry experiments, the count C was corrected by 
using a detector efficiency vs energy function e¢(£), 
measured in auxiliary experiments by moving the 
detector to different angular positions around the 
T(d,n) source. The maximum correction made by this 
method was 30% (for C at 60°) where the uncertainty 
in the correction was estimated to introduce an error of 
10% in the differential cross section. Most of the correc- 
tions were much less. In fact, for Cu, Sn, Pb, and U the 
corrections were less than 5% at all angles. 

It should be noted the plateau value of R is deter- 
mined from counts observed near the upper end of the 
pulse-height spectrum, where the direct beam count C is 
rapidly falling. It might be expected that the shape of 
the pulse-height spectrum in this region would be 
sensitive to the existing differences in the neutron 
energy spectra for those neutrons used at different 
angles a around the T(d,m) source. For example the 
energy spread of neutrons emitted near 90° is much less 
than the energy spread near 0° or 180°. The magnitude 
of this effect was studied by comparisons of the shape 
of the pulse-height spectra under radically different 
conditions, and it was estimated that the error intro- 
duced by this effect in the determination of the true 
plateau value of R was at most 5% in a few isolated 
cases. 
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VII. EXPERIMENTAL SEPARATION OF ELASTIC AND 
INELASTIC SCATTERING OF NEUTRONS 


Differential cross sections op, ,! (8) for inelastic scatter- 
ing were evaluated by replacing the plateau value of R 
in Eq. (1) by the difference between the value of R at 
50 volts pulse height (see Fig. 4) and the plateau value; 
an approximate detector sensitivity correction was also 
made. This procedure lumps together the high-energy 
end of the inelastic scattering spectrum. Over this 
spectrum neutrons were detected with variable sensi- 
tivity as shown in Fig. 5 by the solid curve which is the 
calculated sensitivity for detection in the 50-to-52-volt 
channel. This sensitivity curve is normalized to unity 
for the elastically scattered neutrons. If one approxi- 
mates the sensitivity curve by a rectangle as indicated 
in Fig. 5, the threshold of sensitivity is about 9.0 Mev, 
and the average sensitivity in the region 9 to 14 Mev is 
1.4, which is the sensitivity correction factor referred to 
above. In applying this sensitivity correction, the 
simplifying assumption is mage that the spectrum of 
inelastic neutrons is flat between 9 and 14 Mev. This 
assumption is certainly not strictly true because the 
energy levels involved are neither uniformly nor closely 
spaced. However, the error introduced in the inelastic 
scattering cross section is probably not more than 20%. 

The question arises whether the elastic scattering 
cross section values include some of the highest energy 
inelastically scattered neutrons. In order to measure the 
over-all capability of the experiments to discriminate 
against inelastically scattered neutrons, a set of data 
was taken in which the count C was observed with the 
detector set at the “wrong” angle a so that the neutron 
energy was too high by 0.46 Mev. The plot of R for those 
data is given in Fig. 4, along with another set of data 
previously referred to, where conditions were identical 
except the detector was set at the correct angle. The 
data taken at the wrong angle simulate a hypothetical 
situation in which there is a single inelastically scattered 
group of neutrons from a 0.46-Mev energy level, and no 
elastically scattered group. It is seen that in this case 
there is no plateau value of R. From analysis of data of 
this kind it was estimated that a 20% admixture of 
inelastic scattering with 0.5-Mev energy loss would be 
observed and to a large extent separated from the 
elastically scattered group, whereas a 10% admixture 
would sometimes not be observed because of statistical 
error, electronic gain fluctuations, etc. 

There is further evidence against there being as much 
as a 10% admixture of inelastically scattered neutrons 
included with the elastically scattered group except in 
case of U. For all the elements measured except U, the 
lowest known levels are in excess of 0.6 Mev except for 
a few rare isotopes. The calculated energy dependence 
of the sensitivity of the detector in the one analyzer 
channel from 78 to 80 volts (the middle of the plateau 
in Fig. 4) is shown as the dotted curve in Fig. 5. It is 
obvious from this curve that existing inelastic scattering 
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Fic. 5. The solid curve is the calculated detection sensitivity vs 
neutron energy for detection in the 50-to-52-volt channel of the 
pulse-height analyzer. Inelastically scattered neutrons of different 
energies were detected with this relative sensitivity variation. The 
dotted curve is the calculated detection sensitivity in the 78-to- 
80-volt channel. Both curves are normalized to unity at the energy 
of the elastically scattered neutrons. 


contributions from the 0.045- and 0.14-Mev levels in U 
are included with essentially 100% efficiency in our 
elastic scattering cross sections. On the other hand, it is 
also seen from this curve that contributions from levels 
above 2 Mev are completely discriminated against. 
Anticipating the quantitative results given in Sec. XII, 
we find that the measured inelastic scattering cross 
sections for all neutrons of energy greater than 9 Mev 
are everywhere less than or equal to the elastic scatter- 
ing cross section. In the case of Sn, for example, they are 
equal at the minima occuring at 80° and 120° in the 
elastic scattering cross-section curves. The neutron 
energy region above 9 Mev corresponds to inelastic 
scattering from levels up to 5.5 Mev. Therefore iffall 
the energy levels contributed equally, the fact that the 
energy level density increases rapidly with excitation 
energy would mean that the levels below 2 Mev would 
indeed have negligible effect on the elastic scattering 
cross sections. If, on the other hand, the neutron energy 
spectrum tends to be flat by virtue of relatively strong 
contribution of the low-lying levels, then levels near 
1 Mev would contribute about 10% to the elastic 
scattering cross section for the worst cases mentioned 
above for tin. Of such a 10% contribution only part 
would be separated from the elastically scattered group 
by the choice of the plateau level in plots of the type 
shown in Fig. 4. 

If one assumes the trends for inelastic scattering with 
small energy loss are similar for neutrons at 14 Mev and 
protons at 18 Mev, the proton scattering data of Dayton 
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and Schrank‘ can be used as a basis for estimating the 
intensity of inelastic neutron scattering from single 
low-lying levels. These estimates turn out to be of the 
same order of magnitude as those indicated above. 

To summarize, we estimate that except for U the 
inelastic scattering contribution to our elastic scattering 
cross section values is usually less than 5%, though in a 
few cases it may be as much as 10%, the largest con- 
tributions being at the minima of large-angle scattering. 
Uranium is an exception because of its low-lying levels, 
contributions from which, whether significant or not, are 
included in our elastic scattering cross-section values. 


VIII. DISCRIMINATION AGAINST GAMMA 
RADIATION 


The increase in the ratio R= (A — B)/C with decrease 
in pulse height is due principally to the presence of 
inelastically scattered neutrons. But in some instances 
this increase may be due in part to gamma rays 
produced by neutron interactions in the scattering 
sample. The lowest energy of the recoiling protons 
whose pulses are recorded in the 18-channel analyzer 
with its threshold set at 50 volts is about 9 Mev. 
Because of the detector’s relatively high scintillation 
response to electrons, the electrons produced by gamma 
rays of energies above 5 or 6 Mev would be detected if 
their full energy was expended within the scintillator. 
The range of 6-Mev electrons in the liquid scintillator is 
comparable to the dimensions of the j-inch detector and 
certainly exceeds that of the }-inch and smaller de- 
tectors. Therefore only gamma rays of energy about 6 
Mev or greater would yield pulses large enough to 
be recorded. 

Gamma radiations produced by the interactions of 
of 14-Mev neutrons with many elements have been 
investigated by Scherrer et al.”” and Battat.** In order to 
make comparisons with these data, an experimental 
study of the absolute sensitivity of the detectors to the 
well-known 6-Mev gammas from F"*(p,a)O'* and 12- 
Mev gammas from B"(p,y)C! was carried out. The 
results of this study indicate that the background 
arising from gamma rays could not exceed one percent 
for the neutron elastic scattering cross-section data. 

Asan additional check of the possible effect of gamma- 
rays produced in the scattering rings, the values of the 
ratio R obtained with the }-inch and the 32-inch detec- 
tors were compared in an attempt to discover system- 
atic differences. Because the ratio of the detection 
efficiency for gamma rays to that for neutrons is 
larger in the ?-inch detector, a significant background 
of gamma radiation would tend to increase the values 
of R in the region of small pulses more strongly when 
the large detector was used. In a number of cases, data 
had been taken for the same element and scattering 


27 Scherrer, Theus, and Faust, Phys. Rev. 91, 1476 (1953); 89, 


1268 (1953). 
28M. E. Battat, Los Alamos Report LA-1507, 1953 (un- 


published). 
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angle with both detectors. Fifteen such cases were 
examined and no significant difference in the results 
obtained with the two detectors was observed. 

Although these gamma-ray studies indicate negligible 
effects for the elastic scattering measurements, it was 
estimated that the experimental inelastic-scattering 
cross sections may have a small gamma-ray contribution 
not exceeding 10%. 


IX. MULTIPLE-SCATTERING CORRECTION 


Monte Carlo calculations of multiple scattering were 
made” for some of the Cu and Pb data for scattering 
angles between 5° and 70°. Scattering events were 
followed until the neutron escaped from the scattering 
ring, or had suffered an inelastic collision, or had 
suffered up to 5 elastic collisions. The number of neu- 
trons suffering more than 5 elastic collisions was 
assumed negligible. The ratio of the calculated number 
of neutrons detected after 2 to 5 elastic collisions to the 
number detected after only one collision varied from 
0.03 to 0.6. Ratios greater than 0.2 were rare, occurring 
only at angles near the deep first minimum in the @,(6) 
curve for a given element. In general the Monte Carlo 
calculation was continued until the statistical error in 
the above-mentioned ratio was about 10%. 

Corrections for multiple scattering for all elements 
have been applied by graphical interpolations and 
extrapolations of the calculations for Cu and Pb. How- 
ever these corrections have been made only out to about 
80° scattering angle where the corrections become only 
a few percent. Typical errors of 2% in o,(@) may be 
attributed to uncertainty of the multiple-scattering 
corrections, though occasionally the error may be as 
large as 10%, especially at the deep first minimum. 


X. ANGULAR RESOLUTION AND EFFECTIVE ANGLE 


The experimental angular resolution varied from 
+1° to +3° total width. This is the sum of contribu- 
tions due to finite size of source, detector, and scattering 
ring. Distortion of the o,(6) curves due to this angular 
spread is probably significant only at the sharp first 
minima for Pb and U, where the o,(@) values may be too 
high by a factor 1.5 or more. 

If @ is the scattering angle for neutrons traversing the 
path between center of source, central element of 
scattering ring, and center of detector, then the average 
scattering angle @ is slightly larger than @ because the 
angle is greater for a neutron scattered from either end 
of the ring. In fact, numerical calculations show that to 
a close approximation, 6=0+4A0,, where A@, is the 
difference in scattering angle at the center and ends of 
the ring. With this correction the angles are estimated 
to be accurate to within a few tenths of a degree. 


XI. ERRORS IN a,(6) AND a, ,: (0) 


Errors in o,(@) are due chiefly to three sources: 
statistical counting errors, errors in the multiple- 
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scattering correction, and detection of inelastically 
scattered neutrons. These errors are smallest in the 
angular region covered by most of the first and second 
maxima, where average estimated errors are 5%. 
Errors are larger in the 5° intervals near the first and 
second minima and in the region of large-angle scatter- 
ing (92 90°) where the average estimated error is 10%. 
At the first sharp minimum for Pb and U the errors are 
greatest and are estimated to be 50% when the effect 
of angular resolution is included. Angular resolution 
probably contributes negligible error elsewhere. At the 
larger angles measured for the lighter elements, namely 
C and Al, there were significant errors in the correction 
applied for the sensitivity of the detector versus neutron 
energy. 

Errors in the integrals of the o.(@) curves depend 
almost entirely on the more accurate data where cross- 
section values are large and where the errors are 
estimated to be 5%. Therefore the errors in the inte- 
grated elastic scattering cross sections are also estimated 
to be 5%. 

There are three principle sources of error in the in- 
elastic scattering cross sections: statistical counting 
error, uncertainty in the energy spectrum of the in- 
elastic neutrons with the resulting uncertainty in the 
relative detector sensitivity discussed in Sec. VII, and 
error introduced by variation of the threshold for 
detection of the inelastically scattered neutrons. A few 
remarks should be made regarding the last mentioned 
of these sources of error. Small changes in electronic gain 
were accompanied by a shift in detection threshold. 
These shifts were significant in spite of gain readjust- 
ments, which were made by locating the rapidly falling 
portion of the pulse-height spectrum in the same 
channels of the analyzer. The combined error for the 
inelastic scattering cross sections is estimated to be 40% 
in the ordinate of the smoothed differential cross- 
section curves. 


XII. RESULTS 


The experimental differential elastic scattering cross 
sections are the data points shown in Fig. 6. As is noted 
in the caption of the figure, the energy scale at the top 
applies to some of the data points but not to others. 
Also shown in Fig. 6 are recent preliminary Livermore 
data!’ for C in the angular range from 40° to 150°, 
overlapping the present data in the region 40° to 55°. 
Livermore data for Pb, Sn, and Cu at angles greater 
than 140° are also shown to indicate the shape of the 
experimental curves at angles larger than were covered 
in our measurements. 

As an indication of internal consistency and of the 
sensitivity of our data to neutron energy variation, 
Fig. 7 presents Pb data for 14.1- and 14.8-Mev neutrons 
in the region of small angles. The solid and dashed 
curves are the theoretical curves of Bjorklund and 
Fernbach” calculated for two energies, 14.0 and 15.0 
Mev. Close inspection shows the experimental data 
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Fic. 6. Differential cross sections for elastic scattering of 
~14.5-Mev neutrons. For the 0°-geometry data, shown by solid 
circles, the average primary neutron energy varies over a smal] 
range as indicated on the scale at the top of the figure. For the 
90°-geometry data, shown by upright triangles, the average 
primary neutron energy is 14.1 Mev. The inverted triangles are 
Livermore data,!’ their C data being taken at 14.2 Mev and the 
other data at 14.6 Mev. The solid and dashed lines are theoretical 
curves of Bjorklund and Fernbach” derived for 14.0- and 15.0-Mev 
neutrons. Points at 0° are Wick’s limit. 
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definitely shift slightly to the left at the higher energy, 
in qualitative agreement with the shift of the theoretical 
curves. 

Where direct comparison can be made for the same 
element and angular range, the present results are in 
good agreement with data obtained at Livermore’? and 
at NRL.*8 This agreement is significant in view of the 
fact that the Livermore and NRL experiments included 
neutrons of energy greater than 12 Mev whereas we 
have included only neutrons of energy greater than 
13.5 or 14 Mev. 

There is also good agreement between our data for 
Pb and NRL data for Bi. The cross sections for Bi and 
Pb apparently differ by an amount less than the experi- 
mental errors. This is not surprising because they are 
neighboring elements with very closely the same total*® 
and nonelastic” cross sections. The Chalk River data*” 
for Bi also agree well with the present data for Pb in the 
angular range out to about 80°, but for larger angles 
the Chalk River data are higher sometimes by a factor 
2 or 3. Similarly, in the region beyond 80° the Chalk 
River data for Cd are about a factor 2 higher than the 
Livermore data for Cd. Part of these discrepancies may 
be due to the detection of inelastically scattered neu- 
trons in the Chalk River measurements at large angles. 
This is to be expected if the detector threshold was 
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Fig. 7. Differential cross sections for elastic scattering of 14.1- 
and 14.8-Mev neutrons by Pb compared with theoretical curves 
of Bjorklund and Fernbach at 14.0 and 15.0 Mev. 


2 Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952); J. P. 
Conner, Phys. Rev. 109, 1268 (1958). 
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11 Mev as reported.’* The Chalk River data for Ca and 
Mg probably do not have a significant inelastic scatter- 
ing contribution because there are no low-lying energy 
levels in the abundant isotopes of these elements. For 
example the 97% Ca“ isotope has its lowest level at 
3.35 Mev. 

A close comparison of the various data for the se- 
quence of neighboring elements Ag, Cd, In, and Sn 
shows remarkable similarity, with evidence of the 
expected progressive transitions in the differential cross- 
section curves. 

Nauta! has made measurements for Pb, Hg, and Zn 
from 15° up to angles in the neighborhood of 90°, 
though his errors are as large as a factor 2 at the 
larger angles. His data for Pb are in reasonably good 
agreement with the present data. Mehlhorn’s*!® pre- 
liminary data on large-angle scattering (90° to 150°) of 
13.7-Mev neutrons by Pb lie everywhere lower than 
the present data by a factor 2 to 3, except at 90° where 
there is agreement. 

Smooth curves drawn through the experimental 
points of Fig. 6 and extrapolated smoothly to 0° and 
180°, were integrated to obtain the elastic-scattering 
cross sections o, tabulated in Table I. The incomplete 
curves for U and Al were terminated at 50° and 80° and 
the partial elastic scattering cross sections o, (partial) 
were evaluated up to these angles. Also tabulated in 
Table I are the known total cross sections”® o;, nonelastic 
cross sections” ox, and the difference o,—ox which is 
seen to be in good agreement with o, for Pb, Sn, Cu, 
Fe, and C. For U and Al the value of o,—ox-—o, 
(partial) may be considered as a rough experimental 
value for elastic scattering through angles greater than 
50° for U, and greater than 80° for Al. 

Wick® has set a theoretical lower limit to the differ- 
ential elastic-scattering cross section at 0°, the limit 
being given by o,(0°)2= (ko,/42)*. This quantity repre- 
sents the contribution of only the imaginary part of 
the scattering amplitude. It is therefore somewhat 
surprising that this lower limit (see Fig. 6) is on a 
smooth extrapolation of the o,(@’) data, within experi- 
mental error. However, an optical-model calculation 
at this laboratory by Porter*! was made for 13 values of 
A between 8 and 240 to compare the magnitude of the 
real and imaginary contributions to ¢,(0°). A Saxon- 
type potential was employed with real and imaginary 
potentials of 44 and 5.3 Mev, a nuclear radius of 1.33.4! 
X<10—% cm, and an exponential fall-off distance of 
0.5X10-* cm. The contribution of the real part was 
found to be at most a few precent of the imaginary 
contribution. This result means that at 14 Mev the 
Wick limit value is not only a lower limit but is very 


% G. C. Wick, Atti reale accad. Italia, Mem. classe sci. fis., mat. 
e nat. 13, 1203 (1943). 

31 This calculation was carried out in the Theoretical Division 
at Los Alamos using an IBM-704 computer. An existing code 
prepared by William Anderson was modified slightly to allow 
separate observation of the real and imaginary contributions. 
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TABLE I. Integrated elastic and inelastic scattering cross sections. Comparisons are shown of the integrated elastic scattering cross 
sections and the differences between known total cross sections a; and nonelastic cross sections ox. Values of a; and ox are taken from 
references 32 and 20, respectively. In reference 20 a quantity o; is defined as the cross section for all nonelastic processes plus, for light 
elements, a small amount of large-angle elastic scattering; for carbon, ¢;=0.60 barn of which 0.05 is estimated to be elastic scattering ; 


therefore ox =0.55 barn. 


Angle range nl (@)dQ¢dE 


for elastic 
scattering 


0-180 
80 
180 
180 

Sn 180 


. 14 Mev 
} oe (0)d2 f fo 


ot ox ot —ox 9 Mev 
(barns) (barns) barns) (milli barns) 


1.31 +0. 02 
1.73+0.03 
2.50+0.05 
2.96+0.06 
4.68-+0.09 


(barns) 


0.77+0.04 
0.67+0.03 
1.14+0.06 
1.45+0.07 
2.59+0.13 


‘lement 


0. 55-40. 02 
1.00+0.01 
1.27+0.04 
1.42+0.04 
1.96+0.05 


0.76+0.03 
0.73+0.04 
1.23+0.07 
1.54+0.07 
2.72+0.10 


( 
Al 
Fe 
Cu 


76+30 
72+30 
91+30 


5.40+0.08 
5.87+0.12 


Pb 180 
U 50 


2.83+0.14 
2.73+0.14 


nearly equal to o,(0°). In Fig. 8 it is seen that the Wick 
limit values computed from experimental o; values are, 
within the rather large experimental errors, equal to the 
“experimental” values of o,(0°) obtained by arbitrary 
smooth extrapolation of the o,(@) data to 0°. At the 
present stage of experiment and theory, of one ignores 
the so-called Schwinger scattering,*? the best value of 
a.(0°) at 14 Mev is probably Wick’s limit. The 
Schwinger scattering which arises from the interaction 
of the neutron magnetic moment with the Coulomb 
field of the nucleus causes a sharp rise in the differential 
cross section at very small angles of less than 1°. This 
sharp rise has been verified experimentally** in the 
scattering of 4-Mev neutrons by Pb. 

The curves shown in Fig. 6 are the calculations of 
Bjorklund and Fernbach”’ based on the optical model 
with the addition of a spin-orbit term of the Thomas 
type. The solid and dashed curves are their calculations 
at 14 and 15 Mev, respectively. Their potential has the 
form V=Verp(r)+iVcrg(r) + V sr(h/uc) (dp/dr)o-l 
where 


p(r) = {1+exp[(r— Ro) /a]} 
q(r) =exp[ — (r— Ro)*/b?], 


and Ro=roA!. For 14-Mev neutrons they find for the 
best over-all fit to experimental data Vcr=44 Mev, 
Ver=11 Mev, Vsr=8.3 Mev, and in units of 10~!* cm, 
a=0.65, b=0.98, and ro>= 1.25. The agreement between 
these theoretical curves and experimental data is seen 
to be fairly good except for C which is too small a 
nucleus for the theory to be applicable. In several cases 
(e.g., Fe and Sn in the forward hemisphere) the data 
agree much better with the theoretical curve for the 
more appropriate neutron energy. Their choice of the 
spin-orbit potential was based on shell-theory predic- 
tions. However, it would be highly desirable to carry 
out neutron polarization experiments** to serve as a 


% J, Schwinger, Phys. Rev. 73, 407 (1948). 

8 Tu. A. Aleksandrov and I. I. Bondarenko, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 726 (1956) [translation: Soviet Phys. JETP 
4, 612 (1957) ]. 

4H. H. Barschall, Proceedings of the International Conference on 
the Neutron Interactions with the Nucleus, held at Columbia 
University, 1957 (to be published), Sec. IV-B1. 


2.91+0.09 
3.14+0.13 


2.49+0.02 88+30 


2.73+0.04 


basis for determining the spin-orbit term. In calcula- 
tions made by Beyster*® without the use of a spin-orbit 
term, the theoretical curves fit the data fairly well for 
angles less than 90°, but for larger angles the amplitude 
of the oscillations in the calculated curves is much too 
large, with discrepancies as large as a factor 10. 

It is interesting to note that the above-quoted values 
of 44 and 11 Mev for the real and imaginary potentials 
are in approximate agreement with the potentials 
derived by Melkanoff e¢ al.** from data on the elastic 
scattering of protons. To make this comparison it is 
assumed that the 14-Mev neutron is equivalent to a 
proton of energy ~22 Mev, which is approximately 
equal to the neutron energy plus the Coulomb barrier, 
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Fic. 8. Values of differential cross sections for elastic scattering 
of ~14.5-Mev neutrons at 0° vs atomic weight. e= Wick’s limit, 
(ko,/4r)* using experimental values of o¢. a=extrapolation of 
available experimental o,(6) data by arbitrary smooth curves. 

tmeilionds (44?) with R=1.33A}. 

% J. R. 
published). 

3° Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 


Beyster, Los Alamos Report LA-2099, 1957 (un- 
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Fic. 9. Differential cross sections for inelastic scattering of 
~14.5-Mev neutrons. Only neutrons emitted with energy greater 
than ~9 Mev were detected. The sensitivity with which neutrons 
of different energies were detected is the solid curve in Fig. 5. 


though of course this quantity varies with nuclear 
charge. However, such a comparison is a gross over- 


simplification because, as was mentioned in Sec. I, 
neutrons and protons probably do not experience the 
same real potential in the nucleus. The value 11 Mev 
for the imaginary potential is also in agreement with 
the theoretical estimate of Lane and Wandel.*” 

Our experimental inelastic scattering cross sections 


"37 A. M, Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 
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are given in Fig. 9. In proceeding from heavy to lighter 
nuclei it is apparent that the curves become progres- 
sively flatter, and the curve for Fe has a minimum near 
90°. Qualitative comparisons may be made between 
these experimental data and those of Rosen and 
Stewart,®® and Ahn and Roberts,*® who have made 
measurements on the yield of inelastically scattered 
neutrons from Bi, Ta, and Zr bombarded with 14-Mev 
neutrons. These experimenters lumped together the 
inelastically scattered neutrons of energies 4 to 12 Mev. 
Therefore their cross sections represent a wider energy 
band and lie everywhere higher than ours. Their data 
also show a progressive flattening toward lighter 
elements. Our higher-energy band of neutrons (9 to 
14 Mev) is more strongly peaked forward than the 
lower-energy band (4 to 12 Mev), in agreement with 
the predictions of the direct-interaction hypothesis.” 
Smooth curves drawn through the inelastic scattering 
cross section data points and extrapolated to 180° were 
integrated from 40° to 180°. This integration gave the 
values listed in Table I. Although a direct comparison 
is not possible, these values are somewhat higher than 
would be estimated from the data of Graves and 
Rosen. 
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It is of interest to know whether the thermal-neutron scattering lengths of Cu® or Cu® are significantly 
different from natural copper. From measurements of the intensity of the (111) reflections of natural and 
isotopically enriched samples, the scattering lengths of Cu®, Cu®, and natural Cu are found to be 
(+0.6724-0.015)X 10-” cm, (+1.109+0.019) XK 10-2 cm, and (+0.790+0.023) X10~” cm, respectively. 

The incoherent and absorption cross sections for Cu® and Cu® are deduced from the values of the cross 
sections of Cu® and natural copper. The (spin) incoherent cross sections of the two isotopes are zero within 
the accuracy of the data and the incoherent cross section of natural copper is 0.4004+0.1416 barn. The 
absorption cross sections for Cu®, Cu®, and natural Cu are (2.512+0.058)A, (1.459+0.144)A, and 
(2.1728+0.0182)\ barns, respectively, where \ is in angstroms. 


INTRODUCTION 


HE study of short-range order in the brasses is of 

fundamental interest but is made difficult by the 
similarity of the scattering powers of copper and zinc 
for both x-rays and neutrons. Therefore, the authors 
were motivated to determine whether the neutron 
scattering lengths of Cu® and Cu® were significantly 
different from natural copper. 


SAMPLE PREPARATION 


Two lots consisting of 99.2% Cu®, 0.8% Cu®, and 
98.3% Cu®, 1.7% Cu® in the oxide form were obtained 
from the Stable Isotope Division of the Oak Ridge 
National Laboratory. The oxides were crushed to pass 
a 270-mesh sieve, and metallic briquettes in the form of 
sintered disks 0.85 in. in diameter by 0.20 in. long were 
made by reducing the oxide in a grade 60 porous 
graphite crucible at 400°C for 2 hours. Briquettes of 
natural copper were prepared in the same way from 
Bakers’ and Adamson reagent grade CuO wire. A 
nickel powder standard was prepared by filling a 
nickel tube 0.875 in. in diameter (0.0006-in. wall) with 
Mathieson Company 200-mesh nickel powder. 

A copper briquette was examined with x-rays for 
preferred orientation. The diffraction pattern of the 
briquette surface was in excellent agreement with that 
of a random powder sample. The briquette was broken 
and examined for completeness of reduction, and it was 
concluded that the method of sample preparation was 
satisfactory. 


DETERMINATION OF SCATTERING LENGTHS 


The neutron scattering lengths of Cu®, Cu®, and 
natural Cu were determined relative to Ni by comparing 
the (111) reflections according to the relation!: 


P/Io« N,?b?(sin@ sin20)-'M (Vp'/p)A (0)e?", 
t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
*Permanent Address: 
Hoboken, New Jersey. 
1G. E. Bacon, Neutron Diffraction (Oxford University Press, 
London, 1955), pp. 89-98. 


(1) 
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where P=number of neutrons diffracted into the 
counter per unit time, 7>=number of neutrons in the 
incident beam crossing a unit area per unit of time, 
N,.=number of unit cells per cm*, )=scattering length, 
6= Bragg angle, M= multiplicity, V= volume of sample 
in beam, p’=measured density, p=theoretical density, 
A(6)=absorption factor, and 2W = Debye-Waller tem- 
perature factor. 

Care was taken to insure that the same portion of the 
incident beam was intercepted by all samples. The 
briquettes were stacked on top of one another to form 
a cylindrical sample. The beam was wider than the 
diameters of the samples and its height was constant 
throughout the experiments and less than the height 
of the briquettes. The beam passed through a fission 
counter before falling upon the sample in order to 
determine a number proportional to Jo. 

Values for the mass absorption coefficients were 
determined from the transmissions through a briquette 
of Cu®, Cu®, natural Cu, and the nickel standard. 
Appropriate corrections were made for half-wave- 
length contamination in the neutron beam. The mass 
absorption coefficients so determined were, respec- 
tively, 0.07390-+0.00627 , 0.08516+0.00653, and 0.19321 
+0.00270 cm? g~! for Cu®, natural Cu, and Ni for a 
wavelength of 1.076A, and 0.21939+0.00628 and 
0.20714+0.00194 cm? g~! for Cu® and Ni for a wave- 
length of 1.071 A. Changes in instrumentation were 
made between the measurements on natural Cu and 
Cu® and those on Cu®. 

A (6), the absorption factor for cylindrical specimens,’ 
depends upon the linear absorption coefficient, u:, and 
the radius of the specimen R. The densities of the 
briquettes and the nickel powder were obtained from 
their weight and physical dimensions. For each bri- 
quette and the nickel powder, the values of uR, A (8), 
and the product Vp’A(@) were obtained. Vp’A(@) was 
summed for the briquettes and a summary of these 
quantities is given in Table I. 

The neutron diffractometer scanned continuously at 
$° in 20 per hour. The counter and monitor printed out 


: A. J. Bradley, Proc. Phys. Soc. (London) 47, 879 (1935). 
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TABLE I. Summary of significant quantities in calculating Vp’A (6). 
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Sample 


‘u® No. 
‘u® No. 


u® No. : 


‘u® No. 


‘u No. 
u No. : 
‘u No. 
su No.5 
‘u No. 


Ni 


Cu® No. 


Cu® No. 
Cu® No. ; 


Cu® No. 


uiR 


0.32941 
0.34471 
0.32795 
0.30882 


0.43137 
0.40943 
0.44336 
0.42693 
0.43501 


1.05923 


0.70507 
0.74076 
0.72176 
0.61153 


A(@) 


Vp’A (6) 





A=1.076A 


0.5763 
0.5621 
0.5775 


0.5964 


Total=17.037 +0.630 


0.4898 
0.5069 
0.4804 
0.4931 
0.4868 


Total= 15.869 +0.841 
7.2225+0.146 


0.2040 


A=1.071 A 


0.3180 
0.3008 
0.3098 
0.3680 


3.5259 
4.6089 
4.6106 
4.2918 


1.2325 
3.9602 
3.7779 
3.8946 
3.0041 


0.8681 
2.2776 
1.5378 
2.2805 
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TABLE IT. Values of P/Jo for Cu®, Cu®, natural Cu, and Ni. 





Sample 


P(111)/Io 





Cu® 
Cu® 
Cu® 
Mean 


Cu 
Cu 
Mean 
Ni 
Ni 
Mean 


Cu® 
Cu® 
Mean 


Ni 


A=1.076A 


1.0956 
1.1026 
1.1076 
1.1019+0.0040 


1.3761 
1.4122 
1.3941+0.0055 


1.2107 
1.2229 
1.2168+0.0074 


A=1.071 A 
.7692 
T7917 
.7805+-0.00637 


1462 


P(200)/Io 


0.61936 
0.58885 


0.60410 
0.75393 
0.75393 
0.69807 


0.70796 
0.70302 


Total= 6.964 +0.1862 


Ni 1.18226 0.1595 5.9961+0.1159 


at 0.1° in 26, and no counts were lost. More than one 
run was taken for each sample and in several runs the 
(200) reflection was included. The values P/Jo sum- 
marized in Table II are the integrated reflections 
appropriately normalized by the fission-counter monitor. 

From the values of P(111)/Io, Vp’A(6), the Debye 
temperatures (Cu=320°K, Ni=400°K),* the scattering 
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Fic. 1. Cross section of Cu® vs wavelength. 


3R. W. James, The Optical Principles of the Diffraction of X-rays 
(G. Bell and Sons Ltd., London, 1954), p. 221. 


Ni 1.1192 
Mean 1.1327+0.00614 


length of nickel (6y;=1.03X10~-" cm), and Eq. (1), 
the scattering lengths of the Cu®, Cu®, and natural 
Cu samples were found. Solving the set of equations 


0.992b(Cu®)+0.0086(Cu®) 

= (0.6751+0.0144)X10-" cm, (2) 
0.0176(Cu®)+0.983b(Cu®) 

= (1.1015+0.0185) 10-2 cm, 


we find 6(Cu®) = (+0.672+0.015)K10-!? cm, 6(Cu®) 
= (+1.109+0.019)10-!? cm, and from direct meas- 
urement 6(Cu) = (+0.790+0.023) X 10-" cm. The prin- 
cipal sources of error were in the absorption factors, 
densities, and counting statistics, in that order. The 
standard deviations quoted include the estimate of 
these errors only, and not the possible error in the 
scattering length of Ni or other physical constants. 


DETERMINATION OF THE TOTAL CROSS SECTION 
FOR SLOW NEUTRONS 


The total cross section of Cu® as a function of neutron 
wavelength was measured at seven selected points 
between 4.5 and 8.0 angstroms on a nuetron spec- 
trometer. The four Cu® briquettes were placed one 
behind the other, the beam traversing them axially, and 
the transmission of the four was 1/e near the middle of 
the region investigated. The half-wavelength contami- 
nation passed by the magnetite monochromator was 
held to a minimum by suitable filter arrangements, and 
at no time did it exceed 0.8%. Precautions were taken 
to insure that the counter intercepted the full beam 
leaving the sample and that no decrease in transmission 
resulted from small-angle scattering. In order to 
minimize the effect of fluctuations in pile flux, measure- 
ments of transmitted and incident beams were made 


4C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 





NEUTRON 
with the sample periodically in and out of the beam. 
Approximately 100000 counts were recorded for each 
wavelength and the cross sections were calculated from 


1 I,—B, 
or=——n(—*), 3) 
NM To— Bo 


where 7, and Jo are the intensities with the sample in 
and out of the beam, and B, and By are the correspond- 
ing background intensities with the monochromator 
turned out of its reflecting position. The product N71, 
the density of atoms per cm’, was (0.8074+0.0074) 
X10** cm~? for the four Cu® briquettes. 

Neglecting inelastic scattering, the cross section in 
the wavelength region beyond the Bragg cutoff is the 
sum of the incoherent cross section which is independent 
of wavelength, and the absorption cross section which 
depends linearly upon the wavelength.® Figure 1 shows 
our results for the total cross section of Cu®’, and Fig. 2 
shows the total cross section of natural copper obtained 
with the Brookhaven slow chopper.®:? A least-squares 
analysis’ of these data, excluding the last four points 
in Fig. 2, gives oine(Cu)=0.4004+0.1416 barn and 
Oabs(Cu) = (2.1728+0.0182)\ barns, where X is in ang- 
stroms. Using the natural abundances’ of Cu® and 
Cu® and solving 


0.6909¢ as (Cu®)+0.3091oa,5(Cu®) = 2.17340.018, 
0.998 ns (Cu®) +0.008¢ 45s (Cu®) = 2:503+0.057, 


we find oaps(Cu®) = (2.512+0.058)A and oaps(Cu®) 
= (1.459+0.144)\ barns. These values compare favor- 
ably with Pomerance’s values,’” when corrected 
for the latest gold value,'! of (2.487+0.199)\ and 
(1.220+0.097)X barns. 

The incoherent cross section for natural copper can 
be expressed in terms of the spin incoherent scattering 
of each isotope, the isotopic abundances, and the 
scattering length of each isotope": 


5 R. J. Bendt and I. W. Ruderman, Phys. Rev. 77, 575 (1950). 
6D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (U. S. 
Government Printing Office, Washington, D. C., 1955), p. 143. 
7 The original data in reference 6 were supplied by H. Palevsky 
and R. R. Smith (private communication). 
8B. C. Brookes and W. F. L. Dick, /ntroduction to Statistical 
Method (William Heinemann Ltd., London, 1951), pp. 184-199, 
® American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), Table 7b-3. 
10H. Pomerance, Phys. Rev. 88, 412 (1952). 
4 Gould, Taylor, Rustad, Melkonian, and Havens, Bull. Am. 
Phys. Soc. Ser. II, 2, 42 (1957). 
12 Let m, be the fraction of atoms with scattering length 5,, and 
Ma and Mz be the isotopic abundances. Then 
Gine=4{ Lp mpbz?— (Dp mpby)?} =4r{ M 4(b.a2)+ M w(bp?) 
- M aba 2— M p(bpY— 2M4M p(ba)(bp)} 
= 4M a[ (ba?) — (ba) +40 M pl (b a?) —(b8)* ) 
+42M 4M pl(ba)— (ba) P. 
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AND 


Fic. 2. Cross section of natural copper as obtained 
on the Brookhaven slow chopper. 


F ine( Cu) = 0.69099 inc? (Cu®) +-0.3091¢ inc? (Cu) 
+-4(0.6909) (0.3091 )[b(Cu®) —b(Cu®) F. (5) 


From this expression an upper limit can be placed on 
the magnitude of the spin incoherence in natural copper 
and its isotopes. By computing the last term in Eq. (5) 
we find 


0.69096 inc? (Cu®)+0.30916 ine? (Cu®) 
= Cine’? (Cu) = —0.1118+0.1527 barn. 


Within the standard errors of the measurements the 
spin incoherence of copper does not exceed 0.041 barn. 
The measured incoherent cross section of Cu® was 
found to be 0.251+0.30 barn. Thus within the accuracy 
of the measurements the incoherent cross sections of 
Cu® and Cu® can be taken to be zero. 
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Angular distributions of protons corresponding to the ground-state and first excited-state transitions in 
the reaction F'*(a,p)Ne* have been measured for five bombarding energies in the region of 6.0 to 6.55 Mev. 
Angular correlations of the de-excitation gamma ray from the first excited state of Ne* with the alpha- 
particle and proton directions have been measured for six different combinations of bombarding energy 
and proton detection direction. Some, but not all, of the results show striking agreements with predictions 


based on simple direct-interaction mechanisms. 


INTRODUCTION 


HE study of (a,a’) and (a,p) reactions at bom- 

barding energies in the region of a few tens of 
Mev has given strong evidence! for a direct interaction 
mechanism.”:* At lower bombarding energies, it is not 
expected that such clear-cut indications of direct 
mechanisms will be observed because of the increased 
contribution of compound-nucleus processes. However, 
results interpretable in terms of a direct mechanism 
have been obtained at energies between 5 and 10 Mev, 
especially in the B'(a,p)C™ reaction.‘ In the present 
paper we wish to report the results of an investigation 
of the mechanism of the reaction F"(a,p)Ne” in the 
region of 6.0 to 6.5 Mev bombarding energy. 


EXPERIMENTAL DETAILS 


Our experiments consisted of measuring the angular 
distributions of proton groups po and f; corresponding 
to the ground-state and first excited-state transitions 
in F¥(a,p)Ne” as a function of bombarding energy, 
and of measuring several correlations between the alpha 
beam, the protons #;, and the 1.28-Mev gamma ray 
from the de-excitation of the first excited state of Ne”. 

The doubly-charged helium ion beam was produced 
by our Van de Graaff generator. Beam currents of up 
to 0.1 microampere were available in the region of 6 
Mev; the spread in beam energy was about 12 kev. 

Several targets were used; they were obtained by 
evaporating CaF, onto thin nickel foils. Various target 
thicknesses were used; for intensity reasons we used 
mostly targets about 50 kev thick to 6-Mev alpha 
particles. The targets were placed in the center of a 
cylindrical scattering chamber 3 in. high and 4} in. in 
diameter. Protons emerged through a 0.0005-in. Mylar 
window which covered a #-in. slot in the cylindrical 
wall. Protons could be observed at angles from —20 


* Permanent address: Physics Department, Yale University, 
New Haven, Connecticut. 

1H. J. Watters, Phys. Rev. 103, 1763 (1956); R. Sherr and 
M. Rickey, Bull. Am. Phys. Soc. Ser. II, 2, 29 (1957); C. E. 
Ns and N. S. Wall, Bull. Am. Phys. Soc. Ser. II, 2, 181 
(1957). 

2 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

3S. T. Butler, Phys. Rev. 106, 272 (1957). 

4P. yon Herrmann and G. F. Pieper, Phys. Rev. 105, 1556 
(1957). 


to +150 degrees and were detected in a thin NalI(TI) 
crystal, the po and p; groups being adequately separated 
by pulse-height analysis. In the angular distribution 
work we used two different solid angles for the proton 
detector, corresponding to linear opening (full cone) 
angles of 2.0° and 4.2°. A somewhat larger solid angle 
(linear opening angle 11.4°) was used in the angular 
correlation experiments in order to obtain increased 
counting rates. 

The gamma rays were detected in a 2 in.X2 in. 
NalI(TI) crystal mounted with its front face 10 cm from 
the target. All gamma-ray observations were made in 
the plane defined by the alpha-particle and proton 
directions. Here angles from —135 to +135 degrees 
were usable, except that the angle between the two 
counters could not be reduced below 50 degrees. 
Gamma rays emerged either through the Mylar window 
or the thin brass wall of the bombardment chamber. 
A Co® source was used to examine the effects of these 
different absorbing materials and possible target de- 
centering ; the maximum observed variation in counting 
rate with angle was 3%. 

For the correlation experiments a “‘slow-fast”’ coinci- 
dence circuit’ was employed. The proton group ~; was 
selected with a single-channel analyzer for coincidence 
with the gamma-ray counter. The resolving time of 80 
millimicroseconds and the available beam current, 
target thickness, etc., kept the accidental coincidence 
rate to about 5% of the true coincidence rate. The 
slow-fast circuit simultaneously monitored the acci- 
dental counts. The coincidence yield was obtained by 
dividing the number of true coincidences by the number 
of single protons observed in each run. The spectrum 
of gamma rays from the alpha-particle bombardment 
of fluorine contains contributions from Coulomb exci- 
tation, inelastic scattering, and the (a,7) processes, as 
well as the (a,p) reaction. By gating the multichannel 
analyzer with the output of the coincidence circuit, 
only the 1.28-Mev gamma ray, resulting from the decay 
of the first excited state of Ne”, was observed. 

In addition to the above, we also measured excitation 
functions for the production of fo and #; protons in 
the region of 6.0 to 6.5 Mev bombarding energy at 


5G. S. Stanford and G. F. Pieper, Rev. Sci. Instr. 26, 847 
(1955). 
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laboratory observation angles of 0, 45, 90, and 135 
degrees. The same geometry was used as for the 
angular distribution work (the larger solid angle); 
points were obtained at 25- or 50-kev intervals with a 
target 20 kev thick to 6-Mev alpha particles. Although 
this target thickness precluded the possibility of finding 
narrow resonances, it was essentially required by our 
beam conditions. We believe our excitation data are of 
some value for comparison with the angular distribution 
information, in spite of their failure to show detailed 
structure, 


ANGULAR DISTRIBUTIONS 
Theory 


Although any detailed considerations of noncom- 
pound-nucleus mechanisms for the (a,p) reaction must 
be oversimplified, they are nonetheless of some interest. 
Previously, we have discussed (a,p) angular distribu- 
tions solely in terms of the mechanism envisioned by 
Austern, Butler, and McManus,” in which it is sug- 
gested that the reaction takes place by a surface 
scattering or knockout process. The differential cross 
section for such an interaction in the reaction X (a,p)Y 


1S 


da 
« [>> 7:(QR) PF (6). (1) 
dQ l 


Here 7; is the spherical Bessel function of order /. 
The allowed orders are found from the selection rule 


[Jz tJ, +i] mingle Jet+Jyt+i, (2) 


where J, is the spin of the target nucleus, J, is the spin 
of the residual nucleus, and i is the vector sum of the 
spins of the entering and emerging particles. ? must be 
odd if the parity of the residual nucleus differs from 
that of the target nucleus, and even if it is the same. 
Frequently this selection rule limits an actual case to 
just a single allowed value of /; the ground-state and 
first excited-state transitions in F"(a,p)Ne™” are cases 
in point. The argument of the spherical Bessel function 
in (1) is the product of the interaction radius, R, and 
the absolute value of the momentum transfer vector, 
Q. In the surface scattering process (center-of-mass 


system), 
M.—M, M, 
ao a 
M, M, 


where the k’s are the wave vectors of the alpha particle 
and proton. The Bessel function term in (1) is multiplied 
by F(@), a form factor dependent primarily on the free 
scattering amplitude. The work of Austern, Butler, 
and McManus has been revised recently by Butler in 
a paper’ on direct nuclear reactions. This results in a 
somewhat more complicated expression than (1) for 
the expected cross section in an (a,p) reaction ; however, 
the primary angular dependence is still given essentially 
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by a Bessel function term, as in (1). The momentum 
transfer vector, of course, is still given by Eq. (3). 

Although the strong binding of the alpha particle 
argues against the probability of an alpha stripping 
mechanism, it might be considered in analogy to the 
familiar deuteron stripping. In such an (a,p) process, 
the alpha particle would dissociate into a triton and a 
proton, the former being captured by the target nucleus 
while the latter escapes. Neglecting the internal motion 
of the triton, the angular distributions from the process 
would be analogous to those from deuteron stripping. 
Although these distributions have a somewhat different 
form® from Eq. (1), they too are governed primarily 
by the square of the spherical Bessel function of 
appropriate order. Since the argument of the Bessel 
function is again the product QR, where Q now has 
the value 


M, 
Q= k.— peg k,, (4) 


Vv 


the angular distributions resulting from an alpha 
stripping mechanism would be experimentally indis- 
tinguishable from the distributions from a knockout 
process. 

In still another mechanism for the reaction X (a,p)Y, 
the incident alpha particle would be captured by the 
core of the target nucleus while an outer shell proton 
from the latter is stripped off. In principle such a 
heavy-particle stripping’ process can be included, along 
with normal alpha stripping, in a Born-approximation 
calculation by using a final-state wave function for the 
outgoing proton which is antisymmetric in the exchange 
of a proton from the alpha particle and the outer shell 
protons from the target nucleus. The exchange wave 
function also introduces interference between the alpha 
stripping and heavy-particle stripping, an effect which 
may be large below the Coulomb barrier. The differ- 
ential cross section for the heavy-particle stripping 
process alone would be expressible in the form of Eq. 
(1), with the significant difference that the momentum 
transfer vector in this case is given by 


M,. 
Q=—(k.+ k,), (5) 


i] 


Thus the heavy-particle stripping process favors the 
backward direction, and one may thus hope to identify 
the process experimentally. In all three of these direct 
interaction mechanisms, one would not expect any 
considerable change in distribution shape with a small 
change in bombarding energy. 


6S. T. Butler and O. Hittmair, Nuclear Stripping Reactions 
(John Wiley and Sons, Inc., New York, 1957). 

7G. E. Owen and L. Madansky, Phys. Rev. 99, 1608 (1955). 

8G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957); 
T. Fulton and G. E. Owen, Phys. Rev. 108, 789 (1957). See also 
A. P. French, Phys. Rev. 107, 1655 (1957), in which it is shown 
that exchange effects may also be interpreted in such a way as 
to give rise to a forward rather than a backward peaking. 
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Fic. 1. Angular distributions of protons from F"(a,po)Ne”. 
On the ordinate scale, 1000 units correspond approximately to 
1.5 millibarns per steradian. Insert shows approximate behavior 
of total cross section as a function of bombarding energy. 


Concerning the possibility of compound nucleus 
formation, at the bombarding energies employed, the 
excitation of the compound nucleus Na” would be 
between 15.5 and 16 Mev. Although no detailed 
excitation data are available for this region, data at 
lower excitations’ indicate that the average level spacing 
here would be of the order of 50 kev or less. For this 
reason we would not expect to observe the usual 
compound-nucleus fore-and-aft symmetry, since it is 
quite likely that levels of opposite parity will interfere 
and destroy this symmetry. However, if the analysis 
of the distributions requires high powers of cos@ to 
fit the data, penetrability arguments may rule out 
compound-nucleus formation. 


Results 


The results of five angular-distribution measurements 
on proton group fo at various bombarding energies 
between 6.00 and 6.55 Mev are shown in Fig. 1. If we 
were to employ only the criteria used before* concerning 
the change in distribution shape with bombarding 
energy, we should certainly conclude that compound- 


9N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 
(1954) ; Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954). 
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nucleus effects are important in this reaction. This 
conclusion may well be correct, but in addition we note 
the rather striking agreement of the shapes of certain 
of the distributions with predictions based on direct- 
interaction mechanisms. Figures 2 and 3 illustrate this 
point, showing the distributions at 6.25 and 6.40 Mev 
bombarding energy and theoretical curves based on 
Eq. (1), with Q given by Eq. (3). / is uniquely zero 
for the F(a,po)Ne” reaction, and we take F(@) to be 
constant, so the curves are simply [jo(QR) ?. While 
better fits could be obtained in these cases if an isotropic 
background were assumed, it is clear that the main 
features of the distributions are reproduced by the 
theoretical curves. The radius parameter R required 
to obtain the theoretical curve of Fig. 2 is 6.6X10~-" 
cm, while that for Fig. 3 is 5.8X10~% cm. We are 
inclined to pass over the problem of the difference 
between these values, and mention only that a fit to 
the data of Fig. 3 using a radius of 5.2X10~"% cm in 
Eq. (40) of reference 3 produced a curve very nearly 
identical to the [jo(QR) ? curve shown. We cannot, 
however, ignore the problem of why the three other 
distributions shown in Fig. 1 should have shapes more 
or less different from the two singled out in Figs. 2 and 
3. The distributions at 6.00- and 6.10-Mev bombarding 
energy do show some similarities to those at 6.25 and 
6.40 Mev, especially in the forward direction, but the 
one at 6.55 Mev is qualitatively different from all the 
others. The general increase in the backward direction 
shown by nearly all the cross sections may appear to 
be indicative of the existence of a heavy-particle strip- 
ping process. However, estimates based on Eqs. (5) 
and (1) above indicate that (with the partial exception 
of the 6.55-Mev case) the yields change too rapidly 
with angle to be accounted for by the heavy-particle 
stripping process alone. Although a fair fit could 
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Fic. 2. Solid curve is experimental angular distribution in 
F!9(a,po)Ne” at 6.25 Mev. Dashed curve is [jo(QR) ?, based on 
a knockout process. While a better fit could certainly be obtained 
if an isotropic background were assumed, the main features of 
the distribution do appear to be given quite well by the theo- 
retical curve. 
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probably be obtained, we have not tried to fit the 
6.55-Mev data to a heavy-particle stripping process. 

We have attempted to determine whether there is 
any relation between the behavior of the angular 
distributions and the excitation curve for the reaction. 
An indication of the behavior of the total cross section 
was first obtained by integrating the five angular 
distributions; a more or less monotonic decrease of 
total cross section by about a factor of two was observed 
with increasing energy between 6.00 and 6.55 Mev. 
In addition, we have measured four differential exci- 
tation curves, as described above. When a small energy 
shift due to carbon buildup on the target was accounted 
for, the results of the excitation measurements were, at 
common points, consistent with the angular-distribution 
measurements. The shape of the relative total cross 
section is indicated in the insert in Fig. 1. There seems 
to be no simple correlation between the shapes of the 
various angular distributions and the total cross section 
for the process. 

The angular distributions of the proton group p; at 
the same five bombarding energies between 6.00 and 
6.55 Mev are shown in Fig. 4. In this case, from Eq. (2) 
l is uniquely 2. Some of the five distributions have 
shapes which show certain resemblances to predictions 
of direct mechanisms, v7z., those at 6.10 and 6.40 Mev; 
but on the whole, the changes in distribution shape 
with bombarding energy are even more striking than 
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Fic. 3. Solid curve is experimental angular distribution, in 
F9(a,po)Ne* at 6.40 Mev. Dashed curve is [7jo(QR)?, based 
on a knockout process. A nearly identical theoretical prediction 
is made by the latest Butler theory, reference 3. The agreement 
between prediction and experiment in this case is better than 
in any other in this work. 
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Fic. 4. Angular distributions of protons from F!(a,p:)Ne**. 
On the ordinate scale, 1000 units corresponds approximately to 
1.5 millibarns per steradian. Insert shows approximate behavior 
of total cross section as a function of bombarding energy. 


in the case of the po group. In this case, the integrated 
angular distributions and the excitation data show one 
rather broad increase in the total cross section centered 
at about 6.20 Mev, as indicated in the insert in Fig. 4. 

In order to determine whether the compound-nucleus 
theory can provide a satisfactory explanation of our 
results we have resorted to penetrability arguments. 
The ten angular distributions shown in Figs. 1 and 4 
have been analyzed by the method of least squares in 
terms of a power series in cos#; the number of points 
per yield curve made it reasonable to go only to the 
sixth power of cos@. In all cases, the analyses showed 
large coefficients for the high-power terms. Calculation 
of penetrability factors shows that while an angular 
momentum of L=3 is not at all unreasonable between 
the incoming alpha particle and the fluorine nucleus, 
it is not so likely between the outgoing proton and the 
residual neon nucleus. Thus, the consistent prominence 
of high-angular-momentum components in the outgoing 
proton wave argues to some extent against a compound- 
nucleus interpretation for our results. 

To conclude concerning angular distributions: we 
have observed some angular distributions whose oscilla- 





GG, ¥. PTEPER AND 


F, *« | ¢,357! Fit 1.143 P, 








| 1 l i 1 l 


N. PP. HEVYDENBSURG 


F/ =1+.340 P,+.966 P, 


Fic. 5. Correlation 
functions for the F'- 


A ' 1 1 (a,pi)Ne®*(7)Ne® reac- 








30 60 90 120 150 180 


F. 


s* 1+ .714 


P- 1.714 P, 





1 l l 


tion based on an alpha 
stripping mechanism. 
The abscissas of all 
graphs are the angle A, 
and the arguments of 
the Legendre functions 
are cosdy. For other 
details, see text. 


60 90 120 50 180 


Da 
Fo z1+.679 RF 


4- 1.448 Py 


1 1 l 











30 60 90 120 


tory nature is quite strikingly fitted by an appropriate 
order spherical Bessel function. These distributions 
provide prima facie evidence for a direct (surface) 
interaction, although it is not possible to distinguish 
which of several detailed mechanisms is involved. 
Concerning those angular distributions which do not 
show such oscillatory behavior, it has been suggested 
by Butler*® that at low energies contributions to the 
direct reaction from the interior of the nucleus would 
tend to smear out the maxima in the angular distri- 
butions, and that consequently such distributions 
might not show the oscillatory behavior characteristic 
of surface reactions. One can also expect that modifi- 
cations to the simple direct-reaction theory will arise 
due to Coulomb effects, and to the initial- and final-state 
interactions, as well as, in certain cases, to interference 
effects. We should be more inclined to accept some of 
these suggestions in the present case, were it not for 
the considerable change in distribution shape which 
occurred in some instances with a very small change in 
bombarding energy. Such an effect is difficult to account 
for without invoking compound-nucleus processes. This 
sort of result in our proton angular distributions led 
us to investigate the (a,py) angular correlations in the 
hope that they might throw some light on the nature 
of the reaction mechanism. 


ANGULAR CORRELATIONS 
Theory 


If one considers that the F"(a,p:) Ne®*(y) Ne” reac- 
tion takes place by an alpha stripping process, then the 
analysis of the (a,pry) angular correlation is straight- 
forward, since the corresponding (d,py) correlation 


60 90 120 150 180 


has been treated in detail by Satchler,'° and others." 
It is shown that one should observe a correlation 
azimuthally symmetric about the direction of momen- 
tum transfer, Q, as given (in the center-of-mass 
system) by Eq. (4). In the laboratory Q becomes just 
(M,/M,)(Kka—k,), so it is clear that its direction 
corresponds simply to the direction of the recoiling 
Ne”*. The situation is the same as if one were investi- 
gating a (,y) capture reaction, except here the direction 
of the “triton beam” is specified by the directions of 
the alpha beam and the observed protons. Since all the 
necessary quantum numbers for the F!(t,y)Ne” are 
known in our case, the correlation function, W(A,), is 
directly obtainable: the spins of the triton and the 
fluorine nucleus are each 3+ and that of the inter- 
mediate Ne”* is known to be 2+; thus the relative 
orbital angular momentum between the captured triton 
and the fluorine nucleus must be 2 regardless of whether 
the incoming channel spin is 0 or 1. The outgoing 
gamma ray is of the £2 type and the final Ne” state 
has spin 0+. Therefore, since incoming channel spins 
add incoherently, the correlation function is given 
simply by” 


W(A,)=AFo(Ay)+ BFi(A,), (6) 


where Fo is the correlation function for channel spin 0 
and F, that for channel spin 1; A and B measure the 
formation probability of channel spins 0 and 1, respec- 


10G. R. Satchler and J. A. Spiers, Proc. Phys. Soc. (London) 
A65, 980 (1952); G. R. Satchler, Proc. Phys. Soc. (London) A66, 
1081 (1953). 

1 Biedenharn, Boyer, and Charpie, Phys. Rev. 88, 517 (1952); 
L. J. Gallaher and W. B. Cheston, Phys. Rev. 88, 684 (1952). 

12 Kraus, Schiffer, Prosser, and Biedenharn, Phys. Rev. 104, 
1667 (1956). 
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tively. The angle \, is that between the direction of 
the observed gamma ray and Q. The correlation func- 
tions Fy and F, are given explicitly and graphically in 
Fig. 5. Also given in Fig. 5 are functions Fo’ and Fy’; 
these are the smeared" correlation functions appropriate 
to the solid angles subtended by the detectors used in 
our experiment. Thus if the alpha stripping process 
correctly describes our experiment, our observed 
correlations should then be given by 


W'(\y)=AFo'+ BFY, (7) 


with A and B as adjustable parameters. 

The angular correlation to be expected in the event 
that the reaction proceeds by an (a,p) knockout 
process may be treated following the approach of 
Satchler™ to the problem of gamma radiation following 
the surface scattering of nucleons. In the present case, 
the problem is complicated by interferences, since the 
proton can be ejected from an s; orbital with the 
alpha particle entering as a d wave, or from a d; or ds 
orbital with the alpha particle being captured in an s 
state. Furthermore, the work of Elliott and Flowers!® 
has shown that there is a good deal of configuration 
mixing in the ground state of F’, and thus the corre- 
lation function can neglect none of these three possi- 
bilities for the proton; it must contain appropriate 
amplitudes for each orbital, including the probability 
that the alpha particle can knock the proton out of 
the orbital. Although these considerable complications 
are sufficient to prevent our determining the correlation 
explicitly in the knockout case, we may still make use 
of certain characteristic symmetries which Satchler 
has shown to be exhibited in the general case, namely, 
that the angle dependence consists of even powers of 
cos\,, where A, is the angle between the gamma ray 
and the momentum transfer axis, Q. [Q is given in 
this case by Eq. (3); its direction is again that of the 
recoiling Ne**. ] Thus, if the knockout process correctly 
describes our experiment, we may expect the correlation 
to show symmetry about the plane perpendicular to 


TABLE I. Directions of momentum transfer (in the laboratory 
system) for various direct-interaction mechanisms. All directions 
are specified in terms of a polar angle 6 with respect to the beam 
direction and an azimuthal angle ¢. The proton direction always 
lies in the ¢,=0° plane. 


Proton Alpha stripping and Heavy-particle 
direction knockout process stripping 
Op op OR OR ou 


0° 


0° 0 
40° 0° ‘ 180 


90° 0° : 180° 
140° 0° 180° 

0° 0° 
70° 0° 180° 





13M. E. Rose, Phys. Rev. 91, 610 (1953). 

4G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 

15 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 
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Fic. 6. F(a,p:) Ne®*(y)Ne*” angular correlations at 6.40 Mev 
bombarding energy, for proton detection angles, 6), of 0°, 40°, 
90°, and 140°. The solid curve in each correlation represents one 
particular (not unique) prediction of the alpha stripping mecha- 
nism [A/B=1.5 in Eq. (7)]; it is included to show that the 
results at 6,=0°, 40°, and 140° show the symmetries with respect 
to 6x predicted by the alpha stripping and knockout mechanisms, 
while the data at 6,=90° do not show these symmetries. The 
inserts are the /; proton angular distribution (laboratory system) 
at 6.40-Mev bombarding energy and a diagram of some of the 
directions involved in the reaction and its analysis. 


the recoil direction as well as azimuthal symmetry 
about this direction. These, of course, are the very 
symmetries shown in Eq. (7) so we shall be unable to 
distinguish between the knockout and alpha stripping 
mechanisms on this basis. 

In the case of a heavy-particle stripping process, the 
(a,pvy) correlation can be shown to be azimuthally 
symmetric about the direction of momentum transfer, 
just as in the two other surface interaction mechanisms. 
In the heavy-particle case, however, this direction is 
not that of the recoil Ne”*, since Q is now given by 
Eq. (5). In the laboratory, the direction is given by 
k.+[M./(M:—M,) |ky. The explicit correlations have 
not been determined for the heavy-particle process; 
however, the unique symmetry direction should help 
to distinguish the mechanism. 

The angular correlation to be expected in the event 
that the reaction proceeds entirely by compound- 
nucleus formation can in principle be determined from 
the summary of Kraus ef al." The situation is made 
difficult in the present case by a lack of knowledge of 
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Fic. 7. Comparison of some of the angular correlation data 
shown in Fig. 6 to the prediction of the alpha stripping mechanism 
with pure j= triton capture. The experimental points are taken 
from the correlations at 6,=40° and 140°; W, is the least-squares 
fit to these data. Wy’ is the theoretical prediction, adjusted for 
the detector geometry used in the experiment. The angle ), is 
measured between the direction of the gamma ray and the 
direction of momentum transfer (in this case the direction of the 
recoil nucleus Ne”*). The data have been compressed into one 
quadrant by making use of the symmetry about the plane Ay = 90°. 


the properties of the compound state or states in Na™. 
However, whatever symmetries might result in the 
compound-nucleus case would be with respect to the 
incoming and/or outgoing particle directions; it has 
been emphasized by Biedenharn" and Satchler" that 
the momentum transfer axis Q has no special signifi- 
cance in compound-nucleus processes. 


Results 


We have measured six (a,pry) correlations, four at a 
bombarding energy of 6.40 Mev, for proton detection 
angles of 0°, 40°, 90°, and 140°, and two at 6.10 Mev, 
for proton detection angles of 0° and 70°. The directions 
of momentum transfer for these six cases for the 
various direct interaction processes are summarized in 
Table I. 

The rather striking agreement of some of our 6.40- 
Mev data with the symmetry predictions of the alpha 
stripping and knockout mechanisms will be clear from 
Fig. 6. The failure of all the data (except the trivial 
case of 6,=0°) to fit the symmetry predictions of the 
heavy-particle stripping mechanism or the limiting 
possibilities for the compound-nucleus process is also 
evident. The same theoretical curve has been drawn in 
each of the four correlations in order to facilitate 
comparison between them; it was obtained from Eq. 
(7) by taking the ratio A/B=1.5. The results for 
6,=0°, 40°, and 140° all fit the curve fairly well, 
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although when considered individually they can be 
made to fit theoretical curves based on somewhat 
different A/B ratios even better (e.g., at 6,=40°, an 
A/B of 1.9 gives a notably better fit). The ratio A/B 
= 1.5, when translated from the channel-spin formalism 
into a “j formulation,” corresponds to pure j=$ 
triton capture. How well some of our data fit this 
possibility is shown in Fig. 7 in which a least-squares 
fit to the data taken at 6,=40° and 140° is compared 
to the j= triton capture prediction. Thus if one were 
to place credence in this prima-facie evidence for the 
alpha stripping process, the result shown in Fig. 7 
would be of significance with regard to the j-j coupling 
shell model. It is perhaps superfluous to add that we 
do not necessarily interpret these results as indicative 
of the existence of an alpha stripping mechanism as 
opposed to a knockout process. We have simply com- 
pared our experimental results to whatever theoretical 
predictions we could obtain. It is unfortunate that the 
complications of the reaction chosen have prevented a 
more detailed comparison of our results to the predic- 
tions of the knockout process. 

The correlation observed at 6,=90° is interesting 
because it apparently is the only one which does not 
fit the same general shape as the others at 6.40 Mev. 
It may be possible to relate this effect to the fact that 
the proton angular distribution has a minimum at 90°; 
possibly the forward peak (at 40°) in the ; distribution 
is due to one interaction mechanism and the backward 
peak to another mechanism; we observe normal corre- 
lations when we take protons corresponding to the one 
or the other mechanism, while interference effects 
destroy the correlation in between. 

The results of our two angular correlation measure- 
ments at 6.10 Mev bombarding energy are shown in 
Fig. 8. Here the symmetry with respect to @z shown 
by much of the 6.40-Mev data is definitely absent in 
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Fic. 8. F8(a,p;)Ne**(y)Ne® angular correlations at 6.10-Mev 
bombarding energy, for proton detection angles, 0, of 0° and 70°. 
The inserts are the f; proton angular distribution (laboratory 
system) at 6.10 Mev bombarding energy, and a diagram of some 
of the directions involved in the reaction and its analysis. 
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the 6,=70° case and probably absent at 6@,=0°. 
Furthermore, in the case of the 70° data, there is no 
evidence for any symmetry with respect to the beam 
direction, 6,, or 0. It appears from this result that 
compound-nucleus processes play a predominant part 
in the reaction at 6.10 Mev; in any event, the character 
of the correlations at 6.10 Mev is quite different from 
that of the 6.40-Mev results. 


CONCLUSIONS 


The results of our (a,py) angular correlation experi- 
ments have not decided the issue of the reaction 
in favor of any single one of 


mechanism in F!*(a,p)Ne” 
the processes we have considered. They have, in fact, 
presented the same sort of conflicting evidence as the 
proton angular distributions, in that both experiments 


show in some cases striking agreements with the 
predictions of quite simple direct-interaction mecha- 
nisms, while in other cases there are evident disagree- 
ments with these predictions. We are unable to explain 
this behavior in detail; our inability to relate the 
apparent rapid changes with energy of the reaction 
mechanism to the total cross ‘section is especially 
puzzling. Further angular correlation experiments, 
especially as a function of bombarding energy, should 
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throw additional light on this problem. It seems clear, 
however, that both direct-reaction mechanisms and 
compound-nucleus processes are needed to explain our 
results. This is hardly surprising, since, as many 
authors!® have pointed out, we may expect to observe 
features of both the extremes of compound-nucleus 
formation and direct interaction in an actual reaction. 
The present cases are perhaps distinguished for the 
clarity with which evidences for direct interactions 
appear, at a somewhat lower bombarding energy than 
usual. 
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We have calculated the photodisintegration of the deuteron in the medium energy range using the 
Gartenhaus wave function for the deuteron and the Gartenhaus plus spin-orbit wave functions for the 
final states. The results are in good agreement with experiment. It is shown that the cross sections are 
sensitive to the triplet odd scattering phase shifts and the D-state probability, but rather insensitive to the 
detailed shapes of the wave functions. The results indicate that it is not necessary to relinquish Siegert’s 
theorem in order to explain the large isotropic term in the angular distribution in this energy region, provided 


~ 


one assumes a rather high percentage of D state (7%) for the ground state of the deuteron. 


1. INTRODUCTION 


HE photodisintegration of the deuteron in the 
medium energy range (20 Mev<F,<100 Mev) 

is for the most part an electric dipole transition from the 
ground state of the deuteron to the continuum states of 
the n-p system. If only central forces are considered to 
operate between the neutron and the proton, the differ- 
ential cross section is predicted to have the usual sin’@ 
form. The presence of a substantial isotropic component 
of the cross section in the energy region under con- 
sideration would seem to imply the operation of non- 


central forces. Attempts to take into account the effects - 


of noncentral forces on the n-p wave functions have not 
been too successful! and have led Wilson’ to argue for 
the importance of virtual pion transitions and Austern® 
to question the validity of the Siegert theorem.** 
Recent work by Signell and Marshak‘ and by Gammel 
and Thaler® has led to two-nucleon potentials which fit 
very well all of the single and double scattering data up 
to 150 Mev.® We have used the SM potential to calcu- 
late the photodisintegration of the deuteron. We assume 
that the Siegert theorem holds and we simply insert the 
wave functions which were computed by Signell and 
Marshak into the expression for the transition proba- 
bility. We use the Gartenhaus wave function’ for 
the ground state of the deuteron and the modified 
Gartenhaus wave functions (which are derived from a 
combination of Gartenhaus and spin-orbit potentials‘) 
for the final triplet odd-parity states of the n-p system. 
De Swart ef al.’ have shown that the spin-orbit force is 


* Assisted in part by the International Business Machines 
Corporation. 

1 See J. Bernstein, Phys. Rev. 106, 791 (1957). 

2R. R. Wilson, Phys. Rev. 104, 218 (1956). 

3.N. Austern, Phys. Rev. 108, 973 (1957). 

38 Compare A. J. F. Siegert, Phys. Rev. 52, 787 (1937) and 
N. Austern and R. G. Sachs, Phys. Rev. 81, 710 (1951). 

4P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
109, 1229 (1958). 

5 J. Gammel and R. Thaler, Phys. Rev. 107, 291 (1957). 

6 At 150 Mev, the recent Harwell triple scattering experiments 
which measure the D function give much better agreement with 
the SM than with the GT potential [A. E. Taylor (private 
communication) ]. 

7S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

8de Swart, Signell, and Marshak, Nuovo cimento 6, 1189 
(1957). 


essential for the triplet odd-parity states but can be 
omitted for the triplet even-parity states (e.g., the 
deuteron). 

In Sec. 2 we write down the fundamental equations, 
in Sec. 3 we present the results of the calculation, in 
Sec. 4 we give an approximate calculation, and finally in 
Sec. 5 we discuss the results. 


2. FUNDAMENTAL EQUATIONS 


Assuming that the Siegert theorem holds, the cross 
section for the photodisintegration of the deuteron, 
when we take into account only the electric dipole 
transition, is given by 


do e Mwk 
—=— ——§{|D |"), (1) 
dQ he 16rh 


D= fv *e. nV odr, 


M = nucleon mass, e= polarization direction of the inci- 
dent y ray, w= angular frequency of the y ray, k= wave 
number of the final »-p system, and r=r,—r,= relative 
coordinate. The angular brackets indicate that the sum 
is to be taken over the final states and the average over 
the initial states and polarizations. 

The deuteron wave function is 


where 


u(r) wi(r) 
VY Y4= N = You Mit 
r r 


You }, (2) 


where u(r)—e~°" outside the potential. Here Yzss™ are 
the normalized eigenfunctions for the total angular 
momentum J, orbital angular momentum JZ, total spin 
S, and total angular momentum component in z direc- 
tion M. R=1/a= radius of the deuteron = 4.3154X 10" 
cm. We can relate NV to the triplet effective range 
ror=1.70X 10% cm by 


2 j 
v-( ee ) =0.87X (10-" cm)~?. 
R— 11 


V,.“ is the scattering solution corresponding to an 
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incoming wave so that 


VOM’ = ¥ {40(2L4+1)}! expl—i(6.7—3L7) ] 
LJ 


vpa(kr) ’ , 
pd —Comem!™4Yris™’, (3) 
kr 


where v,,(kr)—sin[ kr+6,7—L (2/2) ] when r>. 
Equation (1) can be rewritten in the form 


da/dQ=a+b sin’#. 
We define now the quantities® 


L;=A;+c7;, (i=0, 1, 2), 


® 


Lr=}2ha f wrsordr, 
0 


nr 


Ama f uv, ,rdr, 
0 
2 
raf w?,,rdr, 
0 


’ 


where 


and 


We get for the coefficients in the cross section (4) 


a=[ B(k)/36 |{4Le—8LoL2 cos(69—b2)+9L7 
— 182,12 cos(6;— 52) +13L2+18L pr? 
—121}.oL r cos(69—6r)+18L,L r cos(6;—5r) 
—O6LoL r cos(62—6r)}, (8) 


b=[B(k)/24 ]{8LoL2 cos(69— 52) +317 
+182 ,1 cos(6;—62)+7L2+12L r? 
+122 ol r cos(69—dr)—18L,L er cos(6;—5r) 
+6LoLr cos(62—5r)}, (9) 


1 & Mw 
— ——N?R’, 


=— (10) 
12hc hk 


B(k) 


Here the subscripts 0, 1, 2 refer to the *Po, 1,2 states and 
F refers to the *F» state. 

In the derivation we have neglected the mixing of the 
3P. and *F2 states due to the tensor force. We can write 
the total cross section as 


or=[4eB(k)/9] Le +3L2+5Le2+ (15/2)Le]. (11) 


3. CALCULATIONS 


The amplitudes 1 have been calculated numerically 
using the Gartenhaus wave function for the deuteron 
and the Signell-Marshak (SM) potential to calculate the 
functions v and the phase shifts. Actually, a core of 9 
Bev up to r=0.55X10~-" cm (ur=0.39) has been in- 


® We use Austern’s notation, reference 3, 
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TABLE I. Photodisintegration parameters. * 


Photon energy 
5o 11.57 
6, — 19.16 
2 10.8 
— 1,38 
0.128 
0.243 
0.154 
0.069 
0.099 
o 0.078 
Lo 0.030 
L, 0.313 
Ls 0.143 
Lr 0.123 
Lu 0.177 


80 Mev 53.5 Mev 


0.349 
0.264 
0.109 
0.128 
0.115 
0.086 
0.439 
0.248 
0.138 
0.290 


0.206 
0.192 
0.204 
0.412 
0.866 
0.682 
0.148 
0.735 


® The phase shifts are in degrees, the amplitudes in units of 10-" cm. 


serted in the original SM potential* to eliminate a 
bound *P, state. Moreover, the coupling term between 
the *P, and °F, state has been removed. It has been 
shown‘ that this has very little effect on the phase shifts 
(and therefore on the scattering cross section). But it is 
necessary to make these changes when the wave func- 
tion itself is to be used. 

Calculations have been performed for energies corre- 
sponding to -p scattering in the laboratory at 150 Mev, 
100 Mev, and 40 Mev and hence for y-ray energies of 
80 Mev, 53.5 Mev, and 22.4 Mev, respectively. The 
results are given in Table I. 

To show the importance of the various transitions, the 
coefficients a and 6 and the total cross sections o7 have 
also been calculated neglecting certain of the transitions. 
The results are given in Table II together with the 
experimental results.'° 

For comparison we give the values predicted on the 
basis of the theory of Schiff, Marshall, and Guth" using 
the Hulthén wave function for the deuteron and no 
interactions in the final states. 

It is evident that the agreement of our theory with 
experiment is excellent and it is clear that the inter- 
ference of the *F, with the *P states is essential to 
achieve the good agreement.’ Without the *F2 transi- 
tion, the isotropic part of the cross section would be 
too small (and the sin*@ part would be too large). 


4. APPROXIMATE CALCULATION 


It seems worth while to examine in greater detail how 
the large isotropic contribution to the differential cross 
section is achieved. To do this we look at an approxi- 
mate expression for a. If we set the cosines of the phase- 


10 The experimental results are taken from the review article of 
L. Hulthén and M. Sugawara, Handbuch der Physik (Springer- 
Verlag, Berlin, 1957), Vol. 39, p. 129; Lew Allen, Jr., Phys. Rev. 
98, 705 (1955); Whalin, Schriever, and Hanson, Phys. Rev. 101, 
rE gal J. Halpern and E. V. Weinstock, Phys. Rev. 91, 934 
(1953). 

1L. I, Schiff, Phys. Rev. 78, 733 (1950); J. F. Marshall and E. 
Guth, Phys. Rev. 78, 738 (1950). 





Photon energy 


Exp. 


a 


4.8+0.8 


4.1 
0 
0.4 


Lo 


Dt 
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TABLE IT. Photodisintegration cross sections.*® 


22.4 Mev 
b 


47+8 


Manu 
NmwNWNS 


oT 


465+50 
470 
460 
442 
453 


53.5 Mev 
b 


541.5 


So | 


pk 
NRMMmnme SO 


oT 


140+15 
147 
107 
110 
126 


a 


4540.8 


4.1 
0 
0.56 
1.4 


80 Mev 
b 


3.9+0.6 
4.3 


5.8 
5.6 


6.0 


or 
88+ 10 
88 
48 
54 
68 


® Cross sections in wb. 
> From the theory of reference 11. 


shift differences equal to 1, we get for a and b: 


q= [ B(k) 36 }{4\ Le— Lot 3Lr)? 
+9(L,—L2.+Lr)*}, 
b=¢B(k){Li+3Ly+SLe+ (15/2)L *} — 3a. 


(12a) 


(12b) 


We see that large a can be achieved if L2.—Z» and 
L,—Lz are sufficiently large and positive. 

To see how the differences between the amplitudes L 
arise, we consider the transitions separately. 


5S, Po 1,2 Transitions 


Outside the potential, the final-state wave functions 
are given by 


vrs (kr) =kr{cos6r771(kr)—sindzynr(kr)}. (13) 


We replace ‘‘outside the potential” by 
sis j tan. 


where n= 1.41X10~-" cm (=Compton wavelength of + 
meson). We choose for r<yu 


vis(kr)=krjr(kr) cosérs. (14) 


This is, of course, an arbitrary choice. In particular, the 
wave function inside the potential is not correct, but the 
contributions to the integrals A from the inside are 
rather small, so that it is a reasonable approximation for 
the amplitudes under consideration. 

The expression for A; becomes 


A;=A cosé;—B siné,, (15) 


where 


D 


A =at f uji(kr)rdr, 
0 


x 


B=ak f un, (kr)r'dr. 


+ 


(16a) 


(16b) 


The integrals A and B are solved using for the S-state 
wave function of the deuteron the Gartenhaus wave 
function’? and the Hulthén wave function 


(17) 


Here 8 is slightly dependent on the D-state probability 
and we take the value 8= 1.340 10*" cm. Our expres- 
sion for A reduces to the amplitude Ly, given by Schiff, 
Marshall, and Guth" if the phase shifts reduce to zero 
and we use (17) to calculate A. 

Substituting the approximate values in (15) and using 
our phase shifts, we get the results listed in Table ITI. 
We see that the agreement is extremely good. The 
differences at high energies between these approximate 
values and those calculated with the Gartenhaus wave 
function and the SM potential are presumably due 
chiefly to the effects of the repulsive spin-orbit potential 
in the *Po state. From (15) we see too, that a large 
positive A,;—A, and not large negative Az—Ao can be 
reached only if 69 and 62 are positive and 6, is negative. 
This requires a long-range repulsive tensor potential. 
Use of the Hulthén wave function for the deuteron 
instead of the Gartenhaus wave function proves that the 
isotropic part of the cross section is not very sensitive to 
the S-wave part of the deuteron wave function. At 


uy=e~*" —e-F, 


TABLE III. Approximate parameters. * 


Photon energy 


I 





53.5 Mev 80 Mev 
II II 





0.290 
0.216 
0.234 
0.336 
0.250 
0.016 
0.086 


0.097 
0.717 
0.741 
0.724 
0.007 
0.017 


0.089 
0.705 
0.728 
0.713 
0.008 
0.015 


0.731 
0.711 
0.007 
0.020 


0.17 0.191 
0.2( 0.200 
0.133 0.146 
0.233 0.246 
0.136 0.150 
0.003 0.004 
0.097 0.096 


0.298 
0.203 
0.245 
0.340 
0.260 
0.015 
0.080 


0.128 
0.243 
0.154 
0.026 
0.089 


0.240 
0.349 
0.264 
0.024 
0.085 


® The amplitudes are in units of 10—% cm. Values I are calculated using the Hulthén wave function for the deuteron. Values II are calculated using the 
Gartenhaus wave function for the deuteron. Values III are the corresponding values from Table I. 
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OF DEUTERON 


TABLE IV. Approximate parameters. * 


22.4 Mev 
I II I 


0.168 0.200 
—0.016 —().064 
0.207 


0.168 
0.165 0.191 
0.205 


0.169 
0.153 0.148 


Photon energy 


0.077 
0.047 
0.064 
0.086 
0.068 
0.123 


0.206 
0.192 
0.204 
0.148 


80 Mev 
II 


0.088 
0.055 
0.075 
0.101 
0.076 
0.123 


53.5 Mev 
II I 
0.121 
0.035 
0.110 
0.126 
0.114 
0.139 


0.046 
0.049 
0.044 
0,059 
0.044 
0.103 


0.109 
0.128 
0.115 
0.138 


0.099 
0.078 
0.123 


® The amplitudes are in units of 10-3 cm. Values I are calculated using the Feshbach-Schwinger D-state wave function corresponding to 3.7% D state 


for the deuteron. Values II are calculated using the Gartenhaus D-state wave function corresponding to 6.7 


corresponding values from Table I. 


higher energies, however, use of the Hulthén wave 
function will reduce the total cross section. 


°D,—'P»,;,. Transitions 


At first sight, one should expect these amplitudes to 
depend rather strongly on the D-state probability. This, 
however, is not true for the low-energy region and is only 
partly true for the higher energies. A large contribution 
to these amplitudes comes from the region outside the 
potential (for small energies more than for high ener- 
gies) and hence from the region where the asymptotic 
behavior of the D-state wave function is determined 
largely by the quadrupole moment. The smaller the 
D-state probability, the larger the outside wave function 
has to be. This tends to cancel the reduction in the 
amplitude in the same way as it cancels the reduction in 


the quadrupole moment if one lowers the D-state 
probability. We find that —dI'/dF is the larger, the 
smaller the D-state probability. 

We can also write for these transitions, 


l',=C cosé6;—D siné,, (18) 


Gc -ak f wiil(kr)rdr, 
D= ok f wn, (kr)rdr. 


A 


where 


(19a) 


(19b) 


These integrals have been evaluated using the Garten- 
haus wave function (corresponding to 6.7% D-state 
probability) and the best of the Feshbach-Schwinger” 
wave functions (corresponding to about 3.7% D-state 
probability). The results are given in Table IV. We see 
that the agreement with the “exact” values is again 
good for the Gartenhaus wave function, but that the 
values obtained by using the Feshbach-Schwinger wave 
function are smaller especially at the higher energies. 


’D,\—'*F, Transition 
This transition amplitude is less dependent on the D- 
state probability. This amplitude has been calculated 
"12H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); see 
also R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). We 
wish to thank Professor Feshbach for sending us the wave func- 
tions. 


% D state for the deuteron. Values III are the 


using the same D-state wave functions as before. Be- 
cause the phase shift is very small in this case, we can 
take 


XD 


Lr= r2lak f wj3(kr)r'dr. 


0 


(20) 


The results are also given in Table IV. We see that this 
approximation is excellent for the Gartenhaus wave 
function. 

We can now calculate the values for a, 6, and o7 with 
our approximate expressions for A;, I';, and Lr. It is 
interesting to inquire how we obtain the large isotropic 
cross section. From our formula (12a), we see that two 
quantities are important, L.e., 


t-Etit, 


Because 6) and 62 have the same sign and order of 
magnitude, we see at once that A2—Apo is small. The 
Lo is almost entirely due to the *D,;->'*Po 


and L,—L.+Lp. 


value Lo— 
transition: 


Le- so= Ag— Ao+2}( T'o—0.1T 2). 


We see that the first term in (12a) gets its contribution 
practically only through the interference between the 
transitions from the *D, state to the *Po and *F¢ states. 
This term is especially important at low energies. 

The second term is 


I,- DLotLp=Ay—Agt2 1T,- 31's) +Lrp. 


Because of the phase-shift differences we get a term 
from the interference between the transitions from the 
3§, and °D, states to the *P; 2» and °F» states, which is im- 
portant at high energies. Moreover, we have a term due 
to the interference between the transitions from the *D, 
to the *P; and *F, states, which is important at the 
lower energies. 

Using these approximate values for the transition 
amplitudes and the phase shifts from the SM potential, 
the values for a, b, and or have been calculated. The 
results are given in Table V. We see clearly that the 
values using the Feshbach-Schwinger D-state wave 
function corresponding to 3.7% D state are too small 
everywhere for a, and in the high-energy region for or. 
It should be noted that even virtual pion processes will 
not appreciably improve the agreement with or (if the 
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TABLE V. Approximate photodisintegration cross sections,* in wb. 


22.4 Mev 
b oT 


Exp. . 47 
“Exact” : 50 
Approx. I (6.7%) 
Approx. II (6.7%) 
Approx. III (3.7%) 3. 51 


465 
470 
470 


469 


53.5 Mev 80 Mev 


b 


9.5 a 3. 88 
10.5 % a 88 
10.1 : s 88 

; oe 80 
11 : ; r 75 


* For approx I: Gartenhaus S- and D-state wave functions are used for the deuteron. For approx II: Hulthén S-state and Gartenhaus D-state wave 
functions are used for the deuteron. For approx III: Gartenhaus S-state and Feshbach-Schwinger D-state wave functions are used for the deuteron. The 


“exact” values are the values taken from Table II. 


D-state probability is low) since, according to Austern,’ 
the Lo amplitude will be reduced by such effects. 


5. CONCLUSIONS 


Our calculations indicate that it is possible to achieve 
a detailed understanding of the photodisintegration of 
the deuteron in the medium energy region without 
renouncing Siegert’s theorem or introducing virtual 
pion effects which are not contained in Siegert’s theorem. 
However, it must be emphasized that the Gartenhaus 
wave function which we have used involves a larger 
percentage of D-state probability (~7%) than nor- 
mally assumed." This is not in contradiction with the 
measured electric quadrupole and magnetic dipole mo- 
ments of the deuteron, in view of the still unknown 
relativistic and pion exchange effects and the possibility 
that there may actually be a positive contribution to the 
magnetic moment of the deuteron from a spin-orbit 
potential in the isotopic-spin zero state of the n-p 
system. 

In evaluating the significance of the good agreement 
between our predictions and experiment, it should be 
recalled that we have neglected the tensor coupling 


T,. Hulthén and M. Sugawara, Handbuch der Physik (Springer- 
Verlag, Berlin, 1957), Vol. 39, p. 74. 


between the *P» and °F» final states in addition to 
restricting ourselves to the electric dipole transition. 
The effect of the tensor coupling can be shown to 
actually improve the agreement with experiment. The 
restriction to the electric dipole transition leads to an 
underestimate of a at the lowest energy considered." 
In view of the latest Pennsylvania experiment!® which 
has just been completed and the other experiments on 
deuteron photodisintegration which are under way at 
higher energies (at other laboratories), calculations of 
the magnetic dipole and electric quadrupole transitions 
on the basis of the SM potential have been started and 
will be reported at a later date. 
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The elastic scattering of alpha particles by C™ has been observed for alpha energies between 2.0 and 3.9 
Mev and for @ m. =169°, 149.5°, 140.8°, 125.3°, and 90°. The solid targets of 38.6% C were at least 8 kev 
thick. Energies of both the incident and scattered particles were measured with cylindrical electrostatic 
analyzers. The off-resonance cross sections were normalized to those derived from dispersion theory. Dis- 
persion formalism applied to C'(a,a)C™ and C'(a,n)O' data yields the resonance energies, angular mo- 
menta, parities, and reduced widths of several O'8 levels. The levels of O'8 considered had the following 
resonant energies, parities, and J values: 8.051 Mev (0* or 1-), 8.222 Mev (2*), 8.293 Mev (37), 8.966 Mev 
(> 2+), and 9.0 to 9.2 Mev two levels, either (2*3~) or (4*3>). 


INTRODUCTION 


HE C'(a,a)C"™ reaction creates an O'* compound 
nucleus excited to an energy of 6.238 Mev.' By 
bombarding the C' nucleus with alpha particles from 
2 to 4 Mev, information was obtained about the excited 
states of O'* in the energy range of 7.79 to 9.35 Mev. 
By combining the data from the C'(a,@)C™ reaction 
with the data from the C™(a,z)O"™ reaction,” energy 
levels of the compound nucleus were located; in some 
instances the width of the levels, the angular mo- 
mentum values, and the parity of the levels were meas- 
ured or inferred. The reduced widths of these O'* 
levels were also calculated when sufficient data were 
available. Since both the alpha particle and the carbon- 
14 nucleus have zero spin,’ the reaction is readily 
amenable to analysis by dispersion theory.‘ Conser- 
vation of angular momentum and parity make it 
impossible for the combination of an alpha particle and 
a C nucleus (both of which have zero-spin and even- 
parity ground states) to form an excited state of O'% 
that has odd angular momentum and even parity or 
vice versa. 
APPARATUS AND PROCEDURE 


The entire apparatus used in this experiment is 
shown schematically in Fig. 1. 

The beam of singly-ionized alpha particles from an 
electrostatic generator was deflected by a magnetic 
analyzer to separate beam components of differing 
momenta, and by a cylindrical electrostatic analyzer 
for precision energy measurement. The energy resolu- 
tion of the beam incident on the target was determined 
by means of adjustable slit widths to about +0.05% 
for this experiment. 

The target material supplied to us by the Oak 
Ridge National Laboratory was a mixture of 38.6% 

* Work supported by the U. S. Atomic Energy Commission, 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 142 
(1955). 

2 R. M. Sanders, Phys. Rev. 104, 1434 (1956). 

3 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

4R. G. Sachs, Nuclear Theory (Addison-Wesley Press, Cam- 
bridge, 1953). 


C¥, 0.6% C, and 61.4% C™. In view of the expense 
of this isotope mixture, solid targets were used. 

The procedure for preparation of C™ targets has 
already been described by Douglas.’ It was desirable 
to use a target backing of lower atomic mass than 14 
so that alpha particles scattered from C would be the 
most energetic ones present for a given incident energy. 
Ordinary carbon (99% C™) is satisfactory. The backings 
were made of carbon black® pressed inside 1.2-cm diam 
X0.6-cm deep stainless steel cylinders under a force of 
2000 pounds. The front face of the pellet which was to 
be covered with the C' was pressed against a piece of 
glass to give a smooth surface. The resultant pellet 
was then heated under vacuum to drive away vapors 
adsorbed on the carbon black. The C' was deposited 
on the faces of the pellets which formed the two plane 
electrode surfaces for a high-frequency discharge.* The 
thickness of the deposit on the backing was found from 
the experimental width of the 2642-kev level whose 
natural width is 10 kev.’ 


ELECTROSTATIC 
GENERATOR 


15° MAGNETIC 
ANALYZER 


90° ELECTROSTATIC 
ANALYZER 

LIQUID AIR DECONTAMINATOR TRAP 
ENTRANCE APERTURE 
SCATTERING CHAMBER (9 10) & 
EVAPOR 10N PUMP 
SOLID TARGET & BEAM COLLECTOR 
SECONDARY ELECTRON SUPPRESSOR 
GUIDE TRACK FOR DETECTOR SYSTEM 
ROTATING so” ELECTROSTATIC ANALYZER 
LEAD SHIELDING 
SCINTILLATION COUNTER 


PREAMPLIFIER 


Fic. 1. Schematic diagram of apparatus. 


5 Douglas, Gasten, and Mukerji, Can. J. Phys. 34, 1097 (1956). 


® Godfrey L. Cabot, Inc., 77 Franklin St., Boston, Massa- 
chusetts. Type: “Monarch 80.” Particle diameter: 2000 A. 
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Fic. 2. Scattering chamber and Evapor-Ion pump. 


Scattering Chamber 


The scattering chamber and associated pump are 
shown in Fig. 2. 

In order to assure that no extraneous C” from organic 
vapors covered the target, the following precautions 
were taken: 

The entire scattering chamber and detector system 
was isolated from the generator and its electrostatic 
analyzer by means of a cold trap.”:’ 

The scattering chamber and electrostatic analyzer 
were constructed of metal and ceramic components. 
These were also capable of being baked for outgassing. 

The chamber was pumped by a modified Evapor-Ion* 
pump. This pump was merely a water-cooled enclosure 
which housed a battery of six tungsten rods (designated 
as “primer” in Fig. 2) 0.040 in. in diameter X7 in. long; 
these rods were wrapped with 0.020-in. diameter ti- 


7G. H. Miller, Rev. Sci. Instr. 24, 549 (1953). 
8 Vacuum Symposium Transactions (Committe on Vacuum 
Techniques, Box 1282, Boston, Massachusetts, 1955), p. 83ff. 
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tanium wire. Upon passage of a current of about 60 
amperes through one of these rods, the titanium evapo- 
rated, thus gettering the chamber. By continuing to 
pass about 45 amperes through the tungsten rods and 
applying 1500 volts ac to a grid which surrounded these 
tungsten rods, a sufficient number of electrons was 
extracted from the rods to ion-pump the entire system 
down to 5X1077 mm of Hg. 

The target was held at about 100°C by means of a 
small nichrome heater in the target holder. The target 
temperature was determined by a copper-constantan 
thermocouple embedded in the target holder. 

The secondary electron suppressor which surrounded 
the target was maintained at liquid air temperatures to 
reduce still further the possibility of target contami- 
nation. The electron suppressor was maintained at 
— 250 volts with respect to ground. 

A variable entrance aperture was used to define the 
size of the beam and hence determine the resolution of 
the detector system. The target holder, suppressor, and 
slits were suspended from the lid of the scattering 
chamber for ease of removal and maintenance. 


‘Cylindrical Electrostatic Analyzer 


The primary consideration in the design of the 
particle detector system was to separate alpha particles 
scattered elastically by C™ from those scattered by C®. 
An alpha particle of mass ma, scattered elastically from 
a nucleus of mass M through an angle @ in the laboratory 
system, will have an energy in the laboratory system. . 
given by the expression 


Eu” = K( M O)E;,,*, 


where 


K(M)= | cosé+ cov 


M\? 4)? M\? 
= eA ore 
Ma Ma 

The resolution of the detector (6E/E) must be less 
than [K(14,0)—K (12,6) ]/K (14,6), where @ is taken as 
the maximum forward angle used. 

Accordingly, the most stringent requirement is a 
resolution of 0.072 or better for adequate separation at 
6=74.1° (90° c.m.) of the alpha particles scattered from 
C™ from those scattered from C”. To achieve this 
resolution, the cylindrical electrostatic analyzer shown 
in Fig. 3 was constructed. The parameters’ charac- 
terizing this analyzer are shown in Table I. 

The plates were made of highly polished cold-rolled 
steel; these were insulated by four steatite standoffs. 
The entire structure was of metal and ceramic except 
for the O-ring which held the scintillation counter. 

The power supply used with this analyzer, although 


® Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947). 
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Fic. 3. Cylindrical elec 
trostatic analyzer used to 
separate alpha particles 
scattered by C' from those 
scattered by C®. 


DETECTOR 


modified, was essentially similar to the one described 
by Henkel and Petree." 
Detector System 

The electrostatic analyzer for the reaction products 
passed He** ions with energy E and He* ions with 
energy 3E for the same voltage settings. Since both 
ions were always present, the final detector must 
separate these two groups of ions. A scintillation counter 
was used to obtain the 30% energy resolution required 
to obtain clear separation of the groups. The counter 
utilized in this experiment was a crystal of CsI(TI) 
1.2 cmX1.2 cmX0.005 cm. 

A cylindrical shell of lead 5 cm thick which was 
mounted coaxially with the scintillation counter was 
used to shield the counter against the x-ray background 
in the experimental area. 


EXPERIMENTAL RESULTS AND DISCUSSION 
OF ERRORS 


Cross-Section Measurements 
The yield of He+* ions was measured in the energy 
range of 2 to 4 Mev for the back angle (169°) and the 


TABLE I. Cylindrical electrostatic analyzer parameters.* 


Radius of median trajectory 39.69 cm 

Angle subtended by plates, @ 80 

Separation of plates 0.63 cm 

Approximate cross section of plates 4.44 cmX 4.44 cm 

Voltage —20 to +20 kv 

Maximum energy a** particle analyzed 2.5 Mev 

Solid angle subtended by 1.27 cmX4.45 cm 
detector (steradians) 

Magnification 

f (focal length) 

l’ (object to analyzer entrance distance) 

l’”’ (image to analyzer exit distance) 

g(l'—g) (l’—g) =? 


6X 104 
0.65 

30.48 cm 

35.56 cm 

7.87 cm 

— 11.83 cm 


® See reference 9. 


10R. L. Henkel and B. Petree, Rev. Sci. Instr. 20, 729 (1949). 
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angles (149.5°, 140.8°, 125.3°, and 90°) corresponding 
to zeros of Legendre polynomials of orders /=4, 3, 2, 
and 1, respectively, in the center-of-mass system for 
incident alpha particles. Four scattering anomalies 
were observed in this range. Figure 4 shows the differen- 
tial cross section in the center-of-mass system as a 
function of the energy of the incident alpha particles. 

Effective target thicknesses were found to be approxi- 
mately 10 kev or more. The experimental points were 
taken at 10-kev intervals at @..m,.=169°, and closer 
whenever a resonance in the cross section was en- 
countered. At other angles the energy interval chosen 
between points was dependent on the behavior of the 
169° cross section. Figure 5 shows the energy distri- 
bution of the scattered alpha particles for @j,=74.1° 
and @),,=165°. The rise at low energy corresponds to 
scattering from C™ (target and backing) while the high- 
energy peak is from C™. Background under the C™ peak 
was assumed to interpolate linearly as indicated by the 
dotted line of Fig. 5. The background counts were most 
numerous at 6.m.=90°; hence statistical errors were 
greatest there. 

The yield was then corrected to account for the 
equilibrium fraction of He+ and He® which emerged 
from the target and was not measured." Dissanaike 
quotes an accuracy of 5%; however, these data were 
difficult to plot to that accuracy. Earlier workers quote 
10% errors in the ratios He++/Het+ and Het/He’. 
Therefore a 10% error may be justified in the quantity 
He**'!/Het* shown in Fig. 6. Although carbon was not 
one of the materials studied, the charge-exchange 
equilibrium data seemed independent of the material 
used as a target; this may have been due to thin carbon 
films that covered the targets considered. Charge- 
exchange corrections are most significant at @..m.=169° 
at low energy where He**!/Hett=2. 


1G. Dissanaike, Phil. Mag. 44, 1057 (1953); S. K. Allison and 
S. D. Warshaw, Revs. Modern Phys. 25, 779 (1953). 
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Fic. 4. Differential cross sections in the center-of-mass system as a function of the laboratory energy of the inci- 
dent alpha particles. The ordinates are fixed by normalizing the nonresonant low-energy yield (after charge- 
exchange correction) to Rutherford plus hard-sphere cross sections. 


This corrected yield, for energies away from anoma- 
lies, was then normalized by the method of least squares 
to an analytically derived cross section deduced from 
Rutherford and hard-sphere scattering assumptions. 


Energy Measurement 


The scattered-particle analyzer was calibrated by 
taking curves such as those in Fig. 5 at an incident 
alpha-particle energy that assured a large yield of 
alpha particles scattered from C'*. Thescattered-particle 
analyzer potentiometer setting was plotted against the 
potentiometer setting of the incident-particle analyzer 
when the alpha-particle yield was a maximum. This 
linear relationship determined the scattered-beam 
analyzer potentiometer settings for all other incident 
energy settings except those occasional runs which were 
made to determine the background around the C' peak. 
The energy of the scattered alpha particles was deter- 
mined within +1%. 


No precision calibration of the incident alpha energy 
was performed, since Sanders had already determined 
the resonant energies accurately in terms of the 
Li’(p,n)Be’ threshold. The only exception to this is 
the E,=2.331-Mev resonance (which is below the 
C(a,n)O" threshold), whose energy was derived from 
the 2.553-Mev resonance by 

E,= (2.553+-4T) (X1/X2)—}4T, 

where X, and X»2 are potentiometer settings on the 
incident-beam electrostatic analyzer control corre- 
sponding to the resonant energies of the two resonances 
under consideration. (The choice of these X’s depends 
on the analytically derived resonance shape as a func- 
tion of energy.) T is the thickness of the particular 
target used for both X; determinations. 

Separation of He*++ from Het by the scintillation 
detector gave rise to an uncertainty of 9% at the back 
angle observation before pains were taken to improve 
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TABLE II. Summary of resonance parameters. 


Total 
width 
Tiab 
(kev) 


(1 8* 
(Mev) —~ J® 


, 
Tae.m 


(kev) 


8.051 torl-> <6 +3 <5 +2 
8.222 2* 1.6+1* 1.2+0.8 
8.293 ar 10 +1* 6.9+0.4 
8.412 et 22 +10° 
8.830 100 +20° 
8.966 >2 54 +58 
90to9.2 (2*3 

(4+3-) 


E; (lab) 
(Mev) 


2 2344.8 
55344" 
642+58 
798+118 
336+ 20" 
508+ 5 
6 to 3.9 


Ww Ww W ro bt bO 


* Quantities obtained from C'(a,n)O!7 data. 
b+ Recent work on C'(a,y)O!8 fixes this level as 17 


(10-43 Mev cm) 


c % 
Single- 
particle 
width 
(3h2/2ya) 


( 
Single 
particle 

width 

(3h2/2ya) 


Y\e@’ com. Prae.m yn? c.m, 
(kev) (10717 Mev cm) 

<0.1 <2.8 
0.032 0.90 
0.72 20 


6.2104 
0.16 


0.82 
210 


0.014+0.009 
0.83 +0.49 


CW. R. Phillips (to be published) ] 


© Quantities obtained from C'4(a,")O!" but not clearly observed in C(a,a)C™," 


the scintillator resolution. Once the scintillation counter 
resolution was improved, the uncertainty from this 
factor was reduced to 2%, and all yields at angles other 
than @..m,=169° were observed in this improved 
manner. 

The thickness and condition of the target surface also 
influence the resolution of the measurements.’ Oc- 
casional checks were made on the shape of the resonance 
at 2.56 Mev when the condition of the target was in 
doubt. Flaking of the target limited the incident current 
density to approximately 1 wa/cm’. 

DISCUSSION OF RESULTS 

Parameters can be assigned to the levels in O'8 under 
consideration by combining information derived from 
the elastic alpha-scattering differential cross section 
with information from the C'(a,7)O" reaction.? These 
parameters are summarized in Table II. Certain of 
these assignments are discussed in more detail below. 


A. The 2.331-Mev Resonance 


The presence of the resonance at all angles except 
perhaps 90° c.m. implies P-wave formation and hence 
J*=1-. However the data at 90° c.m. are not good 
enough to exclude an interference dip such as would 
arise from S-wave alpha particles. An attempt was 
therefore made to distinguish between these two 
assignments by comparing the quantitative behavior 
of the cross-section curves at the various angles with 
the cross sections predicted by the dispersion theory. 

The quantum-mechanical expression for the elastic 
scattering of alpha particles by C™ (spinless particles 
on spinless nuclei) is given in the one-level approxi- 
mation by*: 


| a 6 0 
)}— cse( ) eso i In cse( ) 
dw 2 2 2 


hod P Net 
+> (2/+1)e™ "| — sin(2¢)e?"s 
r 


l=0 ay 


9 


Ke sitet: sing, P,(cos8) | . 
| 


Here & is the relative wave number; a=Z’Z"eM /h*k, 
where Z’ and Z” are the charges of the target and 
projectile and M is the reduced mass of the alpha-C™ 
system; @ is the center-of-mass scattering angle; 


. l [+ia 
e-' 1—") — II ( ) 
t=1 \/—1ta 


Ty: is the partial width for alphas from the level Ey 
of the compound nucleus; and T,=}>,1\., where s 
runs over all open channels. 
The resonant phase shift is 
f=} tan (41,/(E£)’—£) ]. 


Here E,’ — E,+3 ) Oy eae has where Oy, ss — F (dos) 
G,(do,), with F, and G, defined in reference 4. 
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Fic. 5. Energy distribution of the alpha particles scattered from 
the target and backing. The small peak is from C™, and the large 
low-energy rise is from the C” in the target and backing. It can 
be — how the difficulty of separation increases at the forward 
angle. 
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Fic. 6. Charge-exchange correction applied to yield of alphas 
emerging from target to give total alpha yield from the observed 
He**. The solid line is Dissanaike’s curve; the points are from 
Allision with the quoted errors indicated by the bars. 


The potential phase shift is (,=tan“Q,, 1, with 
Oy, u= —Fi(au)/Gi(au). Fi and G; are the regular and 
irregular Coulomb functions defined in reference 4. A 
convenient tabulation of the Coulomb functions is 
given by Sharp, Gove, and Paul." 

The reduced widths may be expressed as: 


h 
—T,,[F2+G,]. 
2M 


“ink 3 


Since this resonance is below the neutron threshold, 
we have I’, =0 and T'g=T. at @¢.m.=90°, the above 
expression gives for an /=0 resonance [ (do/dw) max}! 
—[(do/dw) min |'=0.2 (barn/sterad)!, which is a larger 
variation than the observed value of 0.06 (barn /sterad)! 
(see Fig. 4). However, the observed width (15 kev) of 
this resonance is nearly that expected from instrumental 
effects (chiefly the target thickness of 12 kev). If the 
instrumental smearing reduced the expected S-wave 
amplitude variation by as much as a factor of three, 
the resultant 0.06 (barn/sterad)! dip would lie within 
the scatter of the experimental data. Unfortunately 
the cross-section uncertainties even at the other angles 
are large enough, and the qualitative behavior of an S 
and P resonance are similar enough, that no more 
definite assignment was possible." 

If the C“ target is uniform, then one can estimate the 
level width I’ from the observed width W and target 
thickness T by W?=7°+T*. However, Sanders’ found 
inconsistencies in this method for narrow resonances 
which he attributed to C™ target nonuniformity.’ 
Since the present targets were made by the same 
method, possible target nonuniformity must be con- 
sidered. (The thickness T was derived from the 2.642- 


12 As mentioned in reference 4, these functions differ from the 
usual tabulated functions by a factor of (M,/hk)}. 

13 Sharp, Gove, and Paul, Atomic Energy of Canada Limited 
Report AECL-268, Chalk River, Ontario (unpublished). 

44 Recent work on C¥(a,y7)O"8 fixes this level as 1~ [W. R. 
Phillips (to be published) }. 

15 An alternate explanation of his inconsistencies is that the 
asymmetry observed in the narrow resonance is a real nuclear 
effect resulting from interference with a weak broad level. 
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Mev resonance where the effect of target nonuniformity 
is small.) The reduced width quoted in Table II is not 
sensitive to the ambiguity in S- or P-wave assignment 
since the S- and P-wave penetrabilities for this alpha 
energy are nearly the same. 


B. 2.553-Mev Anomaly 


By virtue of its disappearance at 0..m,=125.3° and 
existence at all other angles, the anomaly must be 
attributed to a J*=2+* resonance. The 2.553-Mev 
resonance was observed from the C'(a,7)O' work? to 
have a width in the laboratory system of '=1.6+1 
kev. The value of IT found from Fig. 4 lies within the 
limits quoted by Sanders. From the relative yields of 
alpha particles and neutrons, we obtain 


rT .>r .. 


For this J*=2* resonance, outgoing /=0, 2, or 4 
neutrons are permitted for the transition to the J= $+ 
ground state of O'”. Since the available neutron energy 
in the c.m. system is but 152 kev, only S-wave (hence 
isotropic) neutron emission need be considered. There- 
fore Sanders’ forward-angle data'® imply a total (a,) 
cross section at resonance of 24+16 millibarns and 
yield the T,, and T, of Table IT. 


C. The 2.642-Mev Anomaly 


The disappearance of the resonance at @¢.m,=90° 
and at 140.8° requires F waves and hence J*=3-. This 
result is also consistent with Sanders’ (a,7) data? which 


required a J=1~ or 3~ resonance. The present angular 
momentum assignment also permits the calculation of 
the neutron and alpha widths, as shown in Table II. 
(The large centripetal barrier for the 217-kev neutrons 
with /=3 implies that only /=1 neutrons need be 
considered. ) 


D. The 2.798-Mev Anomaly 


The weak 2.798-Mev resonance in the (a,7) yield 
reported by Sanders* was not detected in the present 
C(a,a)C data. Therefore ',.<I, and l’,=I'=22+10 
kev. Hence the outgoing neutrons must have /<2 to 
comply with the Wigner limit on reduced widths. 


E. The 3.336-Mev Anomaly 


At 6¢.m,=169° there is perhaps a variation of ~30 
mb/sterad in cross section which may be associated 
with an (a,z) resonance seen by Sanders at E,=3.36 
Mev. The observed width is also consistent with the 
100 kev quoted by him. The small effect of this reso- 
nance on the alpha scattering again implies <1", and 
I',=Ir=100 kev. For such a case the Wigner limit 
restricts the outgoing neutrons to / <2. 


16 Corrected for the “peaking effect” of an assumed nonuniform 
C™ target. 
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F. The 3.508-Mev Anomaly 


A resonance that corresponds to the 3.508-Mev, 
C4(an)O"™ resonance was observed at 6¢.m.=169°. 
The observed width in the laboratory system is con- 
sistent with the 54+5 kev value quoted by Sanders.’ 
The cross-section variation at @¢.m,.=169° is about 
170+30 mb/sterad. This value is about seven times 
the maximum possible for an S-wave alpha-particle 
resonance but comparable to that expected for a P-wave 
resonance if [,/I’~1. The @¢.m.=140.8° data, however, 
argue against P-wave alphas since the cross-section 
variation should be down only a factor of two from the 
back-angle value. Figure 4 shows less than 20 mb/sterad 
variation at 0¢,m,=140.8° and Ea~3.51 Mev. The large 
neutron yield from this resonance? is also in contra- 
diction to our assumption of ',/I'=1 which is necessary 
if P-wave alphas are involved. Formation by D-wave 
alphas (hence J = 2*) and a large I’,, are consistent with 
all the alpha scattering data, and also with (a,m) data 
since S-wave neutrons could then be emitted. However, 
larger J values cannot be excluded. 


G. The 3.8-Mev Anomaly 


If a single resonance is to account for the rise in the 
C(a,a)C™ cross section at 0¢.m,= 169° above 3.6 Mev, 
then the magnitude of the anomaly implies that /24 
and T,=T' if /=4. The Wigner limit on the reduced 
alpha width for an /=4 resonance limits T’;,, to 100 kev. 
However, lia, is observed to be more than 200 kev. 
Therefore at least two overlapping resonances must be 
responsible for the observed anomaly. 

Fifteen two-level combinations (/<4) are possible; 
however all but the (2+3~) and (4+3-) combinations 
can be eliminated. The arguments for acceptance or 
rejection of the various combinations are summarized 


in Table ITI. 
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TABLE III. Summary of the combinations of two levels which were 
tried in the attempt at fitting the anomaly at E, >3.6 Mev. 


a 
d Possible 
d d 
d d,e 

d,e 


d,e 


® The Wigner limit implies 'g < 100 kev for the 1 =4 resonance; therefore 
the differential cross section below 3.7 Mev must be mainly due to the 
resonance in the S or P partial waves. However, at 6c.m. =169° neither is 
sufficient to account for the cross section at Eg <3.7 Mev. 

b At 0c.m. =125°, where P2(cosi25°) =0, this configuration predicts that 
the cross section will rise with increasing energy because of the | =4 reso- 
nance. This effect is not evident. 

¢ Observed Iiab exceeds that allowed for the Wigner limit on (7)q)*. 

4 The maximum allowed differential cross section at @¢.m.=169° is too 
small. 

© Two levels of the same J and parity would produce a double peak. 


The maximum possible value for do/dw at 0¢.m.= 169° 
is 2.85 barns/sterad if one assumes the (4*3-) com- 
bination. It is also possible to reproduce a constant 
differential cross section at 4¢.m,=125° by proper choice 
of the resonance energies. 

For the (2*3-) combination the maximum possible 
value for da/dw at O¢.m.=169° is 1.95 barns/sterad. 
Again at @¢.m.=125° a constant differential cross section 
can be obtained. 
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Doublet Separation in Nuclei from Signell-Marshak Potential 


B. P. NiGAM* AND M. K. SuNDARESAN* 
Division of Pure Physics, National Research Council, Ottawa, Canada 
(Received March 10, 1958) 


The spin-orbit splittings for the /=1 and /=3 levels of Ca and /=2 level of O'" have been calculated in the 
spirit of Brueckner’s theory in the first Born approximation from the spin-orbit term that Marshak and 
Signell have added to the two-nucleon Gartenhaus potential. The results obtained are much larger than 
those obtained from the conventional tensor force in second order. 


I. INTRODUCTION 


ECENTLY, on the basis of Brueckner’s theory, 
many calculations have been carried out to explain 
the doublet spin-orbit separation in nuclei as arising 
from the tensor force of the two-body interaction. The 
tensor force in general seems to give too small a contri- 
bution to the splitting.-* Bell and Skyrme* have ob- 
tained the doublet splittings from the experimental two- 
body scattering data. Since the Signell-Marshak® 
potential gives good fit to the two-body scattering data, 
it is of interest to evaluate the doublet splittings it 
predicts in nuclei. We have attempted here to calculate 
this in the framework of Brueckner’s® theory. 


Il. CALCULATION OF THE DOUBLET SPLITTING 


Signell and Marshak® have added the following spin- 
orbit term to the Gartenhaus’ potential*: 
Vo d ‘< ien 
Vso= L-S for fovea 


(r/ro) d(r/ro)L(r/ro) 


=Vso(r) |r =r, for r<r., (1) 
where V»=30 Mev, ro=1.07X10-® cm, r-=1/M=0.21 
10-8 cm, S=3(e:+e.), and L=(rXp). The inter- 
action energy due to this spin-orbit term is 


AE=>, fononenany ¥i*(Ki)y2* (ke) 


X (7p (ki, ke; ky’, k.’) 
— Ix (ki ,ke; ke’ ky’) Wil ki’)Wo(he’), (2) 


where y; and yy» are the wave functions of the extra core 
nucleon and the core nucleon, respectively, and the 
summation is over the core particles 2. Jp and J are the 


* National Research Laboratories Postdoctorate Fellows. 

1 L. Kisslinger, Phys. Rev. 104, 1077 (1956). 

2B. Jancovici, Phys. Rev. 107, 631 (1957). 

3B. P. Nigam and M. K. Sundaresan, Can. J. Phys. 36, 571 
(1958). 

‘J. S. Bell and T. H. R. Skyrme, Phil. Mag. 1, 1055 (1956). 

5 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 

6K. A. Brueckner, Phys. Rev. 97, 1353 (1955); K. A. Brueckner 
and C. A. Levinson, Phys. Rev. 97, 1344 (1955). 

7S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

8 We use units #=c=1. 


direct and exchange contributions, respectively. In the 
first Born approximation Jp is given by 


1 
Tp (ki, ko; k,’,k,’) = . fons. etki xitike-x2 
(29) 


X Vso(x1— X2)e ik,’ -x1— ike’ 


1 
= 6(K—K’)(S-[kxXk’ })vso(q), (3) 
(2r)8 
where 
a?(1+a) a 
-j2(qre)—-— 


9 


gre gre 


1 a singr. 
ies ( +coser.) | 
1+ 4°70 gre 


and q=k—k’, K=k,+k.,, k=}(k,—k,.); K’=k,'+ky’, 
k’=4(k,’—ky’); a=r7./r9; j: is a spherical Bessel func- 
tion. Jy is obtained from Jp by interchanging k,’ 
and k,’. 

Upon introducing the Fourier transforms of the core 
wave functions, the result of the summation over the 
core particles can be replaced by a mixed density func- 
tion p(ri,r2). Kisslinger' has shown that p(r1,72) can be 
approximately separated in terms of R=}(r,;+12) and 
r=r,—f2 in the form p(R) exp(—vyr’) with y=4.61/R,’, 
Ry=1.18X10-"A! cm. We shall make use of this ap- 
proximation. Then we obtain 


vs0(q) =4miV ce ri ji(gre) 


4ri 
AE= _fekaerar W*(ki)p(R) f Phat hr 
(2a) 
Xexp(—yr’)et(k ko’) -R+}i(kot+ke’)-r 
X ($01 -LkXk’}){os0(|k—k’ )+2s0() k+k’ )} 
Xy¥i(ki’)d(K—K’). (4) 


Now an integration over one of the variables, say k.’, 
can be carried out because of the 6 function. Then 


— 8ri 
- fononor ¥i*(ki)p(R) 


x ei? R{ D( kiki’) +X (ky, ki’) }yil( ky’), (5) 
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where 


Dikiks’)= f kay 
|k| <hr 


Xexp[ —yr?+i(k:— $p— 2k) -r] 
x | ial ‘(kX p })2s0( p), 


X (k,,k,’) = f Pkdy 
{|k| <ke 


Xexp[—yr?+i(ki— }p— 2k) -r] 
X (fe, -LkX p_])2s0( 2k+p ), 

and p=k,’—k,. Here ky is the Fermi momentum equal 
to 1.2910" cm. Since the maximum contribution to 
AE comes from where p=0, we evaluate D and X at 
this point. This gives the leading term of AE pro- 
portional to dp/dR. The higher terms in the Taylor 
expansion of D and X will give terms involving higher 
derivatives of p. Then we have 

D(ky,ky’) = 1" ( +o; ‘(ki X ki’ ])F (ki), 

X (ki,ky’) = e?/ xual ‘(ki Xk,’ ])F x (hi), 


where 


kr\3 
F (ki) = 8co(0)( ) 
ky 
a a > 
x f dyy exp| - —y v), 


) 


, Y 
Fx (k) -sf dy 2y? exp| = vino 
0 _ ke 


kp/ ky 
x f dx x7go(2kyx) j1(2xy), 
0 


with y=ky and x=k/k,. Let us consider the extra core 
nucleon to be at the top of the Fermi distribution. Then 
we can put 

¥1(Ki) = (217)'5(ki— kr) V °(h), 


; 9) 
Ws (ky’) = (2m) 38 (Ry — he) V (By), \ 


where Y’;° is the usual spherical harmonic and &, is a unit 
vector along k;. Substituting (7) and (9) in Eq. (5), the 
integrals over k, and kj’ can be carried out. We obtain 


AE=—[Fo(kr)+Fx( en 


al | 
—}(1+1) 


" 1 dp 
x f j2(kpR)——-R%dR / 
0 RdR 


@ 


f jt (RkeR)R'dR, 


0 


(10) 


SEPARATION 


IN NUCLEI 
TABLE I. Splittings in Mev. 
Calculated 
a=1.0 a=1.5 
Ca! (1=1) 0.5 0.13 


Ca! (1= 3) >2.0 1.31 
Ol (J = 2) 5.0 1.02 


Observed 


0.36 
1.06 
0.78 


where the upper line holds for j7=/+-3 and the lower line 
for j=l/—}. Fo(kr) and Fx(kr) were calculated nu- 
merically from Eq. (8). We found that [Fp(kr) 
+Fy(kp)] has the value [53.7+11.6 ]X10-® Mev cm® 
for Ca* and the value [ 38.2+6.7 ]X10-® Mev cm! for 
©!". The doublet separation is obtained from Eq. (10) by 
forming A(AE)=AE(j=/+}3)—AE(j=/—}). The re- 
sult obtained for Ca*! is 
2/+1 
A(AE) = —3[65.310-* Mev cm*] . 


= 3) 


1 dp 
xf JP (ReR) — Rea / 
0 R dR 


ff ie@eryRar. (11) 


0 


The factor } appears in Eq. (11) because this interaction 
is nonzero only in the triplet spin states of the two- 
nucleon system. An extra factor } would appear in Eq. 
(11) if the Marshak term were nonzero only in triplet 
isotopic-spin states. The magnitude of the splittings are 
presented in Table I with this latter factor included. 

For p(R) we have assumed!* a region of uniform 
distribution bounded by a region where it falls off from 
its uniform value to zero linearly over a shell of thickness 
aX, of the nuclear radius Ro. The splittings presented in 
Table I are calculated for the two values, a=1 and 
a=1,5. 

Ill. DISCUSSION 

The results obtained here are much larger than those 
obtained from a tensor force in second order. Con- 
sidering the fact that the higher order Born approxima- 
tions could lead to an increase of the magnitude: of the 
splittings by about 50%,* we can expect better agree- 
ment with experimental values. However, for O'’, we 
see from Table I that the discrepancy is larger. This 
could be attributed to the approximation of separating 
the mixed density function p(r,r2) in terms of 
p(R) exp(—vyr*) with y=4.61/Ro. Since y is larger for 
lighter nuclei, the presence of exp(—yr?) in the r 
integration reduces the value of [Fp+F x] for light 
nuclei. A more appropriate choice for the dependence of 
this factor on A is probably also necessary to obtain 
results agreeing with experiments. 
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Spins of Indium-109, Indium-110m, and Indium-111* 


LAWRENCE L. MARINO, WESLEY B. EwWBANK, WILLIAM A. NIERENBERG,| Howarp A. SHUGART, AND HENRY B. SILSBEE 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received March 13, 1958) 


The nuclear spins of three neutron-deficient radioactive isotopes of indium have been measured by the 
use of the atomic-beam magnetic-resonance technique. Results are /=9/2 for 4.3-hr In!; 7=7 for 5.0-hr 


In; and J=9/2 for 2.8-day In™. 


EXPERIMENTAL METHOD 


HE atomic-beam magnetic-resonance flop-in tech- 

nique using radioactive detection has been applied 
to the measurement of the spin angular momentum of 
three indium isotopes. The spin-measuring procedure, 
which involves observing Amr=-+1 transitions in the 
linear Zeeman region, has been given earlier.’ Of the 
two electronic states (*P; and *P;) that are populated 
at the temperature of the oven, the *P; state gives 
larger resonances with our apparatus and was used for 
the measurements described here. In particular, Table I 
gives the transitions that have been observed for the 
various isotopes. A second oven containing rubidium 
bromide and calcium provided an easily detectable 
atomic beam of rubidium for field calibration. 

The isotopes In’ (4.3 hr),? In" (5.0 hr),? and In™ 
(2.8 days)* were made in the Crocker 60-in. cyclotron 
on the Berkeley campus, using (a,kz) reactions in 
0.010-in. silver foil. Following solution of the silver 
foil in concentrated nitric acid with about 10 mg of 
indium carrier, the silver was precipitated as the 
chloride by the addition of concentrated HCl. After 
the precipitate was separated by centrifuging, oxalic 
acid or Rochelle salt was added to the supernatant for 
plating purposes. From a slightly acid solution the 
indium was then electroplated onto either a platinum 
or indium electrode, using 0.2 amp plating current. At 
first the electrode was placed directly in either a carbon 
or a tantalum oven, which was heated in the apparatus 
by electron bombardment. Later experimentation 
showed that a steadier beam resulted if the indium 
deposit was scraped from the platinum electrode. The 
chemical separation required about 1.5 hours. 


TABLE I. Observed transitions for the indium spin measurements. 


Electronic 
state 


Isotope 


—13/2—15/2 
—45-—5 





* Research supported jointly by the U. S. Atomic Energy Com- 
mission and the Office of Naval Research. 

t+ Professor in the Miller Institute for Basic Research in Science. 

1 Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys. 
Rev. 104, 101 (1956). 

2 E. C. Mallary and M. L. Pool, Phys. Rev. 76, 1454 (1949). 
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INDIUM-111 RESULTS 


Because runs 88 and 93 were made several days after 
the bombardments, the shorter-lived isotopes had 
decayed, leaving relatively pure In"'. With only a 
single activity present in the beam, resonance indica- 
tions must be determined on the basis of absolute 
counting rates. The results of spin searches are indicated 
in Table II. For runs 88 and 93 the spin-9/2 signals 
are an order of magnitude greater than those for other 
half-integral values. Decay curves for these resonances 
showed a single 2.8-day component which indicated 
that In™ was responsible for the signal. The In™ 
resonance has been observed from 4.8 to 7.8 Mc/sec to 
establish the linear Zeeman dependence of the reso- 
nance frequencies on the low-transition magnetic field. 


INDIUM-110m RESULTS 


When the target was processed immediately after 
bombardment, it contained in addition to In"! several 
other isotopes including (4.3 hr) In and (5.0 hr) 
In“, Because of low counting rates it is not possible 
to distinguish between 4.3 and 5.0 hours by decay alone. 
However, In must have half-integral spin while In! 
must have integral spin. This information along with an 
approximate half-life determination suffices to establish 
the identity of these short-lived isotopes. 

Because three isotopes contribute to the initial 
counting rates, each sample may be analyzed for the 
relative composition of short (4.3- and 5.0-hr) activity 
and long (2.8-day) activity. When this is done as shown 
in Table III for run 104, the ratio of short to long com- 
ponents of the counting rate on the “‘half-beam” sample 
(magnets on but stop-wire removed) at zero time is 3.1. 
The spin-5 sample, though very small in absolute 
counting rate, shows a similar ratio (2.4) for an ap- 
paratus background sample, as would be expected. On 
the other hand, it is clear from Table III that the 
spin-7 sample contains an enhanced short component 
(In). In fact the short component on the spin-7 
sample is 2.7 times the apparatus background (spin-5 
sample), while the long components are essentially 
equal. Further confirmation of spin 7 for In" comes 
from information of runs 96 and 108. In run 96 (Table 
II) the normalized counting rate for spin 7 is 3.7 times 
the average rate for the other integral spins. (In run 
104 the signal at “spin 8” is the*P;, F=5, mp= —30—4 
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TABLE II. Table of initial counting rates* of indium spin searches.» 


Run 5/2 7/2 


0.5 (1) 


88 (In' only) 

93 (In™ only) 

06 : 0.9 (3)¢ 
104 

107 a resonance sweep of In" at 22 Mc/sec. 
108 a resonance sweep of In" at 12 Mc/sec. 


0.8 (1) 
0.6 (1) 


0.5 (1) 0.8 (1) 


® The numbers in parentheses are the errors in the last digit. 


b These rates (in arbitrary units) are corrected for counter background and normalized for 


performed at different values of magnetic field. 
© Poor normalization, 
4 The *Py, F =5, mr = 
the line width. 


—3e> 


transition for the 9/2 material. This signal supports the 
9/2 assignment of In! and In"!,) 


INDIUM-109 RESULTS 


The spin-9/2 button of run 104 (Table III) shows 
significantly more short activity (9.9 counts/min) than 
a typical background sample, e.g., spin 5 with only 2.6 
counts/min of short activity. The exposures were 
roughly equal; so the enhancement by a factor 3.8 is 
attributed to a spin-9/2 signal from In'. Likewise the 
composition of the J=9/2 sample differs from that of 
the ‘“thalf-beam” sample in such a way as to indicate 
the relative enrichment of In" and In'™ over In, 


TABLE III. Composition analysis of samples from run 104. Count- 
ing rates* are not corrected for variations in beam intensity. 


Ratio 
short/long 


Long activity 
counts/ min 


Short activity 
counts/ min 


276 = =(3) 
9.9 (7) 
2.6 (4) 


Sample 


“‘Half-beam”’ 
9/2 


® The numbers in parentheses are the errors in the last digit. 


4 transition for J =9/2 occurs at the same frequency as the ?*Py, F =19/2, 


0.4 (1) 


variations in beam intensity within a single run. All runs were 


mr = —15/2¢> —17/2 transition for J] =8 within 


The signal also has about the right magnitude, for if 
In’ and In" were produced more or less equally, the 
“half-beam”’ shows that each would contribute about 
1.5 times as much initial activity as In". The observed 
ratio of In’ to In" on the spin-9/2 sample is 1.8 
before any apparatus background corrections. Similar 
results from other runs have confirmed the 9/2-spin 
assignment to In! , 


REMARKS 


Spin 9/2 for In" and In agrees with the simple 
shell-model prediction that the forty-ninth proton is 
in a gg/2 State.‘ Spin 7 for In'" could arise from coupling 
of a go2 proton and a ds neutron, which is predicted by 
the shell model in this region. The series from In!™™ 
(I=7) to In! (7=5)5 and In" (J=5)>§ may then 
illustrate the transition from a ds to an s; level for the 


odd neutron. 

4M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), pp. 74-81. 

5L. S. Goodman and S. Wexler, Phys. Rev. 100, 1245 (1955); 
100, 1796 (1955); 108, 1524 (1957). 

6 P. B. Nutter, Phil. Mag. 1, 587 (1956). 
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Neutron transmission measurements have been made on many of the nuclides whose atomic weights lie 
between 45 and 75. Parameters of individual resonances were deduced for some of these nuclides and for all 
of them a value of the strength function [’,°/D was obtained. The experimental values of the strength func 
tion indicate a maximum near A=53. This is consistent with the prediction of the theory of Feshbach, 
Porter and Weisskopf for a square-well potential with Vp>=44 Mev, ¢=0.03 and R= (1.26A!+0,7) x 10-" 
cm. The shape of the observed maximum is not in agreement with this simple theory, however, so a discussion 
is given which compares the present measurements with predictions based on more realistic models of the 


nucleus. 


INTRODUCTION 


HE Argonne fast-neutron velocity selector’ has 
been used to measure the neutron transmission of 
14 nuclides in the mass range from 45 to 75. The primary 
objective of these experiments was to obtain values of 
the neutron strength function [,°/D. Many experi- 
mental studies have shown that D, the average spacing 
per spin state and [,°, the average reduced neutron 
width, defined as the average of the neutron widths 
divided by the square root of the corresponding resonant 
energies, vary by several orders of magnitude from one 
nuclide to another. However, the ratio f,,°/D shows 
little variation with nucleon number. The “strong ab- 
sorption” theory of Feshbach, Peaslee, and Weisskopf? 
based on the so-called “black nucleus” model of the 
nucleus predicts no variation of this ratio with atomic 
mass, whereas the theoretical treatments based on the 
optical model, first introduced by Serber, Fernbach, and 
Taylor® and extended to low-energy neutron scattering 
by Feshbach, Porter, and Weisskopf,‘ do predict such a 
variation which, in fact, exhibits several maxima. Data 
have been presented which show the existence of such 
maxima near A=55°°§ and A=155,’ in qualitative 
agreement with the theory. The present work is a study 
of the resonance structure of elements which contribute 
to the maximum near A=55. 


ANALYSIS 


In the study of the resonant structure of nuclides in 
the mass region of interest to this work, two classes of 
structure were observed. The first consists of structure 
in which the resonances are closely spaced so that many 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at University of California, Livermore, California. 

1 ee Coté, Dahlberg, and Thomas, Phys. Rev. 105, 661 
(1957). 

2 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

3 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

5 R. Coté and L. M. Bollinger, Phys. Rev. 98, 1162 (1955). 

6H. Marshak and H. W. Newson, Phys. Rev. 106, 110 (1957), 
hereafter referred to as MN. 

oe Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
(1954). 


lie in the energy region in which the resolution of the 
equipment is sufficient to allow a study of individual 
resonances. The second class is made up of the structure 
of the lighter nuclides, in which the level spacing is 
large. In these cases the majority of the resonances lie 
at high energies where the resolution of the equipment 
is not sufficient to permit individual resonances to be 
studied. 

As a consequence of the existence of these two classes, 
two different methods of analysis are required in order to 
obtain values of the strength function. Data which 
belong to the first class were analyzed by the usual area 
techniques.*® The strength function was then deduced 
from the measured individual widths. 

For data of the second class, in which individual 
resonances could not be resolved, values of the strength 
function were deduced from the area above the meas- 
ured transmission curves over a broad range of energy. 
Other investigators’! have used the same kind of 
information for the heavier nuclides but, since their 
techniques rest on basic assumptions which are not valid 
for the light nuclides studied here, a different method 
was necessary. 

To aid in relating the area above a transmission curve 
to [,°/D, the following simplifying assumptions were 
made. 


1. The resonances satisfy the single-level Breit- 
Wigner relations. For the present measurements we need 
consider only the case of target nuclei which interact 
with neutrons by radiative capture or by s-wave elastic- 
scattering processes, with which are associated capture 
and scattering cross sections ¢, and o,. The total cross 
section is then given by 


o=0,+05, 

8 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 

9 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 

10 [). B. Gayther and K. P. Nicholson, Proc. Phys. Soc. (London) 
A70, 51 (1957). 

1—). J. Hughes and V. E. Pilcher, Phys. Rev. 100, 1249(A) 
(1955). 
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MEASUREMENT OF NEUTRON 
with 


1a? 
2RT 1 
Sem 
AT / J1+2° 
r=I,+y, 


x= (2/T)(E— Ep), 


and 
o,=4rR”? +04 


where 


Po  Z2.6590° T, 
ay= 4arky*g = ; g : 
Tr Eo(ev) T 


In these relations £ is the kinetic energy of the neutron; 
Eo, 2mXo, and oo are the neutron energy, wavelength, and 
cross section at exact resonance; and I’, l’,, and IT’, are 
the total, y ray, and neutron widths, respectively. The 
statistical factor g is given by 


y= 10 141/(27+1)], 


where / is the spin of the target nucleus; and R’ is the 
nuclear radius as defined by ¢,=4rR”, where a, is the 
potential-scattering cross section. 

2. The radiation width I’, is small compared with the 
total width T, so that one may write I’,/I’=1. On the 
basis of those radiative capture widths which have been 
measured, any such widths may be expected to be less 
than 1 ev.” 

3. The width resulting from the thermal motion of 
the target nuclei, i.e., Doppler broadening, is small 
compared with the total, width, so that it may be 
neglected. In the calculation, A=2(mkTE)/M)! has 
been taken to be zero. Here m is the mass of the neutron, 
M is the atomic mass of the target, & is the Boltzmann 
constant, T is the absolute temperature, and Ep is the 
energy of the incident neutron. For the cases studied, A 
may be as large as several ev, but the total widths are 
one hundred times this in most instances. 

4. Interference between potential and resonant scat- 
tering can be neglected. 

5. The resonances in the structures studied do not 
overlap, i.e., the transmission at any energy is ap- 
proximately equal to that resulting only from the 
nearest resonance and the potential scattering. 


On the basis of the above assumptions, it is easily 
shown (see Appendix 1) that the strength function may 
be deduced from the measured transmissions by the 
relation 
P.° do -(gln%), 2(2.6X 10%rng)-! 


AE 


Rishe~Ti 
xd (; )ar. (4) 
t Fy Tol; 


Y 
D AE 


2 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
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Here E;, 7;, and 7; are the incident neutron energy, 
time of flight, and transmission corresponding to the 
time channel j. The sum is over all channels contained 
in the energy interval AE. T> is the off-resonance trans- 
mission, a quantity determined by the effective po- 
tential-scattering cross section. Y is a tabulated correc- 
tion factor which is introduced to take into account 
self-shielding effects at the resonances. The statistical 
factor g is unity for target nuclei which have zero spin. 
For nuclei of nonzero spin, the average of the two 
possible values of g, namely g= 4 was used. In defining 
the strength function as is done in Eq. (4), the custom- 
ary assumption is made that the two possible spin states 
contribute equally to the cross section for compound 
nucleus formation. 

Equation (4) depends on some of the unknown 
parameters to the extent that these parameters appear 
in Y and g. The question of the dependence on g has 
already been covered, but the dependence through Y 
may require some clarification. In order to obtain proper 
values of Y; it is necessary to know a corresponding 
value of noo. These were computed from Eq. (3) on the 
basis of assumption 2. This simply assumes that all the 
resonances have a peak height oo that is determined by 
an average of the theoretical maxima for the allowed 
spin states. It is clear that only one value of Y should be 
associated with each resonance but, since the locations 
of the resonances are not always known, a value of Y; is 
computed for each measured point. 

Since the number of resonances included in the deter- 
mination of many of the values of [,°/D was small, 
some care was taken in the evaluation of the errors 
assigned to each value. For ease in calculation, the 
assumption is made that both the reduced neutron 
widths and the level spacings are distributed expo- 
nentially; i.e., 

p(x)dx=e*dx, 


where \=1/%. On this basis, the distribution of the 
average values of either of the above quantities is 


yA 


N n 1 5 N-1 
p(s)ds= ( ) exp(— Nz/z)dz, 
(N-1)!4NZ 


where 2= (x1 +42+:+++24;:+++4yn)/N and £ is the true 
average value of the x,;. A joint density function can be 
formed from those for the spacings and reduced neutron 
widths. It is 


(: ’) (gN—-1)! (@/a)X4 
p Po gt 
2/s [(V—1)!]}? 14+@/a)?% 


where Z and # are the actual averages, s= (yit+-yot:--y, 
+:-:+yn)/N, a=2/s and &=%/g. There is equal 
probability that the measured ratio will be larger or 
smaller than the true ratio. 

The probable errors for the average parameters re- 
ported in this paper are defined so that the probability 
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Fic. 1._Comparison of experimental values of the strength 
function I’,°/D with the predictions of the optical and strong 
absorption models. The points marked by_ © are results reported 
in this paper and represent the values of I’,,°/D for Sc, V*!, Cr, 
Mn*®, Co®, Cu®, Zn™, Cu®, Ga®, Ga7!, and As”. The results of 
several other investigators have been added to increase the scope 
of the experimental data in order to demonstrate more clearly the 
areas of agreement and disagreement between the results of the 
various theoretical calculations and the experimental evidence. 
These points are for the following : Zn®’—Dahlberg and Bollinger!’ ; 
Y®—Good, Neiler, and Gibbons, Phys. Rev. 109, 926 (1958) ; Nb® 
—Saplakoglu, Bollinger, and Coté, Phys. Rev. 109, 1258 (1958); 
Mo* and Mo*’—Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 
99, 10 (1955). Curve A was calculated on the basis of a square-well 
potential with V>=44 Mev, ¢=0.03, and R= (1.26A!+0.7) X10 
cm. Curve B was taken from Weisskopf.” A diffuse-edge potential 
was assumed with V;= — Vo(1+exp[(r—R)/d]) and ¢=0.08, in 
which V)>=42 Mev, R=1.35A?X10~" cm, and Kod=1.65. Curve 
C was taken from Vladimirskii.” The nucleus was assumed to be a 
prolate spheroid with (minor axis/major axis)=0.9 and with a 
square-well potential for which Vo=42 Mev, ¢=0.03, and 
R=1.45A!X10-8 cm. Curve D was obtained from C and repre- 
sents the case in which the nucleus is assumed to be an oblate 
spheroid. 


that the true value lies between the indicated limits is 
0.5. Although the value of the strength function can be 
determined without a knowledge of V, the number of 
resonances included in the average, the error associated 
with each measurement cannot. For those cases in 
which individual resonances were studied, NV was ob- 
tained without question. For those cases in which indi- 
vidual resonances were not separated, an estimate based 
on the shape of the resonance structure and on any 
additional information regarding the location of energy 
levels was made. 


RESULTS 


Portions of the results for the elements studied have 

been reported previously in the form of curves of cross 
section vs energy,’® so such a presentation has been 
omitted here. The values of [',.°/D that were obtained 
from this series of experiments, along with the limits for 
each measurement, are listed in Table I and shown in 
Fig. 1. 
13 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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SCANDIUM 


The present measurement of the total cross section of 
scandium was restricted to the energy range from 0.7 
kev to 40 kev. Since Pattenden’s data show no reso- 
nances between 0.0015 ev and 0.7 kev, this region was 
not studied. The scandium thicknesses in the ScoO; 
samples used were 0.712 g/cm? and 1.938 g/cm?. Re- 
cently® MN published data on the total cross section of 
scandium which extend from 2 to 105 kev. The present 
data are in qualitative agreement with these except that 
two additional resonances were observed—at 3.36 and 
6.8 kev. The value of I',.°/D was obtained by the method 
of Eq. (4) and is listed in Table I. 


VANADIUM 


The total cross section of vanadium was studied over 
the range from 0.100 kev to about 30 kev. Normal 
vanadium samples with thicknesses of 1.03 and 8.25 
g/cm? were used. An additional sample which was used 
had a thickness of 0.109 g/cm? and was enriched to 
22.8% in V™, 

MN have reported resonances in vanadium at 4.1, 
6.6, 11.5, 16.6, and 22.1 kev.* These results are in 
qualitative agreement with the present data in which 
peaks were observed at 4.18, 6.4, and 11.5 kev. The 
shape of the transmission curve above 11.5 kev is such 
as to indicate the presence of additional resonances 
consistent with the data of MN. Analysis of the reso- 
nance at 4.18 kev yields a value of '=0.5+0.1 kev, a 
result also in agreement with the data of MN. 

Resonances were observed at 167 ev and 1430 ev 
which have been assigned to V™ on the basis of measure- 
ments on the 8.25-g/cm* sample of normal vanadium 
and the sample enriched in V®. Upon the assumption 
that I',=0.6 ev and g=}, values of ¢»=6200 barns and 
I'= 2.85 ev were obtained for the 167-ev resonance. A 
value of '=100+40 ev was obtained for the 1430-ev 
resonance. 

In order to obtain a value of [',°/D for V™ from the 
data, the method of Eq. (4) was applied. 


TABLE I. Experimental values of ,°/D and their range 
of uncertainty. 


Probable range of 
104 X (P'n®/D) 


3.2 - 6.6 


Nuclide 
Sc* 4.6 
yi 10.8 6.9 -16.7 
Cr® 14.2 8.7 -22.8 
Mn*® 5 3.2 - 7.8 
Co” 7 6.9 
Cu® .53— 3.02 
Zn* .61— 3.32 
Cu* 35-— 2.66 
Ga® 0.87— 1.51 
Ga” 0.96- 1.74 
As?® 1.30— 2.56 


104 X (I'n°/D) 
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144.N. J. Pattenden, Proc. Phys. Soc. (London) A68, 104 (1955). 





EASUREMENT OF 


CHROMIUM 


Samples of normal chromium 10.6 g/cm? and 1.38 
g/cm? thick were used as well as the separated isotopes 
listed in Table II. Figure 2 shows transmission as a 
function of time of flight for normal chromium and for 
samples enriched in Cr® and Cr**. No resonance struc- 
ture was observed below 15 kev in Cr® and Cr®. 

These results confirm the suggestion of Melkonian, 
Havens, and Rainwater,® with regard to their data on 
normal chromium, that the resonance structure at 
about 5 kev is due to Cr® and Cr. 

The method of Eq. (4) was applied to the data on 
Cr® and the result is listed in Table I. 

Since the shape of the resonance structure in Cr® ap- 
pears to be that of a single resonance, it has been 
analyzed as such and consequently no value of r,° Dis 
listed for this isotope. For this resonance at 5.5 kev, 
Doppler broadening is only a small fraction az the 
observed width and the resolution width of the appa- 
ratus is small enough that it has an appreciable effect 
only near the peak, so an attempt was made to fit a 
Breit-Wigner shape to the data. Since radiative capture 
widths are generally less than 1 ev, it was assumed that 
I’,,/'=1. Interference between resonance and potential 
scattering was included in the analysis. The best fit, 
shown in Fig. 2, was obtained with the following 
parameters: o9=473 barns, £y>=5500 ev, [=1500 ev, 


and R’ = 2.67X10~-" cm. If the assumption is made that 
the entire thermal capture cross section of Cr°’ is due to 


this resonance, a value of I',=2.9 ev is obtained. 
Although this is large compared with values of TI’, for 
other nuclei in this mass region, the ratio l’,/T is still 
close enough to unity that the original assumption is 
still a good one. 

The value required for R’ in order to fit the data is of 
some interest. As defined by Feshbach, Porter, and 
Weisskopf, R’ is the nuclear radius to be used in calcu- 
lating the potential-scattering cross section ¢,=4R”. 
The theories based on the optical model of the nucleus, 
which predict a variation of the strength function with 
nucleon number, also predict a variation of R’/R with 
A, where R is the nuclear radius given by one of the 
semiempirical relations between R and A. In the case of 
Cr™ a value of R’/R=0.5 was used for the curve, shown 
in Fig. 2, which provides the best fit to the data. As an 
example of the theoretical variation, the value predicted 
by the theory based on the optical model with a square- 
well potential with Vo=44 Mev, ¢=0.03, and 
R= (1.264!+0.7)X10-" cm is 0.46. 


TABLE IT. Isotopic composition of chromium samples. 


Crs 


83.76 a 
11.0 0.6 2 
99.1 0.4 2 
ol 
% | 


Sample Crs Crs 


Normal 9.55 8 
Cr 
Cr® 
Crs 
Cr* 


16.2 82.4 
11.4 4.3 &: 
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Fic. 2. The neutron transmission of normal chromium and two 
of its isotopes, Cr’ and Cr. The solid curve plotted with the 
Cr® data is a theoretical curve based on the resonance parameters 
oo=473 barns, [= 1500 ev, and R’=2.67 X10™8 cm. 


COBALT 


Maxima in the resonance structure were observed at 
4.89 and 8.05. MN list resonances at 4.7, 7.8, and 28.3 
kev. A sample,'® 99.8% pure and 0.448 g/cm? thick, was 
used in the measurements. In order to compute [I,,°/ D 


for cobalt, a summation as indicated by Eq. (A2) was 
performed and to it was added the value of gI’,° for the 
resonance at 132 ev, the final sum being divided by 
AE. The reduced neutron width of the 132-ev resonance 
was derived from the data of Seidl ef al.° 


MANGANESE, ZINC, AND GALLIUM 


Values of I’,° from Bollinger ef al.'® were used to 
obtain the sum of the reduced neutron widths for 
manganese up to 15 kev. The result of this summation 


} 


is 15.5 (ev)? when the correct value of 1.14 (ev)~? is 
used for the reduced neutron width of the 337-ev 


t Note added in proof.—In a survey run made with much im- 
proved resolution, resonances were observed in cobalt at 4.3, 
5.0, 8.0, 10.4, 16.6, 21.5, 24, and 30 kev. 

13 The value for cobalt of r,°/D=2 38X10 reported earlier’ 
was based on measurements made with a sample which was later 
found to have a large iron impurity. The values reported by us for 
the total cross section of cobalt in BNL-325 suffer from the same 
fault. Since some of the resonance structure observed with the 
impure sample was not seen with the pure sample, but was ob- 
served in earlier work by other investigators, it seems likely that 
their work may have suffered from this same difficulty. The 
authors are indebted to Dr. Carl T. Hibdon for pointing out that 
the sample used in the early measurements on cobalt might be 
impure. 

16 Bollinger, Dahlberg, Palmer, and Thomas, 
126 (1955). 
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resonance. In order to be consistent with the data of the 
present paper, the sum of gI’,” has been divided by AE, 
with AE=15 kev, to obtain f,,°/D. 

The data on zinc, which include a value of [,,,°/D for 
Zn*’, have been presented by Dahlberg and Bollinger." 
In addition to the value for Zn®’, a value of [',.°/D can be 
obtained from their data on Zn™ by the method de- 
scribed in the present paper. The thickness of the 
sample used was 1.03 g/cm? and its isotopic constitution 
was 93.1% Zn®™ and 6.3% Zn*®. A value of gI’,.° for the 
2750-ev resonance, derived from the data of Dahlberg 
and Bollinger under the assumption that I',=0.35, was 
added to >> gI’,° obtained by the method of Eq. (A1) 
for the energy region between this resonance and 15 kev. 
Division of this new sum by AE yields the value of the 
strength function for Zn™, the only even-even nucleus 
studied. 

Data on gallium were presented by Palmer and 
Bollinger.’ Since the value of [°,°/D calculated from 
their data on Ga” appeared to be high, because of the 
atypically great widths of the resonances at 290 and 
380 ev, transmission measurements above 380 ev were 
made again in order to apply the method of Eq. (A1) 
and hence improve the statistical accuracy of the 
measurement by including more resonances. Similar 
measurements were also made on Ga®. The sample 
thicknesses for Ga® and Ga” were 1.48 g/cm’? and 0.841 
g/cm’, respectively. 
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Fic. 3. The neutron transmission of normal copper and its isotopes. 


17P), A. Dahlberg and L. M. Bollinger, Phys. Rev. 104, 1006 


(1956). 
18 R. R. Palmer and L. M. Bollinger, Phys. Rev. 102, 228 (1956). 
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Gallium represents the worst case for application of 
the method of Eq. (A1) since the assumptions that I’, 
and A are small compared with I are poor ones for the 
isotopes of this element. Values of I, have not been 
measured for gallium, but the reasonable assumption 
that '~0.3 ev requires a correction of about 6% in the 
measured value of [,°/D. The neglect of the Doppler 
broadening requires a correction of about 6% in the 
same direction. In the course of this work an error in the 
data of Palmer and Bollinger was noted. Upon its cor- 
rection the resonance parameters for the resonance 
listed by them at 770 ev becomes Ey=707 ev, P=1.15 
+0.20 ev and o9=1350+50 barns. The corrected results 
of the present measurements, combined with the data of 
Palmer and Bollinger for the lower energy resonances, 
yield the values of [,°/D listed in Table I. 


COPPER 


The transmission as a function of time-of-flight is 
shown in Fig. 3 for a sample of normal copper and for 
those enriched in Cu® and Cu®. The separated isotopes 


TABLE ITT. Resonance parameters for copper. In order to obtain 
values of oo and I’, the assumptions were made that I',=0.4 ev 
and g=}. 

Eo Isotopic a Y 

(ev) assignment (barns) (ev) 

230 65 250 0.42 
1550 1.30 
626 32.4 


con 


577 63 
2050 63 
2520 63 
2660 65 
4160 65 
5390 63 


486 19.5 
308 33.8 
240 76.0 


were in the form of CuO with sample thicknesses of 2.88 
g/cm? of Cu® and 2.37 g/cm? of Cu®. The sample of 
Cu® was 99.85% pure, the Cu® 98.15% pure. In addi- 
tion to the structure shown, there is a resonance at 
230 ev which has been identified as belonging to Cu®. 
+. Application of standard area analysis to the resonance 
structure of copper under the assumptions that I',=0.4 
and g=}3 yields the results listed in Table IIT.§ 

Values of [',.°/D were obtained in the same fashion as 
those for gallium. 


ARSENIC 


Samples 8.95, 1.10, 0.332, and 0.0925 g/cm? thick 
were used in this measurement of the total cross section 
of arsenic. Standard area methods were used to obtain 
the resonance parameters. Thick and thin samples were 
available for the first three resonances, so that values of 
I’, could be obtained. These, along with the other 
resonance parameters for arsenic, are listed in Table IV. 


§ Note added in proof.—In a survey run made with much im- 
»roved resolution, resonances were observed in copper at 2.04, 
2.52, 2.66, 3.91, 4.44, 4.84, 5.34, 5.90, 6.4, and 7.9 kev; many 
resonant peaks were observed above this energy, but most likely 
they are not due to single resonances. 


t 





MEASUREMENT OF 
A weighted average value of the radiative-capture 
widths for the first three resonances was used in order 
to find the parameters for the next five resonances. The 
average values of the level spacing D, the reduced 
neutron width, and [,,°/D are 100 ev, 0.0365 ev, and 
1.83X 10-4, respectively. 


DISCUSSION 


Preliminary results for some of the nuclides for which 
the final values are listed herein were reported previ- 
ously.® Since then, MN have published results giving 
values of [’,,°/D for nuclides in the same mass region and 
in fact for many of the same nuclei. Some comparison 
of the two sets of data is therefore in order. 

The results of MN were taken over the energy range 
from a few kev to about 100 kev, while the present 
results were obtained from the energy region from 0 to 
15 kev. The wider energy range allowed MN to include 
more resonances in their averages and hence to achieve 
greater statistical accuracy. However, the present data 
suffer appreciably from poorer statistical accuracy only 
near the peak in [’,°/D. In view of this, one would expect 
agreement between the two sets of results everywhere 
except, perhaps, near the peak. This is in fact the case, 
for the agreement is within the experimental errors for 
all nuclei off the peak, except arsenic. MN have dis- 
cussed the result for arsenic, since their value appeared 
to be quite high compared with their values for neigh- 
boring nuclei. They indicated that a different choice of 
potential-scattering cross section, namely a value based 
on the total cross section in the electron-volt energy 
region, would lower the value of [,°/D very sub- 
stantially. This case points up the rather large depend- 
ence of some of the results of MN on values of the 
potential-scattering cross section. This difficulty is not 
important in our determinations of f,,°/D because the 
off-resonance cross section is much smaller than the 
resonance contribution in the low-energy region that is 
of interest to us. 

The two highest values reported here, those for V* 
and that for Cr*, have very large statistical errors be- 
cause so few resonances were included in the averages. 
MN have not made measurements on Cr* so no com- 
parison is possible. They have discussed the case of V*, 
however, and attribute the high value in the ANL work 
reported in this paper to poor statistical sampling. The 
large errors placed on the present value indicate that the 
statistical sample is indeed rather poor, and thus it is 
certainly conceivable that it may not be a representative 
sample of the wider energy range. A comparison of the 
two values for V", keeping in mind the meaning of the 
errors, leads to the conclusion that no major disa- 
greement exists even though the values differ by a factor 
of two. The over-all conclusion to be drawn from this 
comparison is that there is rather good agreement be- 
tween the two sets of results; but it should be noted 
that, although the values of the strength function for 
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TABLE IV. Resonance parameters for arsenic. I’, =0.287+0.03 
is the weighted average of values of I’, for the first three resonances 
and is used in the analysis of the five resonances at higher energies. 
The assumption that g=} was made for all resonances. 


Eo 70 iy T'n 
(ev) barns (ev) ; (ev) 


47 3100+470 0.0392+0.0024 
92 6534210 0.0155+0.002 
254 1160+ 106 0.07 +0.03 
322 3200+ 90 1.42 +0.08  0.287+0.03 1.13 +0.08 
457) = 7254325 = 0.38540.07 0.287+0.03 0.10 +0.06 
535 2214+ 25 3.0 +0.15 0.28740.03 2.71 +0.15 
666 870+220 0.52 +0.10 0.287+0.03 0.23 +0.10 
746 «1565+ 25 2.67 +0.22 0.287+0.03 2.38 +0.23 


0.3364:0.032 0.296-40.035 
0.286-£0.089  0.269-40.057 
0.30 £0.15 0.23 £0.18 


V* and Cr® are based individually on results which are 
statistically rather poor, the combined evidence, which 
includes these results and fragmentary results for V 
and Cr, seems to indicate that the high values obtained 
may be correct. In the case of V® this fragmentary 
evidence is a value of [',°/D based on only two reso- 
nances and for Cr it is the very large value of the 
reduced neutron width. On the basis of this evidence, 
the suggestion is made that the high values obtained 
may not be the result of poor statistical sampling, but 
rather are a measure of the strength function near zero 
energy. This suggests, of course, a variation of the 
strength function with energy which is not predicted by 
any theory. 

Since many calculations based on the optical model 
have been made which lead to results which are relevant 
to the present experimental results, brief mention will 
be made of the essential features of each, and of their 
agreement with the present measurements. 

The original work of Feshbach, Porter, and Weisskopf* 
was done with a square-well potential of the form 
V =—Vo(1+7¢). A curve based on such a potential with 
¢=0.03, Vo=44 Mev and R= (1.264!+0.7)X10-8 cm 
is shown as A in Fig. 1. For a potential of this form, a 
value of ¢=0.05 provides the compromise necessary to 
fit the experimental results both in this mass region and 
for A>130. The peak is lower for this value than for a 
smaller value such as 0.03 and consequently the agree- 
ment with the present results is worse. It is clear that 
this curve represents the experimental results only to 
the extent that it shows a maximum at the appropriate 
A for parameters which are consistent with those for the 
peak near A =155. 

Attempts at refinement of this model have lead to a 
potential with a diffuse boundary.” Weisskopf” has 
discussed this calculation and a curve taken from his 
paper is shown as B in Fig. 1. Except for the fact that 
the particular choice of parameters is such that the peak 
does not coincide with the experimental peak, this curve 
appears to fit the data better than any of the others. 
The major discrepancy lies in the fact that the curve 


19R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
Morrison, Muirhead, and Murdoch, Phil. Mag. 46, 795 (1955). 
*” Victor F. Weisskopf, Revs. Modern Phys. 29, 174 (1957). 
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passes well above the well-determined points for Y®, 
Nb*, Mo”, and Mo*”. 

The fact that nuclei are known to be nonspherical has 
led to modification of the above calculations. Margolis 
and Troubetzkoy* and Vladimirskii, Ilyina, Panov, 
Radkevich, and Sokoloviskii” have made calculations, 
based on a square-well potential on the interaction of 
neutrons with spheroidal nuclei. Though different ap- 
proaches were made to the problem, the results are in 
excellent agreement. Only those of Vladimirskii e¢ al. 
were carried out for the mass region of interest here. The 
results of these calculations for spheroidal nuclei with 
semiaxes a and b=0.9a are shown as B in Fig. 1. 
Curve C is the result for oblate spheroidal nuclei with 
semiaxes a=0.9b and 6. Although neither of these 
curves describe the experimental results well, D would 
clearly be the better choice of the two. 

Chase, Wilets, and Edmonds” have considered the 
scattering of neutrons by a rotating, deformed, even- 
even nucleus with a diffuse-surfaced complex potential. 
Unfortunately, these calculations have been carried out 
only for A> 130, so no representation of them is shown 


in Fig. 1. In their most refined calculation this group has: 


used a deformation which varies in accordance with the 
deformations deduced from £2 transition probabilities.” 
The result of this calculation is in very good agreement 
with the experimental results. The slope of the strength 
function curve near A=130 is such that it appears as 
though it might pass through the low values of the 
strength function in the vicinity of A=120. However, 
nothing more positive than this can be said about the fit 
to the data for the lighter nuclides. 

In view of the work outlined above, it is clear that 
none of the simple models discussed lead to results 
which are in agreement with the experiment. So many 
factors regarding the interaction of the nucleus with 
neutrons have been neglected in the formulation of the 
optical model that it is pointless to try to obtain a 
perfect fit to the experimental data. However, it does 
seem proper to question the fit in regions where the 
results for many nuclides differ markedly from the 
theoretical predictions. The inclusion of details per- 
taining to the individual nuclides appears to bring the 
experimental and theoretical values into much better 
agreement for A > 130. Let us therefore inquire whether 
a similar approach is likely to be helpful for the mass 
region 40< A <130. 

For ease of discussion, let us consider the effects of 
deformation and diffuseness separately. All quadrupole 
moments of odd-A nuclides between calcium (closed 
proton shell, Z=20) and copper (A=65) may be ex- 


1B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
1957). 
é 2 Vladimirskii et al., Columbia Conference on Neutron Inter- 
actions, New York, September, 1957 (unpublished). 
23 Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 
% Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
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pected to be negative,”® corresponding to an oblate 
spheroidal shape. On the basis of the expected size 
of these moments, the corresponding deformations 
8=1.064R/Ro may be computed; here Ro is the mean 
nuclear radius and AR is the difference between the 
major and minor semiaxes of the spheroid. The values 
of 8 for the nuclides under consideration should lie in 
the range from 0 to 0.1, a range which may be compared 
with values of 0.25 to 0.47 for nuclides which form the 
maximum in I’,°/D near A=155. Curves C and D of 
Fig. 1 correspond to 8=0.079 and therefore are repre- 
sentative of the effects of the maximum deformations 
expected for nuclides in this mass range. It is clear from 
these curves and from the complete investigation of 
Vladimirskii e¢ al.” that deformations of the size ex- 
pected for the nuclei between A = 70 and A = 130 cannot 
alone be responsible for the observed values of the 
strength function in this region. 

Consider now the case in which diffuseness alone is 
included in the calculations. We have seen that models 
with a constant diffuseness provide the best fit to the 
experimental results treated in this paper, but that 
these fail for the region 90< A <130. Any constant value 
of the diffuseness consistent with the low values required 
for the strength function in this region of A cannot be 
used in calculations without destroying the agreement 
for nearly all other regions of A.*® Agreement could be 
obtained throughout the mass region by a variation of 
the diffuseness, but such a procedure seems to be 
unjustified since the results of the electron scattering 
experiments at Stanford*’ indicate that the diffuseness 
parameter does not vary as a function of A. 

The conclusion reached on the basis of the above 
discussion is that the experimental results are not in 
satisfactory agreement with the results of using either a 
variable deformation or a variable diffuseness in optical 
model calculations, at least if these parameters are 
varied in a manner consistent with other known nuclear 
properties. 


APPENDIX 


On the basis of the assumptions listed in the text, the 
direct results of the transmission measurements, uncor- 
rected for resolution, can be related to [,°/D. From the 
definition in Eq. (4), it is clear that the problem is 
simply that of calculating ),(gT’,°),. 

The area above a single transmission dip is given by 


°7T —T 2Eo f*® /To-T 
An=f ( ~)an=— f ( )ar, 
0 To TO 0 To 


25 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1957). 

26H. Feshbach, Proceedings of the Conference on Neutron 
Physics by Time-of-Flight, Gatlinburg, Tennessee, November, 
1956; Oak Ridge National Laboratory Report ORNL-2309 
(unpublished). 

27 Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956); Hahn, Hofstadter, and Ravenhall, Phys. Rev. 105, 1353 
(1957); Downs, Ravenhall, and Yennie, Phys. Rev. 106, 1285 
(1957). 





MEASUREMENT OF 
where Ep is the energy of the neutron at exact resonance, 
ro is the time of flight in usec/m for neutrons of energy 
Eo, and 7, is the off-resonance transmission. For any 
value of noo this area and the resonance parameters can 
be related in a general expression through the function 
Y (noo), which can be calculated from curves available 
in the literature.’ The relation between these is 


Ag’? =Y?(noo)rnooI”?, 


where moo] is, as a matter of fact, A,* for a thick 
sample. On the basis of this last equation and assump- 
tions 1 and 2, the following expression can be obtained 
for gl',”: 

gl °=¢(2.6XK 10%rng) 3A 2/Y. 


The sum of the gl’, of V resonances in an energy 


interval defined by an upper limit Ey and a lower limit 
E, is given by 


N 2 


‘ 
X (el .)-= X | (2.6X 10%rng)-hg 


r=] r=] 
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On the basis of assumption 5, one can write 


To- T 4 


N To i, 
Ya eas 
r=] 7 0 T 0 


5] 


where 7°, is the transmission at a particular energy due 
to all V resonances included in the sum. When g, as 
defined in the text, and the measured transmissions 7 ; 
are substituted in Eq. (A1), it becomes 


Vv 


> (ela )e 


1 


29(2.6X 10%rng)—3 


1 ‘o— T; 
Jar (A2) 


in which the sum on the right side is taken over all the 
channels in the energy range Ey to E,. This range is 
determined in an arbitrary fashion so that any prejudi- 
cial selection of the limits based on the apparent form 
of the resonance structure can be avoided. Because of 
certain properties of the velocity selector, the upper 
limit is chosen to be the nearest channel to 15 kev; zero 
is taken as the lower limit. The final expression for the 
strength function can then be written as in Eq. (4) of 
the text. 
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Scattering of u- Mesons by Nuclei* 


J. FRANKLIN, B. MarGouis, AND H. OBERTHAL 
Columbia University, New York, New York 
(Received March 4, 1958) 


Previous hand calculations for the scattering of u 


mesons by nuclei have been extended by using a 


IBM-650 Computer, to include energies corresponding to v/c=0.2 (E=2.1 Mev) and 0.4 (E=9.6 Mev) 
for the nuclei Z=48 and 80, the nucleus being considered as a uniformly charged sphere of radius 


R=1.2A?X10™% cm. 


INTRODUCTION 


N an earlier paper’ we have discussed the interest in 

scattering polarized 1 mesons from heavy nuclei. In 
that paper the results of Sherman’ for the scattering 
of electrons by point nuclei were corrected by an exact 
phase-shift analysis for the scattering of 2.1-Mev 
(v/c=0.2) uw mesons by a uniformly charged nucleus of 
Z=80 and radius R=1.2A'X10-" cm. The method of 
reference 1 has been extended using an IBM-650 
computer to include energies corresponding to v/c=0.2 
(E=2.1 Mev) and 0.4 (E=9.6 Mev) for uniformly 
charged nuclei of Z=48 and 80, and radius R=1.2A! 
xX10-" cm. To facilitate machine programing the 
calculation was modified from the previous one in two 
respects: (1) In reference 1 the logarithmic derivatives 
of the large components of the u-meson wave function 
are joined at the nuclear surface to determine phase 
shifts. For the machine program, large and small 
components were joined simultaneously in a method 
described by Sliv and Volchok.* (2) The outside wave 
functions were calculated by power series solution of the 
radial Dirac equations as described by Yennie, Raven- 


hall, and Wilson.‘ In the previous paper they had been 
calculated from confluent hypergeometric functions. 


RESULTS 


In Tables I-IV are given the cross section, (6), and 
left-right asymmetry parameters, 5(6), for the various 
cases. The ratio of the cross section to Sherman’s 
point-nucleus results and the asymmetry parameter for 
a point nucleus are also listed for comparison. In terms 
of S(@) and o(@) the differential cross section for a 
particle of polarization o and momentum direction 
p, scattering to momentum direction fy» is 
da (6,¢) o-piXp» 

- “=0(0| 14500) - | 


sin@ 


dQ 


A fuller discussion and formulas for obtaining S(6) and 
o(@) are given in reference 1. 

Results are not given for energies higher than 10 Mev 
because the 3-figure accuracy of Sherman’s tables is not 
sufficient where there is cancellation due to finite-size 
effects. Furthermore, at higher energies the use of a 
uniform charge distribution would not be expected to 
yield realistic results, especially at large angles where in 


TaBLE I. The differential cross section and asymmetry parameter for the case Z= 80, v/c=0.2. 
oo and So(@) refer to the point nucleus results of Sherman. 


45° 60° 
370 87 
0.92 1.02 
0.0 1.0 
—0.19 —0.96 


o (barns) 6200 

a/oo 1.0 
100 S(@) 0.3 
100 So(@) 0.21 


90° 105° 120° 135 
1.3 0.75 
0.30 0.19 

—11 —18 

—28 —26 


6.8 2.8 
0.99 0.57 
—3 —§ 


—3.6 —20 


TABLE II. The differential cross section and asymmetry parameter for the case Z=80, v/c=0.4. 


15° 30° 
0.29 


0.66 0.32 
=f sl 


340 28 oA 
1.00 1.27 1.10 
0.2 0.0 —1 

—0.04 1.5 3.9 


o (barns) 
a/oo 

100 S(6) 
100 S(@) 


45° ' 90° 


0.085 
0.15 
—§ 


0.21 -104 —23 


120° 


105° 165° 


135° 150° 
0.0058 
0.027 

—14 

~14 


0.0065 
0.028 
—22 
—26 


0.015 

0.049 
—15 
—37 


0.032 

0.082 
—8 
—33 


0.0088 

0.034 
—20 
—34 


* This work was supported in part by the U. S. Atomic Energy Commission. 


1 J. Franklin and B. Margolis, Phys. Rev. 109, 525 (1958). 
2,N. Sherman, Phys. Rev. 103, 1601 (1956). 


$L. A. Sliv and B. A. Volchok, “Tables of Coulomb phases and amplitudes taking into account the finite nuclear size,” 
Academy of Sciences of the U.S.S.R. Report, 1956 [translation: Atomic Energy Commission Report AEC-tr-2875 (Office of 


Technical Information Services, Washington, D. C., 1957) ]. 
4Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 
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TABLE III. The differential cross section and asymmetry parameter for the case Z=48, v/c=0.2. 


150° 


0.24 

0.25 
ot 
—8.2 


13$° 


0.31 

0.28 
—11 
11 


105° 120° 


0.90 0.48 
0.48 0.35 
~7 ~10 
-11 —12 


78° 


4.6 
0.93 
—2 


—3.7 


90° 


2.0 
0.69 
-4 
a 


6 >" 30° : 60° 


12 
1.14 
—0.5 


o (barns) 
7/09 

100 S(@) 
100 S»9(@) 


TABLE IV. The differential cross section and asymmetry parameter for the case Z=48, v/c=0.4. 


165° 


0.0022 

0.052 
- 
—6.3 


6 15° 30° 45° 60° y 5 ad 90° 105 120° 135 150° 


130 
1.05 
0.06 
0.2 


0.0023 
0.048 


0.0027 
0.047 

—14 
—15 


0.010 
0.098 


0.0044 
0.059 
= 
16 


0.37 0.10 0.031 
0.56 0.34 0.18 
—1.6 2 -3 
-- 4.3 —8.3 -12 


8.6 
1.04 
0.2 
0.2 


iS 
0.83 

—0.9 

=1.2 


o (barns) 
0/00 

100 S(@) 
100 S»(@) 


~t 
~t 


fact polarization effects are expected to be large. The ACKNOWLEDGMENT 
cross section falls off sharply with increasing energy, 
particularly for a finite-size nucleus so that measure- 
ments of u-meson scattering above 10 Mev would be 


extremely difficult. 
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Scattering of 220-Mev Polarized Protons by Complex Nuclei* 
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University of Rochester, Rochester, New York 
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Extending earlier measurements, we have studied yields and asymmetries in the scattering of a highly 
polarized proton beam by Be’, C, Al?’, and Ca®. In the work on Be’ and Al’, the beam was monochroma 
tized through the use of a regenerative deflector; its mean energy on striking the targets was 219.6 Mev, 
and its standard deviation in energy (including the effect of short time fluctuations) was less than 1.1 Mev. 
With this technique, together with a refined procedure for the analysis of the distribution in range of scattered 
protons, we have been able to separate elastic from inelastic scattering in Be® at angles from 8° to 37.5°, and 
to estimate the inelastic scattering involving the excited state at 2.4 Mev. The separation of elastic scattering 
in Ca® could also be made, although the regenerator was not used. The results are compared with approxi 
mate calculations based on the optical model with @-L coupling; a potential is found such that, with variation 


of the nuclear radius alone, good fits are obtained to measurements on the four nuclei. 


INTRODUCTION 


OLARIZATION effects in the elastic scattering of 
high-energy protons have been studied intensively 

at this laboratory’ and elsewhere’ over an energy in- 
terval extending from 60 Mev to 660 Mev. It has become 
clear from the experiments that the polarization can be 
very large, and can in fact approach 100% under certain 
conditions. The first strong maximum in the function 
P(@) is usually found when 2kR sin(@/2)~2.2, k and 6 
being the wave number and scattering angle in the 


* Research supported by the U..S. Atomic Energy Commission. 

1 Chesnut, Hafner, and Roberts, Phys. Rev. 104, 449 (1956); 
referred to in the text of this paper as CHR. 

2 An excellent bibliography of most of the experimental and 
theoretical work in this field is found in the review article by L. 
Wolfenstein, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1956), Vol. 6, p. 43. 


center-of-mass system, and R the nuclear radius. Some 
experiments'® have also revealed subsequent minima 
and maxima in P(@) at large angles, but only after 
careful elimination of inelastic events that can compete 
strongly with elastic scattering in the angular region 
beyond the first maximum in the polarization. Measure- 
ments in which such separation has been accomplished 
have given data on polarization effects involving one or 
more of the lowest excited states of the target nuclei. 
Most theoretical accounts? of the qualitative features 
of the elastic polarization have been achieved through 
the addition of a spin-orbit term to the central potential 
of the usual optical model. It was the purpose of the 
present work to extend our original: measurements at 
220-Mev to a variety of nuclei, and then to investigate 


3 Alphonce, Johannson, and Tibell, Nuclear Phys. 3, 185 (1957). 
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Fic. 1. Schematic plan of the double-scattering experiment. 


the possibility of discovering a potential that gives 
quantitative descriptions of the elastic scattering in all 
cases. In carrying out the analysis, we wished specifically 
to stipulate that all parameters of the potential be held 
constant except for the range, which was to be varied in 
proportion to the nuclear radius. The nuclei chosen for 
the comparison were Be’, C”, Al?’, and Ca®, giving a 
significant range of mass number and a variety of 
ground-state spins. 

The separation of elastic from inelastic scattering at 
220 Mev is the most formidable technical problem 
confronting us in this work. In Be’, for example, the 
inelastically scattered group corresponding to excitation 
of the state at 2.4 Mev differs from the elastic group by 
only 1.0% in energy and 0.6% in momentum. The 
requirements for a successful study of the scattering, in 
the event that inelastic processes play a significant role, 
therefore include a narrow energy spread of the incident 
beam and a second-scattering detection procedure of 
high resolution. As will be seen in subsequent discussion, 
we have been able to achieve the necessary sharpness in 
beam energy by regenerative deflection of the cyclotron 
beam before the first scattering. In the hope of replacing 
the distribution-in-range methods developed in CHR 
for detection of second scattering, we investigated the 
response of several scintillation spectrometers to this 
beam and concluded that, with the detectors of this type 
available to us at present, the required resolution cannot 
be achieved. At the same time it became apparent, from 
independent work** on C” at lower energy, that the 
polarization data reported in CHR is in excellent 
agreement with the results of more direct methods. 
(Figure 16 shows a comparison of the results for inelastic 
scattering.) In view of this agreement, and of the im- 
provement in incident energy definition that had be- 
come available to us, we were encouraged to devise a 


4 Tyren, Hillman, and Johannson, Nuclear Phys. 3, 336 (1957). 


refinement of our previous methods that could be ex- 
pected to cope with some more difficult problems. 


FIRST-SCATTERED REGENERATED BEAM 


Following the theoretical work® of Le Couteur on the 
regenerative deflection of synchrocyclotron beams, we 
undertook an investigation of the technique with our 
machine. Careful measurement of the cyclotron mag- 
netic field and a study of Le Couteur’s nonlinear theory 
led us to devise regenerator parameters and to develop 
semiempirical methods® for designing the physical re- 
generator and its correcting shims with a minimum of 
down-time on the machine. The regenerator was suc- 
cessfully tested, with the conclusion that about 30% of 
the circulating beam could be deflected into an area 
representing the entrance of a proposed magnetic 
channel. At the same time we were made aware, from 
results with similar apparatus at other laboratories, that 
the deflected beams were considerably sharper in energy 
than the circulating beams from which they arose. Now, 
the best extracted currents available in these machines 
were about 5% of internal currents; it was therefore 
possible that at least some of the improvement in energy 
definition was the result of momentum selection in 
magnetic channels. Since it was also at this time that the 
importance of energy resolution in double nuclear scat- 
tering became clear, we thought it interesting to look at 
the energy spread of our regenerated beam before 
extraction. 

The method used for this investigation is shown in 
Fig. 1. A polarized proton beam is normally produced by 
15-degree scattering from a fixed first scatterer at a 
radius of 58.5 inches. After traversing a steering magnet, 
a monitoring ionization chamber, and several defining 
slits, it is analyzed by a second scatterer and a counter 

5K. J. Le Couteur, Proc. Phys. Soc. (London) B64, 1073 (1951); 


66, 25 (1953); Phil. Mag. Ser. 7, 46, 1265 (1955). 
6 E. M. Hafner and K. J. Le Couteur (unpublished). 
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telescope. With the regenerator in place, the first 
scatterer was made movable through a suitable range of 
radii, and along a line closely approximating the usual 
scattered orbit. The similarity of scattering angles and 
subsequent ion optics for all target positions made 
possible a realistic comparison between the normal 
scattered flux and the flux obtainable under a given con- 
dition of regeneration. In addition, the analyzer tele- 
scope was equipped to measure distributions in range 
and in time of particles reaching the second scatterer, 
and thus to give comparisons of energy spread and duty 
cycle between the two beams. 

Curve A of Fig. 2 is a Gaussian fit to the distribution 
in energy deduced from a typical range measurement on 
a double scattered unregenerated beam. The energy 
scale refers to the beam striking the first target. Curve B 
is a fit to a range measurement on a beam that had 
undergone regeneration before the first scattering. The 
standard deviation used in drawing this curve is taken 
from a calculation of the straggling to be expected in the 
absorbers of the analyzer telescope, and in residual 
thicknesses of material (targets, counters, and air) 
through which the beam passed. It is clear that the 
beam itself contributes little to the width of the distri- 
bution. The departure of the data from the curve on the 
low-energy side is attributed to inelastic scattering at 
the first target, which was carbon. The dotted correction 
c 


to the curve shows the effect of assuming a 7% admix- 
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Fic. 2. Differential range data. The absorber thickness for each 
measurement is the mean range corresponding to the energy at 
which the point is plotted. The points on curve A were obtained 
with the normal cyclotron beam; those on B with the regenerated 
beam. Curve B is the expectation from straggling in range. The 
correction shown as C takes account of inelastic scattering by the 
first target (see text). 
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ture of scattering involving 4.4-Mev excitation of C. A 
contamination of approximately this amount might be 
expected from the fact that the Uppsala group’ has 
obtained a corresponding figure of 10% for 16-degree 
scattering at 155 Mev. 

The total flux observed in the regenerated beam by 
this method indicated no loss due to regeneration; 
indeed, the integral of B in Fig. 2 exceeds the integral of 
A by about 20%. We believe this to suggest that the 
energy spread of the normal beam is in fact greater than 
the measurement in second scattering indicates, and 
that the steering magnet serves to some extent as an 
analyzer. 

The distributions in time of the two beams also re- 
vealed a striking difference. The measurements were 
made by observing the number of second scatterings 
that occurred within a 6-microsecond gate opened at 
variable times after the cyclotron oscillator passed a 
preset frequency near the bottom of the FM envelope. 
The distribution corresponding to curve A of Fig. 2 was 
about 60 microseconds wide at half-maximum, and 
correlation was found between time of arrival of a 
proton and its range. The distribution of the regenerated 
beam was 24 microseconds wide, and showed no range 
correlation. Also, a width of 80 microseconds was ob- 
served for neutrons produced by the unregenerated 
beam. Since the entire circulating beam contributed to 
this distribution, the increase in width suggests once 
more that the steering magnet and slit system reject 
part of the proton spectrum. 

From range data accumulated during these experi- 
ments, interpreted by means of procedures discussed in 
the following section, we have deduced the mean energy 
of protons at each of several points along the beam. 
With the regenerator in operation, the energy striking 
the first target is 231.1 Mev; the energy leaving the 
target is 223.4 Mev; the energy at the steering magnet 
is 221.5 Mev; and the energy striking the second target 
is 219.5 Mev. Departures of the energy from the mean 
were seldom greater than 0.3 Mev. The polarization of 
the first-scattered beam was reported in CHR as 0.89 
+0.02. Remeasurements of the polarization during the 
present work have confirmed this result. 

The flux available to us in the first-scattered beam can 
be computed from a knowledge of the p-C™ cross section 
and of the subsequent ion optics. A study of orbits 
carried out on a Burroughs E-101 computer indicates 
that the mean ray accepted externally is produced by 
scattering at 14.7 degrees, and that the solid angle de- 
termined by external apertures is 7.5X10~° steradian at 
the target. Using a differential cross section for C” 
obtained from analysis of the data in CHR, we compute 
a flux of 2.3105 protons/min for a circulating beam of 
0.3 microampere, the current at present available. The 
flux calibration has been confirmed with fair accuracy 
by the counting rates obtained in several independent 


7A. Johannson et al., Nuclear Phys. (to be published). 
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Fic. 3. Integral range data. Curve A is taken from the earlier 
work of CHR. Curve B was obtained in the present work with the 
regenerated beam. Also shown are two range settings of the 
counter telescope used in the present measurements on Be’. 


double-scattering measurements, and by direct measure- 
ment* of the flux density with small counters. 


DOUBLE SCATTERING TECHNIQUE 


The basic procedure used in the present measure- 
ments is a refinement of the ideas developed in CHR. 
We shall emphasize in this discussion only such aspects 
of the method as have been significantly changed. It is 
usually to be assumed that the regenerated beam was 
used to produce a first scattering although some of our 
data were obtained with the normal beam. Our starting 
point was a carefully measured integral range curve, 
taken either in the first-scattered beam or in the second- 
scattered beam at a small angle. We found good 
agreement between the two curves if, for example, the 
second scatterer was Be’ and the second angle was less 
than 8 degrees; at larger angles, inelastic scattering 
introduced significant changes. Figure 3 shows the range 
curve used in analysis of the asymmetry measurements, 
and includes data taken over a period of time com- 
parable with the length of asymmetry runs. It therefore 
includes the broadening contributed by random energy 
fluctuations. The curve is a fit to the data, obtained by 
combining a gaussian centered at the full energy with a 
7% admixture centered at an energy lower by 4.4 Mev. 
The contribution of the incident beam energy spread to 
the standard deviation of the Gaussians is less than 1.1 
Mev. The admixture of energies is in conformity with 
the results of differential range measurements (Fig. 2); 
it is also found to be required for an adequate fit. 
Nuclear absorption and geometrical losses were taken 
into account by an empirical factor, adjusted to the 
slope of the range curve ahead of the final falloff. 
Included for comparison in Fig. 3 is the integral range 
curve of the unregenerated beam used in the measure- 
ments of CHR and in the Ca® measurements of the 
present report; its standard deviation is about three 
times as large. 

The telescope used in detection of second scattering 
consisted of five counters (Fig. 4), whose signals were 


8 Roberts, Tinlot, and Heer (private communication). 
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detected in conventional coincidence circuitry. The 
function of the first two counters was only to define the 
solid angle of acceptance, which was approximately 
0.005 steradian. The last three, which we shall denote by 
1-2-3, were thin plastic scintillators (0.16 g/cm?; energy 
loss 0.9 Mev at 220 Mev) between which thin aheorbers 
could be placed in order to space the counters appro- 
priately on the range curve. In front of these three 
counters we placed a thick copper absorber chosen, for 
a given angle of scattering from a given target, to make 
up a total copper equivalent thickness R; (measured in 
inches) between the cyclotron beam and counter 1. The 
absorber was adjusted in every run to take into account 
energy losses due to ionization and nuclear recoil in the 
second scatterer, and thus to guarantee that the distri- 
bution-in-range of elastically scattered protons arriving 
at counter 1 was at least approximately the same for all 
measurements. In careful analysis of the data, it was 
then necessary only to correct for small deviations of the 
primary energy from the value corresponding to the 
standard range curve of Fig. 3. The extent of such 
deviations, and the way in which they were accounted 
for, will be described presently. 

The thin absorbers placed between the last three 
counters were chosen so that AR, the increment in range 
between successive counters, corresponded to the energy 
loss for inelastic scattering leaving a nucleus of the 
second scatterer in its first excited state. AR, measured 
again as an equivalent copper thickness in inches, in- 
cludes the thickness of one counter. Calibrations of the 
relative efficiencies of the counters were made, so that 
the rates in counters 2 and 3 could be compared with the 
rate in counter 1. The efficiency of a counter relative to 
the preceding one was found to be about 90% when AR 
was set for an energy increment of 2.4 Mev, appropriate 
to the case of Be’. When the efficiency correction had 
been made, the relative rates for elastic scattering into 
the three counters could be compared with what was 
expected from the range curve of Fig. 3. In our pro- 
cedure, it was this comparison that revealed rather 
precisely any possible deviations of the primary energy. 


| polarized beam 


second scotterer 


Fic. 4. Schematic plan of the second-scattering counter tele- 
scope, set for scattering to the left. The solid angle accepted by the 
counters is, for the narrow beam width shown here, determined by 
the target illumination and counter B; the angular resolution in @ 
is approximately 2.5°. T; and T2 are thick absorbers; 7; and 7, 
are thin absorbers separating the #g-inch scintillators 1, 2, and 3. 
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As an example of the way in which the primary energy 
can be monitored, consider the range settings denoted 
by I in Fig. 3. The total copper equivalent ahead of 
counter 1 is 2.119 inches, and the subsequent counters 
are separated by 0.035 inch of copper equivalent, corre- 
sponding to increments of 2.4 Mev at 220 Mev. We now 
adopt a notation introduced in CHR. Let ¢,; be the rate 
(after correction for efficiency) in the ith counter and 
let $j, with 7=i7+1, be the difference between the 
rates ini and j. Further, introduce the ratios «;=¢;/¢; 
and x4;=j. ii, with k= j+1; we impose the restric- 
tion that the x’s are defined only when the telescope 
is in the first-scattered beam, or when it is detecting 
second scattering at an angle small enough to insure that 
inelastic events do not contribute significantly to the 
count. The three thin counters in our telescope can then 
give x1, X12, and x2 directly. If, in a given run, the pri- 
mary beam energy happened to be the same as the mean 
energy that led to our standard range curve, and if the 
spread in energy was also the same, then the observed 
ratios were expected to agree with those read from the 
curve of Fig. 3 at the actual range positions of the 
counters. But if, for example, the energy had drifted 
upward, we could expect ratios that corresponded to an 
apparent decrease of R,; this shift could then be used to 
deduce the change in energy. We show in Fig. 5 the 
distribution of ratios observed in a sequence of runs on 
Be’ at small angles. The curves are computed ratios, 
based upon the fit to the data of Fig. 3 and taken as 
functions of R;. (The ratios x23 and x; are included for 
later reference.) The results of each small-angle run are 
plotted at the value of R, that gives the best fit to the 
curves; the upper scale then gives our best estimate of 
the primary energy at the time of each run. These runs 
covered a period of ten days, and it appears that the 
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Fic. 5. Counter ratios, x;, observed in small-angle es 
from Be®. The curves are deduced from the range data B of Fig. 3 
The effective R, and the primary energy for each run are found by 
fitting the data to the curves 
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Fic. 6. Hypothetical Y; vs x; data. The solid line is obtained 
when energy and range are compatible; a small uncorrected shift 
of Ri, equivalent to a 0.6-Mev change in energy leads to the points 
on the dashed lines. 


energy was remarkably stable during that time. It also 
appears from the accuracy with which most of the runs 
can be fitted, that the energy spread of the beam did not 
change significantly over the period of the measurements. 
Since the most critical point in the analysis of our 
asymmetry measurements is concerned with a precise 
knowledge of primary energy, we have sought inde- 
pendent ways of verifying the correctness of the pro- 
cedure outlined above. The most straightforward of our 
checks were made by varying the energy of the primary 
beam by predictable amounts, and observing corre- 
sponding changes in counter ratios. For example, we 
predict that an outward radial shift of the first scatterer 
by 0.15 inch will give an increase of 0.7+0.2 Mev in 
energy, the uncertainty arising from lack of precise 
knowledge of the value for the cyclotron field. When 
this shift was made, the counter ratios were observed to 
indicate an energy increase of 0.80+0.05 Mev. In 
another test, the cyclotron field was raised by 0.23%, 
leading to an anticipated energy rise of 0.96+0.05 Mev; 
the increase indicated by our counter technique was 
0.93+0.05 Mev. These checks have given us confidence 
in the sensitivity and the accuracy of our procedure. 
Apart from refinements already mentioned, the steps 
taken in the reduction of our experimental data are 
similar to those described in CHR. The procedure for 
separation of elastic and inelastic scattering is, in 
particular, the same. It is based on the fact that, if x; 
and ¢, are defined as above, if Y¥;=V;/¢;, where NV; is 
the counting rate in the ith channel with the telescope 
at any angle, and if the scattering is a mixture of elastic 
events and inelastic events involving only the first 
excited state of the second scatterer, then a plot of 
Y, vs x; produces a straight line whose intercept is the 
elastic yield (denoted by Ao) and whose slope is the 
inelastic yield (denoted by A,). The need for accurate 
knowledge of ¢;, which depends on good monitoring of 
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Fic. 7. Observed Y;—x; plot in a test run. In small-angle 


scattering from C”, 57% of the detectible solid angle was covered 
by a thin absorber in which an additional 4.4 Mev was lost. 


the incident energy, becomes apparent when we con- 
sider the effect of a small error on the appearance of the 
Y,—x; plot. A hypothetical example of the effect is 
given in Fig. 6. Here we assume that the true energy 
corresponds to an absorber thickness R, of 2.100 inches, 
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Fic. 8. Y;—x; plots for left and right scattering from Be? at 10°. 
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and that the scattering involves a 50% admixture of 
inelastic events in which 2.4 Mev is lost. The solid line 
is the plot that should result from a measurement with 
three counters. Now, if the R; chosen for the analysis 
were larger by 0.010 inch, corresponding to an energy 
shift of 0.63 Mev, the same measurement would lead to 
points on the dashed lines; the error in estimating yields 
would be considerable. The example serves also to show 
that such an error reveals itself by the failure of points 
to form a line. 

A direct experimental test of the accuracy of the 
Y ,— x; plots was carried out in the following way. The 
telescope was set with R,=2.003 inches and counter 
separations of 0.065 inch, the spacing appropriate to 
measurements on C™. Yields and efficiencies were 
measured for second scattering from C” at 10 degrees to 
the left. A 0.065-inch copper absorber covering 57% of 
the scattered beam was then added to R;; this had the 
effect of simulating a predictable admixture of inelastic 
scattering with energy degradation of 4.4 Mev. The 
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Fic. 9. Y;—2,; plots 
for Be® at 17.5°. 








Y ,—x;, plot derived from the run is shown in Fig. 7; 
from it one reads an “elastic” yield of 46% and an 
“inelastic” yield of 57%, with uncertainties of about 
2%. The major factor contributing to the accuracy of 
the result is the relative sharpness of the range curve, 
which has the effect of producing a much greater spread 
of ratios x; than was available to us in earlier work. 


EXPERIMENTAL RESULTS 
Be?® 


The most recent precise study of the level structure of 
Be’ has been carried out by Bockelman et al.° In addition 
to showing the well-known sharp and prominent level at 
2.43 Mev their work confirms the existence of a weakly 
excited level at 3.05 Mev; a possible level at 1.66 Mev, 
suggested by other work, appears to be most probably 
the result of three-body breakup. The reactions studied 


® Bockelman, Leveque, and Buechner, Phys. Rev. 104, 456 
(1956). 
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were Be*(p,p’)Be® and B"(d,a)Be’, with a bombarding 
energy of 7 Mev. The spectra of inelastic protons at high 
bombarding energies have not yet been carefully studied. 
In beginning our asymmetry measurements, we could 
only guess that the 2.4-Mev level might continue to be 
responsible for most of the events in which little energy 
is lost. Contributions from the 3.0-Mev state cannot be 
resolved by our method, nor can protons in the continu- 
ous background covering the same neighborhood of 
energy. We set up the measurement with thin counters 
separated by 2.4 Mev at 220 Mev, and anticipated that 
admixtures of inelastic events with significantly differ- 
ent losses would appear as curvature in our Y ;—.; plots. 
The measurements extended from 4 degrees to 37.5 
degrees (laboratory), and it is only at the largest angles 
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Fic. 10. Y;—x; plots 
forBe® at 25° and 35°. 





that we have had any difficulty in deciding that the 
plots are in fact linear. 

Typical plots from this run are shown in Figs. 8-10. 
The data are most extensive at 10 degrees (Fig. 8) since 
we repeated this measurement frequently for calibration 
and for tests of consistency. The 10-degree data, as well 
as those at several other angles, include measurements 
with both of the counter settings shown in Fig. 3. The 
Y; scale of each of the plots is the yield relative to 
leftward scattering at 6 degrees, the angle at which the 
standard range curve was obtained. 

The angular dependence of yields and polarization in 
elastic scattering, taken from the intercepts of the 
Y ;—x; plots, are shown in Figs. 11 and 12, respectively. 
The curves included in Fig. 11 are smooth fits to the C® 
data of CHR, the angular scale having been trans- 
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Fic. 11. The points are the left and right elastic yields from Be’; 
the curves are the corresponding data from CHR on C®, with 
angular scale adjusted to the radius of Be’. 


formed to take account of the difference in nuclear 
radius. The vertical scale was adjusted arbitrarily. The 
C® results are included in order to provide a comparison 
of relative cross sections for the two nuclei. A qualitative 
similarity is apparent, and the deviations in the neigh- 
borhoods of 20 and 35 degrees ought not to be regarded 
as necessarily real. The elastic polarization data (Fig. 


Beryllium 220 Mev 


Sigh Degrees 


ee Se Kee 


10 


Fic. 12. Polarization in elastic scattering from Be®. The curve 
is the prediction from a model adjusted to the polarization data 
on C®, In this, as in all subsequent theoretical curves, the angular 
resolution of the counter telescope (Fig. 4) has been accounted for. 
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Fic. 13. Left and right inelastic yields from Be®. It is assumed 
that the 2.4-Mev state predominates in this process. The curves 
have no theoretical significance. 


12) were obtained from the asymmetries by making use 
of our knowledge of the first-scattered beam polariza- 
tion. As often happens in this work, the asymmetries 
have better precision than do the corresponding yields. 
Nevertheless, the elastic yields at 30 degrees were so low 
and so poorly determined that we could make no esti- 
mate of the asymmetry at this angle. The curve in 
Fig. 12 is a theoretical fit, and will be discussed in the 
next section. 

The angular dependence of left and right inelastic 
yields for Be’, taken from the slopes of the Y ;—.; plots, 
are shown in Fig. 13. The vertical scale is the same as in 
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Fic. 14. Left and right elastic yields from C. The curves are 


theoretical predictions. 
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Fig. 11. We see that, at angles above about 25 degrees, 
the inelastic process predominates. At large angles, 
these yields are similar in shape and magnitude to the 
results on C” reported in CHR; comparison at small 
angles cannot be made because the earlier work did not 
have the resolution needed to follow the yields into that 
region. The curves drawn in Fig. 13 have no theoretical 
significance, but represent the trends suggested by the 
data. Polarizations corresponding to these results are 
discussed in connection with Fig. 17. 


cP 


In the present measurements, second scattering from 
C” was observed only at a few large angles in order to 
provide checks on results already reported. Agreement 
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Fic. 15. Polarization in elastic scattering from C”. The model, 
which was adjusted to fit these data, gives the curve shown. 


was excellent throughout. Figures 14 and 15 display the 
elastic data of CHR with only minor changes resulting 
from the remeasurement. They are reproduced here in 
order to show comparisons with the curves, which are 
theoretical fits. 

In Fig. 16, the inelastic asymmetry and polarization 
data of the Uppsala group** are compared with the 
corresponding data of CHR. The angular scale for all 
results has been adjusted to the common energy of 220 
Mev under the assumption that the theorem used in 
dealing with elastic scattering is equally valid here. 
Agreement among the three measurements appears to 
be good, and the curve represents a reasonable fit to all 
of the data. Figure 17 then compares this curve with the 
inelastic polarization results obtained for Be*® in the 
present work. The angular scale has been adjusted for 
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nuclear radius in the same way as for elastic scattering. 
We see a suggestion that, while the processes have 
similar behavior at large angles, there may be significant 
differences below 15 degrees. 


Al?’ 


The level structure’ of this nucleus, which exhibits 
two closely spaced states near 1 Mev, makes the accu- 
rate separation of elastic scattering exceedingly difficult 
by our present methods. Nevertheless, since we wished 
to obtain at least some data on a nucleus of ground- 
state spin $, we set up a measurement on Al’? with 
counter separations of 0.9 Mev, and worked in the 
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Fic. 16. Polarization in inelastic scattering from C®. Points 
labeled A were obtained from CHR and the present measurement. 
Points labeled B and C are quoted from the asymmetry and 
polarization data of the Uppsala group (references 3 and 4). The 
curve is drawn as a fit to the data, and has no theoretical basis. 


angular region from 8 to 20 degrees. We found no 
significant changes in channel ratios within this region, 
and have therefore concluded that inelastic scattering 
does not play a large role. Figures 18 and 19 show the 
relative cross sections and the polarizations that were 
observed ; the curves are again theoretical fits. 


Ca‘? 


Although the level structure” of this nucleus is also 
complex, the first excited state (3.35 Mev) occurs at an 
energy high enough to make possible a fairly clean 

10 P, M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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Fic. 17. Polarization in inelastic scattering from Be®. The points 
are experimental results. The solid curve is a fit that has no 
theoretical basis. The dashed curve is drawn, for comparison, 
from the data of Fig. 16 on C®, after a correction for radius. 


separation of elastic scattering. Since the second and 
third states fall within 0.6 Mev of the first excited state, 
our measurements of the inelastic scattering represent 
mixtures to which little significance can be attached. We 
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Fic. 18. Left and right yields from Al’. Separation of elastic 
events has not been attempted for this case. The curves are 
predictions of the model adjusted to the data of Fig. 15. 
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Fic. 19. Polarization in scattering from Al®’. The curve is the 
prediction of the model. 


therefore report, in Figs. 20-22, only the results for 
elastic scattering. The measurements were made with 
the unregenerated beam and with counters separated by 
3.5 Mev. The curves shown in the figures are theoretical 
fits. 


ANALYSIS 


Attempts at accounting for the polarization phe- 
nomena observed in complex nuclei have been made by 
many workers,’ most of whom have attacked the prob- 
lem by adding a spin-orbit potential to the well-known 
optical model of nuclear scattering. The result has 
generally been that, while such calculations reproduce 
some of the qualitative features of the process, they 
predict fluctuations in the large-angle polarization that 
were often not observed. It was pointed out in CHR, 
however, that much of the discrepancy might have 
arisen from a failure of many experiments to make 
satisfactory selection of elastic events; our opinion was 
based on the observation that, when such selection was 
made for the case of C”, the results bore a strong re- 
semblance to the predictions of the model. We therefore 
began a search for a potential that would give a quanti- 
tative description of the C” polarization. The present 
discussion will summarize the results of the search, and 
will indicate the extent to which the parameters chosen 
to give the best fit for C” are equally successful in 
accounting for measurements on the other nuclei that 
have been studied more recently. 

We must assume that most of the details of the model, 
and of the methods generally used for calculation, are 
sufficiently familiar not to require discussion here. Apart 
from some matters that we have not found adequately 
treated in the literature, and which are collected in 
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appendices to this report, we restrict ourselves to a 
specification of the notation that we have found con- 
venient and to a brief description of the technique of 
calculation. 

The nuclear potential is taken to be 


V(r) = —V,(r)—iV 2(r) 
h \21 dl V(r) +iVa(r)] 


r dr 


» (1) 


mec 


where l= L/h, s=o/2, and m is the proton mass. Signs 
are chosen so that, when V;, V2, and V; are positive real 
functions, the central force is attractive and absorptive, 
and the spin-orbit force has the same sign as in shell 
theory. In a partial wave analysis, the state with orbital 
angular momentum / is subject to the potentials 


V t(r) = —Vi(r)—iV2(r) 


hy?1d[Va(r)t+iVa(r) lp 
mc/ r dr — (1+1) 


referring to total angular momenta /+4 and /—}, re- 


spectively. The nuclear phase shifts, 5;, ,*, corresponding 
to these potentials can be computed in WKB approxi- 
mation.!'! Modified Coulomb phase shifts,’ 6;,c, for the 
case of a uniformly charged sphere of radius r; are added 
to the nuclear phase shifts; each pair of total phase 
shifts is equivalent to the quantities (y;+6;*) defined in 
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Fic. 20. Unpolarized elastic cross section for Ca®. The curve is the 
prediction of the model. 
"N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 127. 
2K. M. Gatha and R. J. Riddell, Phys. Rev. 86, 1035 (1952). 
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Appendix A. Equations (A9), (A12), and (A13) of that 
appendix are then used to give amplitudes, polarization, 
and differential cross sections for the scattering. 

In most of our calculations we have used potential 
shapes of the type suggested by Woods and Saxon" and 
used originally in the polarization calculations of 
Sternheimer.'* Thus, for example, we take 


Vi(r)=V (0) /{1+expL(r—ro)/a]}, (3) 


and assume that the parameters ro and a are the same 
for all functions appearing in Eq. (1). 

It is shown in Appendix B that, to a good approxima- 
tion, the parameter &; of the optical model is related to 
the potential V; by 


ki =(ek./ pc?) Vi, (4) 


where €,, k., and p, are, respectively, the total energy, 
wave number, and momentum of the proton in center- 
of-momentum coordinates. The optical parameter 
k,=3K can be related to the potential V2 in the same 
way. It can, however, be estimated directly'® from a 
knowledge of experimental nucleon-nucleon cross sec- 
tions. Assuming, for example, an effective nuclear radius 
of 2.52 f (1 f=1 fermi=10~" cm) for C”, we arrive at 
the value k2=0.215 f-!. This number has been used in 
many of our calculations, including those that we regard 
as the best fits. 
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Fic. 21. Left and right elastic yields from Ca®. The curves are the 
predictions of the model. 


13 R, D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
4 R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 
18 J. M. Cassel and J. D. Lawson, Proc. Phys. Soc. (London) 
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When the Woods-Saxon shape for the potentials is 
chosen, the Thomas spin-orbit coupling gives the ex- 
plicit potential 


h \? V3(0)+72V4(0) er es 
Veo?) -( ) - : 
mc a rite /e} 


If the spin-orbit effect arose from Thomas precession 
alone, one would expect? the strength of this potential 
to be one-half that of the central potential. We find, in 
agreement with others, that it must be in fact many 
times larger. 

The entire computation outlined above was pro- 
gramed for an IBM-650 digital computer. An interpre- 
tive system was used, and we found that a calculation 
involving 107 values needed a computing time of about 
15 minutes in order to print out data at 15 angles. The 
slowness of the program prevented us from demanding 
that the machine carry out a systematic search for best 
fits; instead, we varied the free parameters of the model 
more or less at random, attempting to discover trends 
that would assist us in converging toward the best 
values. A sequence of about fifty runs was devoted to a 
study of the C” scattering before any attempt was made 
to extend the model to other nuclei. We discovered 
rather quickly that the large-angle polarization in C” 
could be fitted accurately for a wide variety of potential 
strengths, provided that the effective nuclear radius 
was in the neighborhood of 2.5 fermis. But great diffi- 
culty was encountered in arriving at a good description 
of the scattering below the first polarization maximum, 
the region where Coulomb effects are strong. We found 
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Fic. 23. Behavior of the small-angle scattering amplitude 
f,(@) for C®. 


almost invariably that, if the large-angle polarization 
was accurately given, the small-angle prediction rose too 
rapidly and produced a maximum that was too broad. 
Finally, a sequence of runs in which the shape parameter 
a was reduced led us to the conclusion that the best fits 
are obtained with this length no greater than 0.1 fermi; 
it had initially been maintained at about 0.4 fermi, in 
rough conformity with what is known from the results of 
high-energy electron scattering. 

The nuclear parameters that gave the C” curves 
reproduced in Figs. 14 and 15 were as follows: ro=2.4 
fermis, a=0.1 fermi, r;=2.5 fermis, [ (ro+a)/A!=1.09 
fermis], k:(0)=0.086 f, [V:(0)=10 Mev], k2(0) 
=0.215 f-', [V2(0)=25 Mev ], V3(0)=225 Mev, V4(0) 
=(). When this set had been fixed upon, we ran Be’, Al’’, 
and Ca“ with the same potential, changing only 7 so as 
to maintain the relation with A given above; the 
Coulomb parameters were, of course, also changed. The 
results of these runs are the curves reproduced in 
Figs. 12 and 18-22. One sees that the fits are, in most 
respects, as good for these nuclei as for C”. We are fairly 
confident that, within the framework of the model 
adopted here, no significant improvement in these 
calculations would result from further adjustment of the 
parameters. What we cannot say with as much confi- 
dence is that our set of parameters is unique. 

The computed scattering amplitudes at small angles 
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for the case of C” are given in Figs. 23-25. We include 
the amplitudes for pure Coulomb scattering (with point 
charge and with distributed charge), for pure nuclear 
scattering, and for combined nuclear and Coulomb 
scattering (with distributed charge). The combination 
is made in each of two ways: by taking the sum of the 
separate amplitudes, and by using combined phase 
shifts according to the method of Appendix A. The 
calculations made by the latter method are labeled 
“total WKB.” If the two procedures were equivalent, 
curves 4 and 5 in Figs. 23 and 24 would coincide, as 
would the two pairs of curves in Fig. 25. We notice that, 
although the amplitudes f; and g, meet this test, f, and 
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‘1G. 24. Behavior of the small-angle scattering amplitude 
f:(@) for C®. 


g: do not. Thus we have been led to suspect that there 
may be large discrepancies between small-angle results 
calculated in Born approximation and those found by 
the WKB phase-shift procedure used in most of our 
work. We have therefore carried out comparisons of the 
two approximations at small angles. The nuclear model 
used for the comparison was a square well whose radius 
and depth parameters were closely equivalent to those 
of the most successful Woods-Saxon model. The scat- 
tering amplitudes computed this way exhibited the 
same discrepancies as those revealed by the test already 
mentioned; indeed f, and g,; were found to be signifi- 
cantly different even for the case of pure nuclear 
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scattering. Figures 26 and 27 show cross sections and 
polarizations computed in both approximations.'® We 
note that the cross sections in pure nuclear scattering 
are in fair agreement; all other comparisons exhibit 
large differences. In making these calculations for the 
case in which Coulomb scattering is included, we took 
account of the electromagnetic interaction’ between the 
proton moment and the nuclear charge. This term had 
been omitted in our previous work, but we have ob- 
served that its effect is not large. It is particularly 
interesting to see that the proton polarization in Born 
approximation (curve 3 of Fig. 27) at small angles shows 
a striking similarity to the characteristic experimental 
shape observed in almost all measurements; the WKB 
phase shift calculations have consistently failed to 
describe this feature of the data. We are thus led to the 
suggestion that Born approximation is the more valid 
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Fic. 25. Behavior of the small-angle scattering amplitudes g,(6) 
and g,(@) for C®. 


procedure in the small-angle region, even though it fails 
qualitatively at large angles. The WKB approximation 
has given successful fits to the large-angle polarization, 
but fails to describe cross sections beyond the first 
diffraction minimum. 

We have found that all methods of calculation lead, 
in the case of C”, to the same value of f;(0) for nuclear 
scattering. It is then interesting to see whether this 
value predicts, through the optical theorem, the correct 
neutron total cross section. The agreement with experi- 
ment is in fact good: the prediction of 289 mb is to be 
compared with the measured value of 294+3 mb, taken 
as the weighted mean of the two neutron total cross- 


16 The proton calculations in “Born approximation” were made 
by adding exact point-charge Coulomb amplitudes to nuclear and 
magnetic-moment amplitudes taken in strict Born approximation. 
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Fic, 26. Cross sections for C? in WKB and Born approximations. 


section measurements!’!§ that have been carried out at 
220 Mev. The agreement between computed and meas- 
ured total cross sections persists for the heavier nuclei, 
as shown in Fig. 28, provided we consider only the 
prediction from the WKB calculation ; the corresponding 
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Fic. 27. Polarizations for C® in WKB and Born approximations. 
17 J. DeJuren and B. J. Moyer, Phys. Rev. 81, 919 (1951). 
18 Mott, Guernsey, and Nelson, Phys. Rev. 88, 9 (1952). 
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Fic. 28. Total cross sections for neutron scattering. The curve 
is an interpolation of the available experimental data. The four 
points are the predictions of the present model, obtained from the 
optical theorem and the amplitudes /;(0) computed in WKB 
approximation. 


prediction in Born approximation rises much too rapidly 
with nuclear radius. 

The cross sections for absorption depend, in this 
model, on nuclear radius and on the imaginary potential. 
The predictions, which are rather free from ambiguity, 
are consistently about 30% too low in comparison with 
interpolations from data’ at other energies. Agreement 
can be produced by increasing ro to 1.3A! fermis, but it 
appears to be impossible to make this change and at the 
same time to maintain our descriptions of the polariza- 
tion patterns and the total cross sections. Perhaps it 
should be emphasized, however, that we have chosen 
V,=0 as adequate for the polarization fits; an extended 
study of the effect of this term might resolve the 
difficulties with absorption cross sections. 

In summary, we can make the following statements 
about the results of our analysis: 


(i) Parameters for the optical model with spin-orbit 
coupling can be found such that, in partial-wave analysis 
using WKB approximations to the nuclear phase shifts, 
accurate descriptions of polarization are given for four 
nuclei. 

(ii) The agreement with experimental data on Be’ 
and Al’’ is sufficiently good to suggest that the nonzero 
ground-state spins of these nuclei have no large effect on 
the polarization in elastic scattering. 

(iii) The WKB predictions of polarization at small 
angles are consistently too smooth. In Born approxima- 
tion at small angles, however, the observed shape of the 
function appears to be given correctly. 

(iv) In order to achieve good fits to the polarization, 
it has been found necessary to use nuclear distributions 
with sharp tails. 

(v) The relative differential cross sections are well 
described by the model, at angles below the first mini- 
mum; at larger angles, the model predicts too much 
scattering. 
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(vi) Total cross sections are accurately given by the 
optical theorem when the scattering amplitude in WKB 
approximation is used. Absorption cross sections are, 
however, consistently underestimated by potentials in 
which an imaginary spin-orbit term is not present. 
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APPENDIX A 


We establish here the connections between scattering 
amplitudes and phase shifts for the elastic scattering of 
protons by spinless nuclei. Since a Hamiltonian in- 
volving a potential of the type given in Eq. (1) com- 
mutes with J? and J., their respective eigenvalues j and 
m are good quantum numbers. The wave function in the 
(jm) representation is expanded in terms of the 
(1,s,mi,m,) representation by means of Clebsch-Gordan 
coefficients. Thus, 


v(j,m)= DY o(mim,)(mim,| j,m), (Al) 


mi,mes 


with m=m,+m,. We can also write 


o(m,m,) = R,*(r) V 1"(0,¢)x0™. (A2) 
R;* is the radial function for j7=/+4; x,"* are spin 
eigenfunctions for the proton. 

We choose coordinates so that the incident beam is 
moving along the positive z axis. A beam completely 
polarized in the positive z direction’ has m=0 and 
m=m,=4 before scattering. From this fact, and from 
(1) and (2), we have 
Rit 


(4r)} 


| d-+1) 7 (cost 


ee‘? 
+ -— 
(1+1)# 


m7 
4 | —1P(cos)x 
(47)! 


P,'(cos@)x, ] 


e*r 


Fo Pelco )xs J (A3) 


19 The choice of spin direction represented by the spin eigen- 
functions is arbitrary; the two functions form a complete set, and 
any polarization can be represented in terms of them. However, 
we note that, while “spin flip” cannot occur for spin perpendicular 
to the direction of motion in the case of a spinless nucleus, it can 
occur for spin parallel or antiparallel to the direction of motion. 
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for each / value involved in the scattering. The radial 
functions have asymptotic forms 

Ci ‘ 


R,t~ sin(kr—4lr—n In2kr+n,+6,+), (A4) 


kr 


where n= Ze?/hv, and 6;* are deviations from the point- 
charge Coulomb phase shifts m. The total wave has 
asymptotic form 
| ei8 ei8 
preilken Ink(r—2)}y 4+ £(9)—y4}+-2(8,¢)—xy-3, (AS) 
kr kr 


where B= kr—n In2kr. It is convenient to write 


fO=f, (A+ fe), (A6) 
where /,(@) is the deviation of /(@) from the point- 
charge Coulomb amplitude, fc(@), that arises from the 
defining relation 


_ (+1) ne j 
exp(in,)t! sin(8— 3lr+n)x4'P1°(cos@) 
kr 
e'8 
= eilke n Ink(r—z Iyyt+ fc(@) x3). 
kr 


(A7) 


We now manipulate these equations in the following 
way. Substitute (A4) into (A3), sum over /, and identify 
the result with the left-hand side of (A5). Then subtract 
(A7) from (A5) and, in the resulting identity, equate 
successively the coefficients of ¢'*y,, e~ x4}, e'®x,-4, and 
e~ ®y,~4. This work yields four identities: 


Cy+=[4a(/+1) }! exp[it(m+67++3lr)], — (A8) 
Cy = — (4nl)! expli(nt+6-4+3/n) |, 


and 


1: 
fn (0)= re a (+1) {exp[2i(n.+6,+) ]—exp[2in:}} 
i 


+1{exp[2i(n.+6,-) ]—exp[2in: ]}} P2°, 


1 
=— }{exp[2i(n.+6;*) ] 
2! 


—exp[2i(n: +67) JJe'*P 
= go(O)e'r. 


goe** and f are the amplitudes for scattering with and 
without spin flip, for protons with incident spin along 
+z. The corresponding amplitudes for protons with 
opposite incident spin are — goe~‘* and /, respectively. 
We can then construct the scattering matrix 


f — goe*” 
M= ( ) 
goe'? f 


(A10) 
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Finally, we can write yields and polarizations from well- 
known theorems. Starting with an unpolarized beam, we 
find for the intensity after one scattering 


[= 3 Tr(M\M,')= fr+gr, 
and, for the polarization, 


(a; = Tr(M\M oe) Tr(M,\M;5‘). (Al 1) 


If the normal to the first scattering plane is j,;, a unit 
vector parallel to y;, then ¢,;=0 and we find a polari- 
zation” 


2 Im/fi*g1, ; 
Ce nae —i= Pip. 


fr+er 


(A12) 


The intensity after a second scattering of this beam is 
To=4[Tr(M2M.*)+(o)-Tr(MeoM,*) ]. 


If j2, a unit vector normal to the plane of second scat- 
tering, is parallel to yo, then g2=0 and we find that 


2=1,9(1+P:P21-J2), (A13) 


where P2 is identical in form with P), and represents the 
polarization that would arise in second scattering if the 
incident beam were unpolarized. 


APPENDIX B 


Assembled here are formulas that we have found 
useful in interpreting experimental data with the optical 
model. First, consider the relativistic kinematics of the 
elastic scattering of a proton (mass m, momentum , 
velocity 8c) by a nucleus (mass M) at rest in the 
laboratory. The total energy of the system in the 
laboratory is 

f=yme+ Me, (B1) 

where y *=1—(°. The velocity of the center of mo- 
mentum (c.m.) is given by 

Bo= pc/E, 


and the total energy in the c.m. system is 


Eo=E Y0- 


(B2) 


(B3) 


If k= p/h is the wave number of the proton in laboratory 
coordinates, then in the c.m. system it becomes 


k.=(Mc?/Ep)k. (B4) 


(A convenient factor connecting & with p is given by 


k=5.0680X 10" pe cm—, 


*” The sign of the polarization computed from (9) and (12) is 
positive or negative depending on whether (@) is parallel or 
antiparallel to the vector n=k,Xk;, 7 and f referring to the 
incident and scattered beams, respectively. This is opposite to the 
convention adopted by most experimentalists, who refer to the 
vector k;Xky. We perpetuate this unfortunate confusion by re- 
porting our computed polarizations according to the latter 
convention. 





TABLE I. Coulomb phase shifts for C™. 


m n In(l+4) 
— 0.0430 
0.0316 

0.0689 

0.0938 

0.1125 

0.1274 

0.1399 
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0.1130 
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where pc is in Mev). Now let 6; and ¢; be the laboratory 
angles for scattering and recoil, respectively, and let # be 
the c.m. scattering angle. Then we have 


tan@,;= (sin6/y0)[_(m/M)(m+ My) 


(my+M)+cosé}', (BS) 
and 


tang; = (sinO/70)/ (1+ cos@). (B6) 


If a reduced mass, u, for the proton is defined so that 

Byuc=Byemc, then it becomes 
p=yomM /(ym+M) (B7) 

and the total energy of the profon in the c.m. system is 


€o= yc. (B8) 


AFNER 


The optical parameter &; is given by 


ky | 

k. 
where — V; is, as in Eq. (1), the real part of the central 
nuclear potential. The error made in using the ap- 
proximation is less than 2% for our parameters. 


In the treatment of Coulomb scattering, the point- 
charge phase shifts are 


ni=argl'(1+/+in) 


o [n n 
=—nC+ > [= tan (-)| (B10) 
k=1 Lk Il+k 


—n In(/+4), 
where C=0.57722--- and n=Ze?/hv=Z/1378. The 
recursion relation, 


ni— N-1= tan ‘(n l), 


is always useful, but the series in (B10) is only con- 
venient when it is rapidly convergent. Table I compares 
the exact point-charge Coulomb phase shifts for 220- 
Mev protons on C” with the approximation given above, 
and with the modified phase shifts” 6; ¢, computed for 
kr,;=8.58. The third column indicates that the ap- 


proximation is good at all but the first few / values. 
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Effect of the Hyperfine Splitting of a u-Mesonic Atom on Its Lifetime 
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The lifetime of a u-mesonic atom depends on its hyperfine state because of the spin dependence of the 
interaction between the w~ meson and the capturing proton. The small lifetime difference between the 
hyperfine states is estimated in a one-particle model. Possible experimental detection of such a difference is 


discussed. 


HE purpose of this paper is to point out that the 

lifetime of a u-mesonic atom is affected by its 
hyperfine splitting, and that a measurement of the 
difference of the lifetimes in different hyperfine states 
may yield useful information on the capture interaction 
between the » meson and the nucleons. 


I 


We consider a »~ meson in the K orbit around a 
nucleus of spin J (where />0) and atomic number Z. 
The hyperfine splitting of the system corresponds to a 
frequency which is in all cases much bigger than the in- 
verse of the lifetime of the u-mesonic atom. The system 
therefore exists in two incoherent hyperfine states 
corresponding to the total angular momenta F=/+} 
and F=]—}. For these two states the probabilities per 
second against the distintegration uw—e~+v+7 is 
clearly the same (except for the negligibly small 
perturbation on the electron wave function due to the 
nuclear magnetic moment). The capture probabilities, 
however, are in general not the same because of the 
combined action of the following three effects: (i) In 
the two hyperfine states the correlation between the 
spin of w~ and I is different. (ii) There is in general a 
correlation between the spin of the proton in the nucleus 
and I. This is especially true for nuclei with odd Z and 
odd A. (iii) The capture probability of a u~ by a proton 
depends on their relative spin orientation. 

We make here a rough estimate of the difference of 
the capture probabilities per second: A, and d_, for the 
two hyperfine states F=/+ 4 and F=/]—} for a nucleus 
with odd Z and odd A. The nucleus is taken to consist 
of one “outside” proton and a core with even numbers of 
protons and neutrons. The core is assumed to be 
spinless. Captures of the u~ by the core protons are then 
independent of the orientation of 7, and therefore 
contribute equally to A, and A_. For the capture by the 
outside proton we make the approximation that it be 
regarded as free. The calculation of the difference 
between A, and \_ is then clearly separated into the 
estimation of the three effects enumerated in the last 
paragraph. 

The magnitude of effect (iii) is easily computed: the 


* On leave of absence from Columbia University, New York. 


capture probability of a w- by a free proton is 
proportional to 


(ja+be,-¢,!), (1) 


where the matrix element is taken over the spin wave 
functions of the w~ and the proton in the initial state. 
In this expression, 


a= Cr 24 3 Cer|?+ Gp 2 
— (Gp*Cart+complex conjugate), (2) 
b= —2/Cor|?+ (Cr*Car—3Cr*G pt 9G p*Cor 
+complex conjugate). 


To obtain (1) and (2), we start from the relativistic 
interaction Hamiltonian 


H=DViCi(bn'Oy) (W'Ow,), (3) 


where O; has been previously defined.' We take the 
neutrino to be a left-handed, 2-component field. The 
nucleons are then taken to be nonrelativistic, for which 
case the interaction is characterized by the constants 


Cr=CstCy, 
Cer=Crt+Ca, (4) 
Gp= Cp(2M)- 19, 


where g is the momentum of the neutrino and M the 
mass of the nucleon. (We take c=h=1.) 

In Eq. (1) the term be,-o, expresses the spin depend- 
ence of the capture rate. The value of (|e,-o,|) is 
easily calculated as a product of two factors, one 
expressing the projection of o, on J [due to effect (i) ], 
and the other expressing the project of ¢, on J [due to 
effect (ii) |. The result is, for 7>0: 


( o,°o,|)=I (+1) 
X{F(F+1)—1(1+1)—3}({e,-I|), (5) 
where 


(\op-1|)=7(/+1)—L(L4+1)+2. (6) 
In the last equation L is the ‘orbital angular momen- 
tum” of the outside proton in the nucleus. The difference 
A,—A-_ is thus proportional to 


b{1+1)-L(L+1) +9} (27+1I +1). (7) 


1 We use the notation O,; defined in Eq. (11) of T. D. Lee and 
C. N. Yang, Phys. Rev. 105, 1671 (1957). 
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Now the average, 
Neap = (47+ 2) [ (27+2)dA,4+27r_], (8) 


of \, and \_ consists of a contribution from the core and 
a contribution from the outside proton. The latter is 
proportional to @ and the former to (Z—1)at. The 
factor & here represents the ratio of the effect of the 
exclusion principle suppression on the final state, for 
capture by a core proton and by the outside proton. 
One therefore obtains 


A, —-A 3 =O 2 4++1 
=-— for 


has - 00" 


N4,—-A. —b)2I+1 
ies aZ’ I+1 


for 


where 
Z'=(Z—1)E+1. 


II 


Before discussing possible experimental measure- 
ments of the difference \,—A_, we make a few remarks 
on the approximations that led to (9) and (10): 


(a) The quantity Z in (9) and (10) has meaning 
strictly only in the one-particle model. A measure of the 
deviation from such a model is the deviation of the 
magnetic moment of the nucleus from the Schmidt line.” 
Depending on the nature of the configurations that have 
to be mixed with the single-particle states, different 
kinds of correction terms have to be added to (9) and 
(10). As a zeroth approximation, however, the Schmidt 
plot in general decides unambiguously whether the 
dominant single-particle state has 7= 1+} or /=L—}, 
and consequently decides whether (9) or (10) obtains. 
If the difference \,—A_ is measured for a number of 
nuclei, the variation of its sign and its deviation from 
(9) and (10) may yield interesting information on the 
mixing of configurations for the shell model. 

(b) Equations (1) and (2) were derived under the 
assumption that the proton be considered as free and 
at rest. To account for the effect of a momentum 
distribution of the proton, one only has to replace the 
neutrino momentum g and its square gq’, in the definition 
for Gp, by their respective averages. 

Another question that we have briefly examined has 
a bearing on the validity of the approximation of taking 
the proton as free. We examined first those cases in 
which the neutrino is emitted with a wavelength that 
is not shorter than the radius of the nucleus. One can 
then approach the problem by the same method that 
one uses in the K capture of e~. For long neutrino wave- 
lengths in both e~ and wo capture, the neutrino carries 


2 See, e.g., M. G. Mayer and J. H. D. Jensen, Elementary Theory 
of Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), or E. Feenberg, Shell Theory of the Nucleus (Princeton 
University Press, 1955). 
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away a total angular momentum }. We denote by I’ 
the resultant angular momentum of all the nucleons 
after the capture of the uw~. The origin of the difference 
A,—A~ hes, then, in the obvious fact that for F=/+4, 
the capture cannot proceed with (J’—J)=—1, and for 
F=I-—} it cannot proceed with (/’—-J)=+1. A 
statistical argument about the distribution of the final 
states then leads to the same results as (9) and (10). 
For neutrino wavelengths that are not necessarily 
long compared to the size of the nucleus, a modified 
closure method leads also to essentially the same results 


as (9) and (10). 
Il 


The fractional difference given by (9) or (10) is, in 
the neighborhood of Z=10, of the order of 20% or 
perhaps less. (This difference is especially large if 
Cr=—Car.) For Z~10 it is experimentally known that 


~ ie Oe 
Neap © Aas ins at tal, 


where Adecay denotes the natural decay probability of 
mw per second, and Atotai the sum of capture probability 
and decay probability. The fractional difference in 
total or the lifetimes for these two hyperfine states may 
therefore be ~ 10 percent. To observe such differences it 
seems best to measure the number of decay electrons 
from the uw as a function of time and demonstrate that 
it is not a simple exponential. We discuss below a few 
points connected with such measurements. 

(a) To measure a small fractional lifetime difference 
6(<10%) with a finite number .V of counts of decay 
electrons from the mesonic atoms, it is best to measure 
the curvature of the logarithm of the decay curve 
against time. It turns out that the best time region to 
measure such curvature extends from zero time to a 
few (~4) lifetimes. It is not difficult to show that what 
one measures this way is the quantity & to an accuracy 
that is of the order of +e?.V~!. To establish the existence 
of a & to outside of M standard deviations, one therefore 
must have 

&>MeN-}, 
1.€., 

N> M’e'd-*. (12) 
For M=3, 6=10%, one therefore needs more than 
5X10® decay electron counts, a number that is within 
the possibilities of existing cyclotrons. 

(b) In order that no spurious effects be introduced, 
one must take care that the w~ mesons be captured in a 
substance that is rather pure chemically. Since con- 
taminations of long lifetimes introduce large errors, one 
must minimize the amount of impurities consisting of 
light atoms in the stopping material. E.g., the presence 
of a fraction a of counts from a contamination with 
twice the lifetime of the w-mesonic atom in question 
introduces, it can be shown, an error (absolute, not 
relative) in the determination of 6 of the order of 3a. 
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It is therefore necessary that such contaminations be 
less than 0.18 (which is 0.1% for 6~0.1) for a 30% 
accuracy in the determination of 6°. 

Since different isotopes capture w mesons with 
approximately the same rate, contamination of the 
stopping substance with its isotopes can be shown to 
produce relatively small curvature in the logarithmic 
decay curve, and consequently can be well tolerated. An 
isotopic contamination of a few percent will be quite 
harmless. 

(c) A curvature measurement, however, does not 
allow for a determination of the sign of 6, even if one 
knows the population of the two hyperfine states. A 
measurement of the change of curvature, or a study of 
the time dependence of the angular asymmetry of the 
decay electrons if the ~ meson is not completely 
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depolarized in slowing down, is necessary to determine 
the sign of 6. Both of these seem to be very difficult. 
(d) For a nucleus with an even number of protons 
the difference \,—X_, if it exists, should be very small. 
Also, if /=0, there should be only one lifetime. These 
obvious conclusions offer convenient “controls” in any 


experimental setup to detect A,—A_. 
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The conservation laws are examined from the transformation properties of the Lagrangian. The energy- 


momentum complex obtained has mixed indices, T,’, 


whereas a symmetric quantity 7*” is required for 


the definition of angular momentum. Such a symmetric quantity has been constructed by Landau and 
Lifshitz. In the course of examining the relationship between these quantities, two hierarchies of complexes 
T(nyy” and Jp)“ are constructed. Under linear coordinate transformations the former are tensor densities 
of weight (n+1) and the latter of weight (n+2). For n=0 these reduce to the canonical 7,” and the Landau- 


Lifshitz 7#”, respectively. 


By requiring the energy-momentum complex to generate the coordinate transformations, and the total 


energy and momentum to form a free vector, one can identify the canonical complex 7,” as the appropriate 
quantity to describe the energy and momentum of the field plus matter. Similarly, by requiring the total 
angular momentum to behave as a free antisymmetric tensor, one can construct, in the usual manner, an 
appropriate quantity from Ti)”. The angular momentum complex so defined differs from that proposed 


by Landau and Lifshitz as well as from an independent construction by Bergmann and Thomson. 


1. INTRODUCTION 


ONSERVATION laws in general relativity were 
first formulated by Einstein in 1916.! By exam- 
ining the behavior of the Lagrangian of the theory of 
gravitation under infinitesimal translations of the 
coordinate system, he was led to the canonical energy- 
momentum pseudotensor of the gravitational field. 
Because of the nontensor character of the pseudotensor, 
the local energy density of the field does not have a 
covariant significance. Indeed, Schrédinger® criticized 
this formulation of the conservation laws because he 
found a coordinate system in which all components of 
the pseudotensor vanished for the Schwarzschild metric. 
This criticism was answered only when Einstein* showed 

1A. Einstein, Berlin Ber. 42, 1111 (1916). 

2 E. Schrédinger, Physik Z. 19, 4 (1918). 
3A. Einstein, Berlin Ber. 448 (1918); W. Pauh, Relativitats- 


theorie (B. G. Teubner, Leipzig, 1922), Enzyklopidie der Mathe- 
matische Wissenschaften, Vol. 2, p. 740. 


that total energy and momentum, the only physically 
meaningful quantities, are constants of the motion and 
transform as a free-vector* under linear coordinate 
transformations. 

Except for a further examination of the relationship 
between conservation laws and transformation prop- 
erties,° little has been added to the analysis by Einstein. 
However, in order to discuss angular momentum, a 
symmetric quantity for energy-momentum is desirable,® 
although not necessary.’ The canonical pseudotensor 
has mixed indices, and raising one with the metric 


tensor does not yield a symmetric quantity. Recently 


4 A free-vector is a set of quantities which are not defined at a 
particular point in space, yet which transform together as a 
vector under linear coordinate transformations. 

5 P. G. Bergmann, Phys. Rev. 75, 680 (1949); P. G. Bergmann 
and R. Schiller, Phys. Rev. 89, 4 (1953). 

6 W. Pauli, Revs. Modern Phys. 13, 203 (1941). 

7P. G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953). 
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Landau and Lifshitz* have succeeded in constructing a 
symmetric pseudotensor. However, following Einstein’s 
analysis, one can show that the total energy and 
momentum defined by L-L (Landau and Lifshitz) 
transforms as a vector density rather than a vector as 
is the case for particles. 

Therefore, it is of some interest to examine the 
relationship between the L-L and the canonical pseudo- 
tensors. In the course of this examination a whole 
family of mixed and symmetric pseudotensors will be 
constructed. The various pseudotensors have different 
weights. All of the mixed tensors have the same physical 
content (total energy and momentum) whereas the 
symmetric ones are all different in their physical 
content. Of the symmetric quantities, only the L-L 
pseudotensor has the same total energy and momentum 
as the canonical one. However, it has the wrong 
transformation properties. 

In the next section an analysis of the relationship 
between covariance and conservation laws is presented. 
This material is essentially the same as that of Berg- 
mann and Schiller® and is presented only for complete- 
ness as the results are needed. The translation of these 
results into the general theory of relativity is carried 
out in Sec. 3. Here, too, the hierarchy of pseudotensors, 
both symmetric and mixed, is constructed. Finally, in 
Sec. 4 we discuss angular momentum. 


2. COVARIANCE AND THE CONSERVATION LAWS 


Consider field equations which may be derived from 
a variational principle. The Lagrangian L may contain 
up to second derivatives of the field variables ya. In 
order to assure covariant field equations, L should 
transform as a scalar density under coordinate transfor- 
mations. Therefore, with respect to an infinitesimal 
coordinate transformation, 


F*=x"+ E, (2.1) 


we have 


6L+ (Le), ,=0. (2.2) 
Let the field variables obey a linear transformation law’: 


bya=Uya’t" -— Vat". Uypa’=F a,?"yp, (2.3) 


where the F4,%’ are certain constants.® Expanding Eq. 
(2.2) with the help of (2.3) and equating to zero the 
coefficients of the various differential orders of &, we 


8§L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Cambridge, 1951), p. 316, English trans- 
lation. _ 

® The 6 transformation compares the field variables at world 
points with the same coordinate value rather than at the same 
world point. That_ is, dya=9a(x)—ya(x)=6ya—yayt*. The 
advantage of the 6 transformation is that it commutes with 
ordinary differentiation. 
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obtain the following set of relations": 
ty” »+LA4y4,.=0, 


t."— ty a"LA=U, "91 ,, 


(2.4a) 
(2.4b) 
(2.4c) 
(2.4d) 


L’+L*"=0, 

Uya’O4?°L +4904" +u,4704"°L=0, 
where the following abbreviations have been used: 
L4=94L— (04°L) .+(04”L) os, (2.5a) 


t,’= —$,’"TL— (O4°°L ya, a: pJ+[o4’L 
— (94°) o |VA, yw (04""L) uA, py (2.5b) 
U1 = 1,01 — 20, 994°°L— uy 4904”L],g 
+K,!), 


L {91 = 6, 4"04°L + 2ty a’ 04°°L— 04" Ly, y, 


(2.5c) 
(2.5d) 


K, (I _ [6,"04 °° —6,°0 Avo] ly — (2.5e) 


In (2.4a) use has been made of the following identity 


oA "oD ya, = K,&9 ,— (94”L), ease 


+5,°(04°*Lya,e),93 (2.6a) 


in (2.4b) we have used the relations (2.4d) and the 
identity 


[Uys "9 Apo TD +3 (uy4704L— UyA egAreL) |. = 


=[uya"04°°L] ,¢. (2.6b) 


Equation (2.4a) results from the translational invari- 
ance of the theory alone. Therefore, /,” may be identified 
with the energy-momentum pseudotensor.! When the 
field equations are satisfied, L4=0, the “‘weak”’ conser- 
vation law for energy and momentum results: 


(2.7) 


If the Lagrangian is linear in the second derivatives 
and 04*°L depends only on the y4 one can define an 
equivalent function 


t,” ,=0. 


L=L—(d4°*Lya,o), (2.8) 


Second derivatives of the field variables no longer 
occur in £. In general £ will not be a scalar density. 
However, the field equations which result from a vari- 
ation of the action defined by £& will be the same as 
those obtained through use of L. The canonical pseudo- 
tensor then takes the familiar form 


ty” = —b," £494" Ly, y (2.9) 
The remaining relations in Eqs. (2.4) follow from 
covariance with respect to arbitrary coordinate trans- 


© The following abbreviated notation is used: d4L=0L/dya, 
d“°L=AL/dya, p, 04°*L=0L/dya, p¢. Square brackets around two 
indices indicate antisymmetry in the two indices: Live] = — Lie), 
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formations. Defining the quantity 7,” through 


T ,’=t,’—tya’LA, (2.10) 


we obtain from Eq. (2.4b) a strong conservation law 
| 


T,’, ,=0. (2.11) 


In the presence of matter the field equations become 
LA= PA, (2.12) 
where P4 describes the distribution of matter. Thus, 


T,°=t,’—t,4°P“, (2.13) 
and we may say that 7,” is the energy-momentum 
complex" for both field and matter. 

Since ¢,” does not have tensor transformation prop- 
erties, the distribution of energy between matter and 
field is dependent upon the choice of coordinate system. 
This result was first obtained by Einstein,’ who also 
showed that under certain conditions (essentially, no 
radiation) the total energy and momentum in a closed 
domain of space is independent of the choice of coordi- 
nates within the domain. This latter result can be 
shown very easily by use of what Pauli'® has called the 
“flux theorem.” The total energy and momentum is 
given by the spatial volume integral 


(2.14) 


By Eq. (2.4b) this may be rewritten as a surface 


integral 
J,= gi ‘ullndS. 


Thus the total energy and momentum is determined 
by the flux of some quantity through a closed surface. 
It follows that an arbitrary coordinate transformation 
which reduces to the identity on the surface sufficiently 
rapidly will not affect the total energy and momentum. 


11H. A. Lorentz, Collected Papers (Martinus Nijhoff, The Hague, 
1937), Vol. 5, p. 246 ff. Lorentz used the term complex to denote 
a quantity which does not have tensor transformation properties. 
However, he used a different definition for energy and momentum 
of the gravitational field. He obtained Eq. (2.4a) but did not 
wish to identify the pseudotensor with the gravitational energy 
and momentum. In our notation, he then observed the validity 
of Eq. (2.11) and since ¢,”,,= (ua’L4), he identified u,4’L4 as 
the energy-momentum tensor of the gravitational field. It follows 
from Eq. (2.12) that the energy density for matter and field 
always vanishes (W. Pauli, reference 3). Therefore, this definition 
is not as satisfactory as the usual one discussed in the body of 
this paper. On the other hand, t,” and hence 7,’ are affine tensors; 
that is, they have tensor transformation properties with respect 
to linear coordinate transformations. 

2W. Pauli (privately circulated letter). However, the 
“theorem” has been known without a name for some time. The 
first explicit use of the theorem was by H. Zatzkis, Phys. Rev. 
$1, 1023 (1951), based on the work of P. von Freud, Ann. Math. 
40, 417 (1939). Further discussion of the theorem may be found 
in Bergmann and Schiller, reference 5, and J. N. Goldberg, 
Phys. Rev. 89, 263 (1953); 99, 1873 (1955). 
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From the transformation properties of the La- 
grangian, we have been able to construct a quantity 
with mixed indices which satisfies a conservation 
relationship. However, in order to define an angular 
momentum complex, a contravariant symmetric quan- 
tity is required. Such a quantity cannot be found from 
the transformation properties alone because the coeffi- 
cients describing coordinate transformations always 
involve mixed indices [see}Eq. (2.3) ]. If one has, 
however, a symmetric quantity I”, one can always 
construct a quantity T7*’ which is symmetric and 
which satisfies 
(2.16) 
namely® 
7’ ={ToTor—lTT 7} ,.. (2.17) 
Quantities which are suitable for the I'“” are easy to 
find ; for example, 


(04°*L)ys, (04°08°L)yayn. 

Note, however, that with respect to linear transfor- 
mations ¢,’, and hence 7,”, transforms like a tensor 
density of weight +1. On the other hand, with the 
above examples for I'¥’, 7’ will transform like a 
density of weight +2. Therefore, in the same manner 
one proves that the total energy and momentum J,, 
Eq. (2.14), transforms as a free vector,’ one can show 


that 


transforms as a vector density. Similarly, the angular 
momentum defined from Eq. (2.17) will transform like 
a tensor density rather than a tensor. We shall return 
to this question in the next section. 

In order to satisfy (2.16), '” need only be symmetric 
and need not be either of the above-mentioned quan- 
tities. For example, consider simply the Lorentz- 
covariant scalar meson theory. It is easy to show that 
in this case the energy-momentum tensor defined 
through Eq. (2.9) is symmetric if the lowered index is 
raised. Using this symmetric quantity for I’, a short 
calculation shows that T#” does not vanish identically. 
Although 7#” has a vanishing divergence one would 
not identify it with the energy and momentum in the 
field. Therefore, before claiming any physical signifi- 
cance for the quantity defined through Eq. (2.17), 
one must examine its relationship to the 7,” defined 
by the transformation properties. Unfortunately, this 
comparison cannot be carried out in the generalized 
notation of this section. 


(2.18) 


3. THEORY OF GRAVITATION 


The Lagrangian density in the theory of gravitation 
is just the curvature scalar density 


R= (—g)iR= Q”’R,». 


8 R. Sachs (private communication). 


(3.1) 
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For the purpose of computing the explicit expressions 
in Eqs. (2.4) and (2.5), it is convenient to use the 
following expanded form: 


R=3(GGooG””, +29"), +L, (3.2) 
L=F{ 29° Or Qaer— 9° Gc rr — 46,75} '* p>”, «. (3.3) 


It is clear from Eq. (3.2) that 8 satisfies the necessary 
condition for the existence of a suitable first-order 
Lagrangian which is defined in (3.3). A somewhat 
tedious, but not difficult, calculation gives 


U,2=g,,H4Padlel (3.4a) 


HP«llve) = ghyqrr— gregre, (3.4b) 


ty” = —$6,"[ 29° Gr.Ger— 9?" Duar 
— 45.75)? Gir 1G 0” oA SL20" GriGer 
— "Die Grr — 48075, Gir 107, oO us, 


u,a"L4=2(—g)'G,”"=2G6,". 


Therefore, 
T,’=t,’—2G,’. 


At first sight the minus sign in the above equation is 
disconcerting. However, in the presence of matter we 
have" 

G""= —8rxP*’, (3.8) 
where P#’ is the matter tensor. Therefore, the total 
energy will be positive. 

The quantity defined in Eq. (3.4b) permits the 
construction of a symmetric energy-momentum complex 
in the manner of (2.17)}5: 


T= Hlvollyel ae (3.9) 
This quantity is just that proposed by Landau and 
Lifshitz.* In order to see the relationship between this 
quantity and the mixed quantity defined by Eq. (3.7) 
we use (3.7) and (2.4b). 

—2G6,’=U, 0" ,—1,’. (3.10) 


Raising the covariant index with the contravariant 


metric tensor density, we obtain 
— 29°," = Hello), po— TH”, (3.11a) 


rer = ge Ut geny?, (3.11b) 


In view of the symmetry of @’ and 7», it follows that 
the quantity 7*” is also symmetric and is just the L-L 
pseudotensor. It is clear that the L-L pseudotensor is 
homogeneous quadratic in the first derivatives of the 
q”’, just as is t,’. 


4P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1947), Chap. 
12 


15 Indeed, we have (04°*L)y4=3g'" and (04°09*L)yayp 
= —39"". 
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As was noted at the end of the previous section, under 
linear coordinate transformations, 7,” and ¢,” transform 
like tensor densities of weight one, whereas J#’ and r#” 
transform like tensor densities of weight two. It follows 
that the total energy and momentum transform like 
free-vectors and free-vector densities, respectively. The 
question naturally arises whether one can construct a 
symmetric quantity with a weight one. Indeed, one 
can construct a symmetric quantity of arbitrary weight. 
Multiplying Eq. (3.11a) by (—g)"/, we have 


—2(—g) 2H =F, (ellvol oa — Tin)", (3.12) 


with 
H ,,) elle = ( —g)" 2F{lwellve] | (3.13a) 


and 


ren= (= 9)"9(76°4+ bal (ng), 
sn(In!g!) -(In!g!),, Huet 


+4n(In!g!), [He tbl4 Hei) y.  (3.13b) 


Note that except for the L-L quantity (n=0) the above 
defined pseudotensors depend on the second derivatives 
of the field variables. One can now define a total 
energy-momentum complex by 


T ny"? =H (ny (nll. (3.14) 


Smilarly one can define quantities of arbitrary weight 
with the mixed quantities: 


U inl? =(—g)" 277 {vel (3.15a) 


tiny’ =(—g)"*Lty’+hnU (In! g!).], (3.15b) 


T (ap? =U (ayy? «. (3.15c) 
Note that for all » the pseudotensor thus defined 
contains only first derivatives. 

Which of the infinite number of quantities defined 
through Eqs. (2.14) and (2.15c) are meaningful? 
Certainly the local distribution of energy and momen- 
tum has no physical significance in general relativity. 
The quantities which can have a meaning are the total 
energy and momentum defined through 


1 
Fne=— | Ten, 
167k 
1 
-— $ Venglinds, 
167 
1 
& wt — f T (ny 4d?x 
167k 


1 
~ 4 — $i nla] (Ae) md S. 
167K 


In order to make these integrals meaningful, the 
surface of integration must be taken at infinity. We 


(3.16) 


(3.17) 
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assume that the metric approaches the Minkowski 
metric at least as 1/r. Therefore, at infinity we may set 


g*’=_”"(—1,—1,—1, +1), —g=1, (3.18) 
but the derivatives of the metric must not be neglected. 
Under these conditions, it follows that for all ”, the 
J in), are equal: 

J aynp=J 


» 


(3.19) 


On the other hand, from Eq. (2:13a), 


, 1 n 
Jin)"*= Joy" +- g — g), -Ln*“n”* 
167 2 


—n*nt In.dS. (3.20) 


For n=0, we have the satisfying result 


J p= Neo)? (3.21) 


In general, the surface integral in (3.20) will not 
vanish. If we wish all J,n)* to be equal, then we require 
the additional assumption that in physically acceptable 
coordinate systems, for large r, 


(3.22) 


ge~1/r. 


Let us consider the Schwarzschild solution in two 
coordinate systems which satisfy the conditions of 
Eq. (2.18): 


2xm 
(I)'*: ds?= (: -—) (dx*)? 
r 


oe + 
1—xm/2r 


(II)!7: ds?=| — | (dx*)? 
1+xm/2r 


2km \x" x 
———  J— — Idv'dx’, 
r—2km/ rr 


km\ 4 
~ (: +=) [ (dx!)?+ (dx?)?+ (dx)? ]. 
2) 


In solution (I), g=—1 éverywhere, so that all Jin)“ 
are equal. However, in solution (II) 


km\? xm\ 10 
—g=[ 1-—— 1+—}. 
. ( ~) ( * ~) 


< Mo ¢ — 
Jin = Ji) 


(3.23) 


As a result, 
35 .4m. (3.24) 
Since . 
Jo) 4=Syam, (3.25) 
it follows that for n=2 the total energy vanishes, 
while for n> 2 it is negative. 
Clearly, the existence of a complex with a vanishing 


divergence is insufficient evidence for the conservation 


16 Reference 14, p. 203. 
17R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, Oxford, 1934), p. 205. 
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of a physically interesting quantity. In this case we 
have shown that in the theory of gravitation there are 
an infinite number of divergences which are related to 
the conservation of energy and momentum. From the 
relations of the defined complexes to the field equations, 
it appears that all are equally good for a qualitative 
description of the properties of energy and momentum. 
Nonetheless, it is desirable to have a unique quantity 
define the physically interesting properties of the field. 
In order to pick out a satisfactory quantity we propose 
two guiding principles: (1) the energy-momentum 
complex should generate the infinitesimal coordinate 
transformations, and (2) the total energy and momen- 
tum should transform as the energy and momentum of 
a free particle, hence, as a free-vector. These require- 
ments are satisfied only by the quantities defined 
through the transformation properties of the La- 
grangian!® as in Sec. 2. Thus, we may say that ¢,’, 
Eq. (3.5), describes the energy and momentum of the 
gravitational field, while 7,’, Eq. (3.7), describes the 
energy and momentum of the field plus matter. The 
argument presented here is hardly conclusive. It may 
be possible to find other arguments which will permit 
a different choice or, perhaps, no choice at all. 


4. ANGULAR MOMENTUM 


The definition of angular momentum is usually based 
on a symmetric energy-momentum complex® although 
a nonsymmetric form was used by Bergmann and 
Thomson.’ In the previous section an infinite number 
of symmetric complexes were constructed. Thus, an 
infinite number of quantities which are suitable as 
angular momentum complexes may be constructed: 


M n° HHT yy — 2° T ny” 
= {x’H, ny lo faa) x’ ny ‘J [ax] j 


+H yyy}. (4.1) 


The total angular momentum corresponding to the 
above quantities is given by 


MU ny fra = fares 
=f (oH 00, 12° (nye) : 


+H ny? I) n.dS. (4.2) 


Because of the differentiation occurring inside the 
brackets, the value of the total angular momentum 
will depend on . As in the case of the total energy and 
momentum, the total angular momentum is unchanged 
by coordinate transformations which reduce to the 
identity transformations on the surface of integration 
sufficiently fast. Furthermore, with respect to linear 
coordinate transformations 9N;,)"*! transforms as a 
tensor density of weight (m+1). 


18 Bergmann and Schiller, reference 5 and W. Pauli, reference 3. 
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All of the above complexes may be equally good for 
a description of angular momentum. However, as in 
the case of energy and momentum, a unique quantity 
is desirable. Since a symmetric form does not arise 
naturally from the transformation properties of the 
Lagrangian, the only heuristic principle available is 
that the total angular momentum should be an anti- 
symmetric free-tensor, corresponding to the transfor- 
mation properties of the angular momentum of free 
particles. This requirement picks out M(_y)'"")* as the 
appropriate quantity to describe angular momentum. 

Landau and Lifshitz take M@'’7!* to be the angular 
momentum. The total angular momentum defined in 
this manner will transform under linear coordinate 
transformations as a tensor density of weight one. 
However, as is shown by Eqs. (3.4), (3.9), and (3.21), 
the L-L quantities are more simply related to the 
canonical energy-momentum complex than the other 
symmetric quantities. Moreover, of the symmetric 
pseudotensors constructed, only the L-L 7” does not 
contain second derivatives of the metric tensor. It is 
this property which leads to (3.21). Therefore, from 
an aesthetic point of view, one would prefer to work 
with the L-L quantities. However, if one is to make a 
choice based on transformation properties, the L-L 
quantities must be rejected. In the case of angular 
momentum this type of argument is even less convincing 
than in the case of energy and momentum. It is to be 
hoped that better arguments will be developed. 

However, the quantity M._'’*!* can be compared 
with the angular momentum complex 2'’*]* obtained 
by Bergmann and Thomson.’ 


Mrele=Qlrele— {(In(—g)*), [2H ales 


—2°H 4)? 4d )4+H lols} (4.3) 


Thus the difference between the two quantities is the 
divergence of an antisymmetric form. For the total 
angular momentum we obtain 


meytl= frets 


= forraet § 2-5, (4.4) 
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where Z!v")(#«] is the term in the brackets on the right- 
hand side of Eq. (4.3). It is tempting to say that the 
surface integral vanishes and that M,_,'’*)* describes 
the same physical quantity as Q'7]*, However, from 
Eq. (4.1) it is clear that M(_,) 7)“ itself is the divergence 
of an antisymmetric form. Furthermore, we recall from 
Eqs. (2.15) and (3.16) that the total energy and 
momentum can be written as surface integrals. In 
general, we cannot expect that any of these surface 
integrals will vanish. Therefore, we cannot conclude 
that Miy’*!* and Q*)# describe the same physical 
quantity. 
5. CONCLUSION 


By considering the transformation properties of the 
total energy-momentum and angular momentum we 
have chosen certain quantities for the corresponding 
affine tensors. However, the proof of these transfor- 
mation properties follows from the strict conservation 
of the total energy-momentum and angular momentum: 


J 47" .=0. 


If radiation occurs these conditions and the proof of 
the transformation properties break down. However, 
in all physical situations the same quantities should 
define the content of our space, so that the existence 
of radiation should not alter what we call energy and 
angular momentum. Therefore, the choice made here 
is not as suspect in this regard as might otherwise 
appear. We wish to emphasize again, however, the 
tentative nature of the choice made here for the 
physically meaningful quantities. The fact that a choice 
can be made on the basis of transformation properties 
does not mean that this point of view is fruitful, or 
even meaningful. 
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A fermion field is investigated with the interaction Lagrangian density equal to g(WO,)- (WOW). This 
point interaction is considered as a limit of an extended one, where it is supposed that the interaction vanishes 
if the momentum of a particle exceeds A and/or if the momentum transferred in a collision of two particles 
exceeds \. The relation between A and X is such as to make the quantity \*/In(A/A) arbitrarily small as 
A— 2% and A. This choice of the limiting procedure considerably simplifies the investigation of the 
theory. It is shown that in the limit +, A-—~, the physical interaction between particles vanishes in 
all types of four-fermion interactions. The case of two interacting fields y and x with different isotopic spin 
is also considered. Going over to the local theory, the physical interaction vanishes in this case as well. 

This result shows that in the cases considered no strongly interacting fermion theory can be constructed. 
In the case of the weak interaction, although no logically consistent theory can be built up, there does exist 
the perturbation theory, as in electrodynamics, which is valid for sufficiently small energies. 


1. INTRODUCTION 


HE transition to the limit of a point interaction 

in electrodynamics! or meson theories’ entails a 
difficulty which is connected with vanishing of the 
renormalized charge and the disappearance of physical 
interactions between particles. It would seem to be 
of interest to ascertain whether this difficulty can be 
overcome by replacing the Yukawa-type interaction 
go(WOw)¢; between fermions and bosons by other 
types of interactions, such as that between bosons alone 
or that between fermions alone. The difficulty created 
by the vanishing of the renormalized charge remains 
in the case of a system of bosons whose interaction is 
determined by the operator 


£0 
f era 
4! 


In this case the dependence of g. on go and A (A is the 
cutoff momentum) has the form® 


0 


g-= (1) 
1+ 320 In(A? 


uy) 
and g. vanishes for A> and any arbitrary dependence 
of go on A, providing that go is positive. Negative 
values of go (for which, in the limit A>, g, may not 
vanish) are in general inadmissible because no stationary 
states of a boson system exist for go<0. Indeed, for 
boson fields a classical limiting case exists in which each 
state may contain many particles. For go <0 the energy 
of the classical field ¢, 


dg\? 80 
~) +H e? |+—¢*(x), 
Ox, 4! 


1L. D. Landau and I. Ya. Pomeranchuk, Doklady Akad. 
Nauk S.S.S.R. 102, 489 (1955). 

21. Ya. Pomeranchuk, Doklady Akad. Nauk S.S.S.R. 103, 
1005 (1955); 104, 51 (1955); 105, 461 (1955). 

8’ Pomeranchuk, Sudakov, and Ter-Martirosyan, Phys. Rev. 
103, 784 (1956). This formula was derived for go<1; if, however, 


is not positive definite and can decrease indefinitely 
with increase of the field amplitude ¢. Physicaily this 
means that it should be energetically possible for an 
infinite number of particles to be created from vacuum. 
Thus the vacuum cannot exist for go <0. 

The constant go for the Fermi interaction 


(2) 


V= anes [ JOM) (YO w)dv 


(where the O; are the ordinary spin and isotopic spin 
operators for fermions) can have any sign, since the 
occupation numbers cannot exceed unity and stationary 
states exist for any sign of go. In the given case, the 
turning on of the interaction simply leads to a redistri- 
bution of the levels of negative and positive energy. 
The new stationary state with minimal energy which 
arises after the interaction is ‘‘turned on” is the one 
of a physical vacuum. 

Hence if the relation between g. and gp in this case 
were also determined by a formula analogous to (1), 
the renormalized charge g. would not vanish for go <0. 
Meson theories could be based on interaction (2) and 
the mesons from the very start would be similar (in 
the sense of the Fermi-Yang concept‘) to nonlocal 
formations of fermions. 

In the following we shall consider the possibility of 
setting up a theory of this type.® 


2. EQUATION FOR THE VERTEX OPERATOR 


If the interaction has the same form as (2), the 
matrix elements will contain quadratic and logarithmic 
divergences. We shall cut off the diverging integrals 
by assuming that interaction (2) is somewhat ‘“‘smeared 
out’”’: it will be assumed that the interaction vanishes 
in the momentum representation if momenta P and 
two cutoff momenta are introduced it can be shown that it will 
be valid for an arbitrary positive value of go. 

4E. Fermi and C. Yang, Phys. Rev. 76, 1739 (1949). 

5 An interaction of the same type as (2) has been discussed in a 


number of papers. See for example, B. Jouvet, Nuovo cimento 5, 
1 (1957). 
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Fic. 1. Simplest four- 
fermion vertex. 


Qtp 


Q, directed along the fermion lines according to Fig. 1,° 
exceed some limiting momentum A or if the momentum 
p transferred from one line to another exceeds 
where AA.’ In order to go over to the limit of a 
point interaction one should put A>, A, the 
relation between A and X being arbitrary. 

If the theory is internally consistent, one may expect 
the result of the limiting process to be independent of 
the nature of the transition. The latter, however, 
should not violate the general conditions required by 
any physically reasonable theory, such as the general 
theorems regarding the behavior of Green’s functions,* 
gauge invariance, etc. We shall restrict ourselves to 
the case of a limiting transition in which \/A remains 
arbitrarily small, since in this case the analysis is 
considerably simplified. 

It will be shown that if go is assumed in general to 
depend on the cutoff limits, one finds that for any 
form of this dependence, the exact solution yields in 
the limit of a point interaction the result that no 
physical interaction exists between fermions. 

Of those graphs which define the vertex operator 
I'(P,Q0,p) (at which the momentum arrangement 
corresponds to that drawn in Fig. 1), the largest 
contribution comes from those in which integration 
over virtual momenta is performed along closed loops 
(that is, up to A*) and in which the degree of divergence 
of the integrals is maximal. This is the loop chain 
shown in Fig. 2. 

We shall now find the total contribution (I';) of all 
of these graphs to the vertex operator and show, by 
using the value of the vertex operator thus obtained, 
that the contribution of the remaining graphs (Fig. 4) 
to I’ is, for sufficiently small \/A, arbitrarily small, and 
that the Green’s function of a fermion is identical with 
the function Go= (—ip—m)"'=i/p for a free fermion.® 


6 In the figures, line discontinuities signify that a large momen- 
tum (exceeding \ but smaller than A) cannot be transferred at 
the point of discontinuity. 

7This corresponds to writing (2) with a form factor F4,,: 


Sa? V (t)dt = 2x2 90S (WY (x)OW(x' ) MY (y)OW(y’)) 

XFa.r(x—2', y—y’, x—y)dxdx'dydy’, 
in w hich the width of the distributions with respect to x—x’ and 
y—y’ are identical and equal 1/A, whereas the width of the 
distribution with respect to x—y is 1/A. 

8H. Lehmann, Nuovo cimento I1, 342 (1954). 

*Or is equal to 8Go where 8 is a constant, the value of which 
can be determined from the equation for G (see below). We have 
employed the following notation here: P=Yypy; yu' =vu- 


ET AL. 


The infinite sum of quantities corresponding to the 
graphs in Fig. 2 satisfies the equation (see Fig. 3) 


A* 
rs(P,0,p)=a-i f avG(I— p)G(DT(,0,p)dl, (3) 


where 


do= go(O;XO;) (3a) 


is a quantity which corresponds” to the simplest 
graph in Fig. 1; d%=(2m)-*dl,dlodlsdi,. The spinor 
indices are arranged in the integral term in accord 
with the closed loop in Fig. 3; that is, the integral 
contains a trace. It is easy to verify that a consequence 
of this is that no interference occurs between the 
various interactions (3a) in (3). 


3. SCALAR INTERACTION 


Equation (3) possesses a solution which depends 
only on p; in the simplest case of scalar (O;=1) or 
pseudoscalar (O;=7y5) theory the solution is !;=a(p) 
X (O;XO;), where 


42 


(9)=8 1+e0i f SplO0,G(l— p)0,G()dat] 


Inserting G(/) =Go(/) =1/l, we evaluate the quadratically 
divergent integral involved : 


A? 
if SplLO,G(/— p)O,;’G(2) jal 


Pub 
=1 Sp(O,r0,'n0 (3 J bwt—Ji ) (4) 
P 


where! 


8 cp” RB (pk)?/pP 
Jo= f : hd dk 
3i (k—3p)*(k+3p)" 


8 (1—2°)!dx 
[cow 


(R? +1 p2 1 _ pk ex? 


= 5\?— 5p In(A?/f0?p*), 


Rp 


7 \ 
Vo. 0 
U) } 

* Po 


Fic. 2. Chains of closed loops, corresponding to the largest 
contribution to the vertex operator. 


1 Apart from a factor (27)*i which is neglected everywhere. 

The variable / has been replaced by k=/+ 49 and the transi- 
tion from pseudo-Euclidian to Euclidian metrics has been carried 
out: (4/i)d*k= (2/m)k*dk?(1—2x?)'dx, where a= (pk )?/p?k?. Terms 
which remain finite for A have been neglected in the calcula- 
tions of Jo and J;. 
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wfc pte)" 


i - aie 3 : d‘k 
! (k— 3p)*(k+ 2p) 


1 ) 1 


4p 1 $42(x2—2)—1p? 
= J k?dk? (1—2°)!dx 
™ ® (h2+- 1p? )2— pep? 


=—tp In(A2/¢7p"), 


and (9 and ¢; are constants whose exact values are of 
no significance for the following. Substituting these 
values of Jy and J; in (4), we get 


a(p) = go{ 1+ gol A?— 3p? In(A?/¢p?) J}, (5) 


where (= ({0f1)!. The quadratic divergence in the 
denominator cancels out if go=—1/A® (or if 1+ goA? 
is a quantity which decreases with increase of <A’); if, 
however, go* —1/A’, a(p) will be practically independ- 
ent of p* (it may be recalled that p? <\*<<A*) and for 
A—« it vanishes as 1/A*. Postponing the analysis of 
this case, we shall first assume that 


1+ goA2=y2/A2, 


where u is a quantity of the order of the lower cutoff 
limit. Neglecting u*/A* compared with unity, we get 
from (5) 

a(p)=-—1 (pPL+p°*), (5a) 
where L=In(A/A) [fp? has been replaced by A? as a 
result of which a(p) simply increases ]. With the aid 
of this value of a(p), we shall estimate the magnitude 
of the contribution from the graph in Fig. 4(a) which 
determines the difference G—Go, where G=Go@; that 
is, the difference between @ and unity. 

The spinor indices can be neglected in estimating the 
integral corresponding to Fig. 4(a), since it is only the 
order of magnitude that matters. The integral for 
Fig. 4(a) has the following form (q@ being a function of 
f* in the given case) : 


M a ( f?)d* f ae 4] 
£o f f : (6) 
p—f 1+ f) 


Integration over / yields A? (inasmuch as f* <A°KA? 
and the integral over / diverges and therefore /+ f ~/). 
For integration over f, the factor (p—/)~' should be 
expanded into a series in p: 


: if 
pes £7 ten Re, 


, FJ 


Integration of the first term yields zero; if (5a) is 
taken into account, the second term yields (1/Z) 
XIn(A*/p?) after integration. Taking into account that 
go= —1/A?, we get 

In(A?/ p*) 
Gi+Gy'= ~ip—_—, 
L 
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eA 
Fast t+ p-2 2 
Q+p Q 


Q+p Q 


Fic. 3. Graphical representation of Eq. (3). (Note.—Following 
the plus sign, “‘p—/” should read “‘/— p.”) 


or, for L>I|n(A?/m?), 


In(A?/ p*) 
g-1=-— 


Hence for sufficiently large values of Z [and for 
L>In(\?/m?) ], the difference between 6 and unity is 
arbitrarily small. 

In a similar manner, we consider the ratio of the 
integrals corresponding to Figs. 4(b), (c), (d), and (e) 
[not included in Eq. (3) ] to a(p). For Fig. 4(b) this 


ratio is 
1 \? a(p)a(f) 
i ~ df. 
a(p) (P— f)(O+f) 


Depending on the magnitude of the momenta P and Q, 
viz.. KK P~QOKA, OKAK PKA, or p~P ~OKAKA, 
we obtain, respectively, taking into account (5a), 


d? P \n(A*/ p*) In(A?/ p) 


, , or 
POE. © L E 
In any of the cases considered the ratio can be made 
arbitrarily small. 
For the diagrams in Fig. 4(c), we get (see reference 6) 


1 2 \2 x2 1 
f af af d‘k 
a(p) L(l+p)(1+k) 
1 


xX a (p)a(k)a( p—k). 
I’ (I'+k)(l'— p) 


To calculate the integral over / (and 7’) it should be 
expanded in k, and p should be set equal to zero. The 
result is 


hf 
aio) f Ra(k)a( p—k)[In (A? k?) Pdtk 


1 a Xe 
ply PL 


Figure 4(d) leads to the following integral: 


1 A? a 1 
f af d‘k —-- a" ( p)a(k). 
a(p) L(1+ p)(1+k) (1+ p+k) 
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P.f 


Ca) 


P-p P 
i 
Lp 2 
Oe Dok bak 
*p Q 


Q 


P-p 


Qep 


(d) 


Integration over / yields In(A?/k?), and we obtain 


9 


i 7” A? ? 
— | a(k) in(— ae, 
pL Re PL 


Finally, we shall consider Fig. 4(e). The integration up 
to a small limit performed in Fig. 4(b) is repeated 
twice in this diagram. One may therefore expect that 
it will be smaller than Fig. 4(b). The corresponding 
ratio is 


1 A? 2 2 
—f auf wef d‘k’ 
a(p) 

a(k)a(k’)a(k— p)a(k’— p) 
x—— — 
(+p) (I—k)(I+-k’)(P+k) (O+K’) 
Depending on the magnitudes of P and Q, namely, 
AKP~OKA, ~~ OKAKP, or p~ P~VKA, we cor- 
respondingly get 


P Pe ny p Ind?/p? 1 
Se eens ; iat ? or —— 
POX L P LP L 


These quantities can be made arbitrarily small if 
the limiting procedure is carried out in such a manner 
that »*/m*L remains sufficiently small for A. 
More complex graphs of the vertex operator not 
indicated in Fig. 4 are proportional to higher powers 
of the same ratio \*/m*L (or of a smaller quantity) 
and hence are certainly small. 


YQ / 
qxp = AF 
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Pek 
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Fic. 4. (a) Graphs contribut- 
ing to the deviation of 8 from 
unity. (b)}-(e) Graphs contri- 
buting to the deviation of a 
from the values given by 
Eq. (5). 


(e) 


The expression (5a) obtained for a(p) is thus an 
exact solution. 

The physical interaction between two fermions is 
determined by the product a6*. The results obtained 
above indicate that af? vanishes for A; that is, 
physical interaction between point fermions is absent. 

The case when 1+ oA’ is negative should be excluded. 
Indeed, if 1+god” is negative and equal to —1, by 
order of magnitude, the logarithmic term in the expres- 
sion for I can be neglected. Evaluating the additional 
term in the Green’s function G with a negative I, we 
see that 6 would exceed unity, and this is inconsistent 
with the general theorems of field theory.* 

If the absolute value of 1+ goA? is less than god’, a 
pole in the space values of p? will arise in the formula 
for I. Since, in treating the interaction between 
fermions as an interaction between bosons, I’ has the 
meaning of a boson Green’s function, it is evident that 
this pole corresponds to an imaginary boson mass. 
Such bosons would yield a term —(m|\*¢? in the 
Hamiltonian and this would point to nonstability of 
the vacuum in this case. 

Returning to the case go*—1/A’, we note that 
Eq. (3) should be solved simultaneously with the 
equation for the Green’s function G(p), 


[- ne f auG(p— fT Nainai+ paras |G p)=1, 
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[the order of the spinor indices corresponds to Fig. 4(a) ; 
that is, the integral term contains an integral over / of 
the same type as (4) ]. 

Neglecting terms of the form p? In(A*/p?) compared 
with A? and taking into account that in this case the 
integral (4) is equal to A’, we obtain the following 
solution: 


Pi(p)= 18 D, 


where a= gol 1+g08°A?}"! and B=[1+}god\7A*a6" |"! are 
quantities which do not depend on . Inserting a in 
the formula for 8, we obtain an equation of the fourth 
degree with respect to 8. Its solution can easily be 
found in the cases when goA*<1 or goA’~1, god°K1. 
In the first case we get B= (4/god?)[(1+43g0d7)!—1 ], 
and in the second, 81. In both cases (which include 
the complete range of values of go which are of any 
interest), the quantity =a67A’, in the limit for A>, 
remains of the order of unity. Now it is easy to demon- 
strate that the unaccounted graphs of the type depicted 
in Fig. 4 are much less than a. For example, the ratio 
of the quantities corresponding to the graphs in Figs. 
4(b) and (d) to a@ is aB?(A*/PQ)= &(A*/ POA’), and 
a’BtA?\? = £(d?/A*?). These quantities are arbitrarily 
small when \?/A*0. It follows that the solutions 
obtained for I and G are exact ones, and since a8?A2~ 1, 
the physical interaction a§? vanishes as 1/A? for A>. 

A point which was important for the foregoing 
analysis was that the integral Jy contains A*. The 
magnitude of the quadratically divergent integral, 
however, may significantly depend on the form factor 
employed in computing this quantity. Suppose, for 
example, that the quadratically divergent integral is 
made to vanish by using an oscillating form factor. 
Then instead of (5) we get 


(O;XO ja; G(p)= 


£0 wi 
al p) = . ‘ ( 7) 
1—} gop? In(A?/p?) 


If go behaves as 1/m°L for A-, the difference 
between f and 1 will be of the order of \2/m?L. Indeed, 
in formula (6) the integral over / now does not contain 
a quadratically divergent part and hence is equal to 
~ f? In(A*/f?). The remaining integral over f yields 
god\°p~ (A*/m*L)p, if one takes into account that 
a~1/f?L and expands in a series in p. 

If go is not small, the equations for a and 8 should 
be solved simultaneously. The equation for 8 can be 
satisfied in this case by assuming that @ is independent 
of p. Then, instead of (7), we get 


£0 
a(p)=— —— (7a) 
1—4gq3?p? In(A2/ p’) 
The integral in the equation for 8 has the following 
form: 


0 fr sie 
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For a sufficiently large L, when go3?A?L>>1, this integral 
equals god" and the following equation is obtained for 
B: 

BL1+76g6)? ]=1. 


> 


—[(1+3gcA‘)!—1]; 
2 


ge 


Hence 


that is, 6 is independent of L. It therefore follows from 
(7a) that for a sufficiently large value of L, 


af?~ 1/p°L 


[if p*>+0, formula (7a) should be refined by taking 
into account the finiteness of the mass; then a6?~1/ 
mL }. 

It can readily be verified that in this case the diagrams 
of Fig. 4 and the more complicated ones are small 
compared with a in (7a). 

Thus the conclusion drawn above regarding the 
vanishing of the interaction of point fermions does not 
depend on whether the quadratically divergent integral 
is considered equal to A® or to zero. This confirms our 
viewpoint that the physical results of the theory (in 
the given case, the vanishing of the interaction) should 
not depend on the form of the cutoff factor. 


4. VECTOR AND TENSOR INTERACTION 


Consider now the vector interaction theories (O;=1y,, 
or O ;=iysy,). We start with the pseudovector theory. 
According to (4), insertion of T; in the form a(p) 
X (tysyuXtysyu) into (3) leads to the appearance of a 
new spinor form, (1/p*) (tvspXtysp), in the right-hand 
part of the equation. Thus the solution of (3) should 


be sought in the form 
1 


Pi =a(p) (ivs¥uXtvsvYu) tar(p) (ty5p Xivsp)—. (8) 
P 


Inserting (8) into Eq. (3) and separately equating 
the coefficients in each spinor form, we get 


a(p) = go—go(Jo+J1), 


ie ‘ (9 
ai (p) = 2goJia(p) — go(Jo—J1)ar(p), ‘ ) 


So 
“4 + go( Tot I) 


§o 


a(p)+ai(p) =—— 
1+-g0(. Jo- Ji) 


Taking into account the values of the integrals Jo 
and J;, we get 
£0 
o(p) = —— 
1+-goL4 M—t In(A2, py 
(11) 


0 
a(p)-+ax(p) =———-; 
1+}g0\? 
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Fic. 5. Simplest graph corre- 
sponding to the _ second-order 
interaction arising from the term 
in Ly 9), 
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that isa(p) has the same form as in (5) and for decreases 
with increasing A? as 1/Z for go~1/A’, whereas ai(p) 
does not contain In(A?/p”) in the denominator and does 
not tend to zero for A*>. 

The term containing a:(~), however, does not 
correspond to any real interaction, as it can be excluded 
with help of a transformation similar to a guage 
transformation. Let us examine, for example, a system 
consisting of fermions and of scalar bosons not interact- 
ing with the fermions. The Lagrangian of the system 
has the form 

L= LpO + L,O+L,%, 


where f£,;%dv=—V, £, is the Lagrangian of the 
boson free field, and £/%=—y(y,0/dx,+m)y is the 
Lagrangian for free fermions. 

The fermion system can be characterized by a wave 
field y; related to y by the relation 


¥i=expltysee(x) W; vi=Wv expLiysey(x)], (12) 


where g(x) is a quantized boson field and € is an 
operator defined in the momentum representation by 
the function e(p) [i.e., €=e(—0?/dx,”) ]. Under this 
transformation of the field y(x), the Lagrangian £,“ 
[i.e., interaction (2) ] remains constant, whereas £, 
changes: 
Lj/%=LA9+L:4- Lo, 
where 
, d¢g 


—Pilyse—*h, 
OXu 


L)= 


and P 
L2= my {exp[ — 2iység(x) J— 1 yy. 


The Lagrangian £, corresponds to the addition to 
(2) of a fictitious interaction 


a d¢ 
v= f Yiinene ate 


Xp 


In second order, it leads to scattering of fermions by 
fermions, (fo/p2)(ivysPXtysP) corresponding to the 
simplest diagram in Fig. 5. Here fo=e*(p*)/x20. 
The presence of this interaction (that is, of all the 


diagrams created from the simplest one in Fig. 5) 
can be taken into account in calculating I’; if instead of 
(3a) we insert in (3) the expression 


ao = B0(tysvpXtys¥u) + (fo /p2) (tysPX 17s). 


After simple transformations, the following results 
can be derived from Eq. (3): 


£0 
a(p)= ———_— 
1+g0(Jo+J1) 


got fo 
1+ (got fo)(Jo—Ji) 


(11a) 
a(p)+ai(p)= 


Inserting the upper equation in the lower, we note 
that ai(p) vanishes if 


fo= —2g07)1 '(1+2g0J1). 


The expression for a(p) is identical with (11); it yields 
the result that the interaction is maximal if go= —2/A?. 
From (13) we then obtain 


fo= (p? '3A4)L. 


(13) 


Thus, in order to exclude the term a;() in the expres- 
sion for Ty, it is sufficient to choose ¢(p*) equal to 
[(p?/3A*)L}}; it is arbitrarily small for A>. It was 
thus sufficient to consider the fictitious interaction V’ 
in the lower approximation, the Lagrangian £2 dis- 
appearing for A>. 

Formula (11a) for a(p) is in all respects similar to 
the expression (5) obtained in scalar theories and 
therefore, as in the latter cases, it leads to the dis- 
appearance of physical interaction for A>. 

We shall now consider the vector interaction theory. 
In this case the quadratically divergent integral can 
be considered to equal zero. Indeed, in vector theory 
the integral (4) can be written in the following form: 


fre x) july) )oeiP(? Yd'xdty, (14) 


where j,(x)=Y(x)y¥(x) and” 0j,(x)/dx,=0. If we 
put p=0 in (14), we formally obtain a quadratically 
divergent integral. Its structure is the same as that of 
the integral which in electrodynamics determines the 
photon mass (since in electrodynamics j, satisfies the 
continuity equation), and it therefore must vanish.” 


2 This equation is valid not only for free operators but for 
coupled operators as well. 

18 A formal proof, not based on the analogy with electrody- 
namics, can be given, for example, in the following way. Consider 
the integral 


Pee oe 
STONE dixdty= J 5°11 jo(2)jnl9) o(ad'xdly 


~ f rH); y) Yola)dndy. 


The first integral on the right-hand side is zero if j,(x) vanishes 
at infinity; the second integral is zero because 0j,(x)/dx,=0. 
If d¢(x)/dx, is a sufficiently slowly varying function of the 
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In vector theory the term a;(p)(ipXip/p”) appears 
in I';, and formula (10) is valid as before; however, 
instead of (11), we have 


a(p) = gol 1—3gop? In(A?/p?) J; 


a(p)+ar(p) = go. (11b) 


We now take notice of the fact that for real particles 
the interaction a;(p)(ipXip/p?) is identically equal to 
zero. Indeed, p is the difference between the final and 
initial particle momenta. Since the wave functions of 
the initial and final states obey the free Dirac equation, 
the matrix element of ip will vanish. As a(p) in (11b) 
is practically identical with (7), the reasoning and also 
the results obtained in Sec. 3 for scalar theory (in 
which the quadratic integral vanishes) are also valid 
in the given case. 

It remains for us to consider tensor theory. Replacing 
O; in (4) by oy=31(Yu¥e—Yr¥u), We See that 


Sp! Oas’y rp == 0. 


Thus no quadratic divergence is involved in tensor 
theory. The new spinor forms for I; arise, but in tensor 
theory a,(p) contain InA? p? in the denominator. The 
considerations do not differ from those applied in the 
case of scalar theory (in which the quadratic integral is 
assumed to be zero). 

Consequently, if only a single fermion field is con- 
sidered, physical interaction will be absent in all types 
of four-fermion interaction. 


5. INTERACTION OF SEVERAL FIELDS 


The interaction between several fields will now be 
considered. If two types of neutral particles exist 
(the respective fields being designated by y and x), we 
arrive at three types of interaction: 


V= 2? f Ceuido,9) (do ¥) + g2(KOjx) (XOX) 


+2¢3(WOw) (xO jx) ]d2, 


(15) 


the respective constants being gi, go, gs. One may 
inquire whether these constants can be chosen in such 
a way so as to cancel out the logarithm in the demon- 
inator of the expression for a(p), which is of the same 
type as (5). 

For convenience, the field of the two particles will 


coordinates, it can be written before the integral; and since the 
vector 0¢/dx, is arbitrary, we obtain 


[T(x )july))d'xd'y=0. 


‘See the similar arguments in R. Feynman’s paper [Phys. 
Rev. 76, 769 (1949) ]. At small #? the denominator of the expression 
(ipXip)/p? will not vanish if finiteness of the mass is taken into 
account. Vanishing of the interaction a; can also be proved by 
employing a transformation similar to (12). 


INTERACTING 
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be characterized by the column matrix 


. 
o= ; 
x 
Then in interaction (15), 


3 
rr 


a= > gVi, 
i=] 


where 


Vii=Q) X01; Vo! =Q)'XQy’; 


0 O 
0'=0,( ) o=0,/ ) 
0 0 0 1 


will correspond to the simplest diagram in Fig. 1 and 
Eq. (3) will have a solution of the type 
r= 2. a;(p) V 
i=l 
We shall consider scalar theory (O;=1, O;=7ys), 
similar results obtaining in the other theories. 
Inserting the foregoing expressions for ao and Tr; in 
(3), we obtain, after equating the coefficients before 
V’, the following set of equations for a;: 
(1+: )ai+gsa3l = g1, 
(1+ gol aot gaasl = go, 
io 
gael +3 gs0o1 +[1+3 (git) las= gs, 
where 1/=2J/)+J:2A°—p*L. The solutions of these 
equations are 


(16) 


got fl g3 
— 3 Geos 


A A 


(17) 


where A= 1+2g/+ f7/*, g=3(gitg2), and f*=gigo— g3’. 
Taking into account only terms linear in p*Z (it can 
easily be seen that these are the leading terms if the 
giA° are of the order of unity), we obtain 


MA= (1+F))A°—Fip?L, 


where Fyo= 22+? and F,;=2(%+ 2). The dimensionless 
constants Z=A’g and f=A°f have been introduced; 
in the case of interest these quantities are of the order 
of unity. In the expression A°A [that is, in the denomina- 
tor of the a;(p) ] there will be no term proportional to 
A’, and the quantity Z will cancel out if 1+/)=0 and 
F,=0. Inserting the values of Fo and Fi, we get Z= —1 
and f?=1; that is, Zi+2.=—2 and 2,f.—2;°=1, 
where 2;=A’g;. Hence 2;= —2—f2 and —Z;’= (1+ 2)”. 

Thus quadratic and logarithmic infinities can be 
removed from the denominator of the expressions for 
a; only when the constant g; is imaginary (if the 
numerators of the expressions for a; are multiplied by 
A? they will be of the order of unity, providing g;~1). 
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Therefore, for Hermitian Lagrangians, physical inter- 
action will vanish in this case also if A>. 

If the quadratic integral vanishes (vector and 
tensor theories), the same type of reasoning as that 
used in Sec. 3 for a single field should be applied. No 
physical interaction will arise in this case either. 

We now turn to consideration of charged fields. 
Care should be exercised in using form factors to 
analyze the charged field. Thus if the form factor is 
introduced simply as the integration limit in momentum 
space, a contradiction with Ward’s identity will 
arise when A*<<A? (in particular, because of the inter- 
action, a neutral particle acquires a charge). In order 
to avoid this inconsistency, a form factor should be 
introduced which has, for example, the form 


(eee | 
(p—A)2—azJ * 


where A is the electromagnetic potential.’*> Gauge 
invariance will apply to the relation between \? and A?, 
and hence the methods employed above may be used. 

Consider now the interaction between two fields 
with isotopic spin } (field y) and isotopic spin 1 (field 
>). Instead of (15) we obtain 


V=2n! f [eu(dv) W)+ 49182 (SE) +2gs(y) (SE 


+g4(Vrav) (Wad) +85(ET 2) (E _ 
+2g6(bra) (ZT. wD) +g7(ESag (18) 


16 The authors are thankful to B. L. Ioffe for pointing out 
that a form factor of the indicated type removes the contradiction 
with Ward’s identity. 


(SSusE) Jd, 
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where the 7 are operators of isotopic spin 3 and 7, 
of spin 1, and Sag=TaTs+TsTa—45as; for the sake 
of brevity, the operators of ordinary spin are not 
explicitly included. To compute the integral (4), the 
trace over the isotopic spin variables should also be 
taken. It can readily be verified in this case that 
interaction (18) splits into three independent sets: 
(1) g1, go, gs; (2) ga, gs, 6; and (3) g;. The first two can 
be reduced to the case of interaction of two neutral 
fields, discussed above, by changing the notation. 
Thus, in the first case, the following substitution should 
be made : 2g:= gy’ ; 3g2= ge’ ;6!g3=g3' ; 2a1=ay ; 3a2=ay’; 
and 6!a3;=a;’. In the second case, we obtain the previous 
equation (16) by performing the substitution 2g,;=g,’. 
In the third case, only one field is involved. 

More complicated cases of interaction may be 
considered, such as the interaction between three 
different fields. Then, besides interactions of type (18), 
an interaction of the 6-decay type (¥W)(gx) can be 
set up. These cases may be handled by the same 
methods, but the problem becomes more unwieldy. 
There are no apparent physical reasons to expect 
other results to be obtained in these more complex 
cases, although a study of them would seem to be of 
interest. 

Thus the expectation expressed in the introduction, 
that choice of the sign of the interaction constant might 
lead to a result differing from that in other cases of 
local interaction, is not confined. 

In all of the simplest cases of local interaction 
considered up to the present, physical interaction 
between the fields is absent. 
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Dispersion Theory Treatment of Pion Production in 
Electron-Nucleon Collisions* 
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The production of mesons in electron-nucleon collisions is treated by using the method of dispersion 
relations. The result is analogous to that obtained by Chew, Low, Goldberger, and Nambu for photo- 
production using the same method. Apart from the appearance of longitudinal and scalar components of 
the virtual photon polarization, the important difference is that charge and magnetic moments have to be 
multiplied by the appropriate nucleon electromagnetic form factors. Two formulas are given for the scat- 
tering amplitude: one is a static approximation which is valid if the electron invariant momentum transfer 
d is less than 500 Mev; the other takes account of the recoil effects, and may be trusted within 30% even 
up to A~1 Bev. It is suggested that the measurement of the energy and angular distribution of the electron 


can offer an alternative method for the determination of the nucleon form factors. 


1. INTRODUCTION 


| hairleeninerperica on pion production in high-energy 
electron-proton collisions have recently been per- 
formed at Stanford.! This phenomenon is quite inter- 
esting from a theoretical point of view because it offers 
a further tool for the investigation of the electro- 
magnetic structure of the nucleon. 

The 7-matrix element for the electro-pion production 
is given by 


T=—- , (1) 


(s}—S2)? 


where p; and s; are the four-momenta of the initial 
nucleon and electron, and ps2, s2, and g those of the 
final nucleon, electron, and meson, respectively; j, is 
the four-dimensional nucleon current in the Heisenberg 
representation; and the w’s are the electron spinors.’ 
[For the derivation of Eq. (1), see Appendix I. ] 
Equation (1) shows that the evaluation of the cross 
section is reduced to that of the matrix element 


H,=i(poq! ju! pr). (2) 


The right-hand side of Eq. (2) looks formally identical 
with the matrix element for photomeson production. 
The only differences are that in the present case the 
“photon” momentum 


k=5\—S2= potq-—pi 


has a modulus \=(k?)! different from zero, and that 
the polarization vector ¢,, which is proportional to 


* Work supported by the U. S. Atomic Energy Commission 
and by the University of Wisconsin Research Committee with 
funds provided by the Wisconsin Alumni Research Foundation. 

+ Fulbright Fellow. On leave of absence from Istituto di Fisica 
dell’Universita di Torino. Present address: CERN, Geneva, 
Switzerland. 

} Present address: Institut for theoretisk Fysik, Kopenhagen, 
Denmark. 

1 Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 (1956). 

2 For simplicity, the spin and the isotopic-spin states are not 
explicitly indicated. 


iti(s2)y,u(sy), can have transversal, longitudinal, and 
scalar components. 

In Appendix II we shall also show that, as in the case 
of the photomeson production, the matrix element H, 
has the phase of the final pion-nucleon scattering state 
as a consequence of the time-reversal invariance.’ 

The first experiment performed by Panofsky et al.! 
looked for the energy distribution of pions at a fixed 
angle. To be compared with this experiment, the 
differential cross section obtained from Eq. (1) must be 
integrated over the final electron states. In this process 
the important contributions come from the matrix 
elements corresponding to A~0 which are not much 
different from those for the photomeson production. 
Indeed, computations based on the static model*® fit 
very well with the experimental data. 

New experiments are being performed® in which the 
final electron is detected, and which involve virtual 
photons with A of the order of several meson masses. 
In this case the matrix elements contributing to the 
cross section are essentially different from those of the 
photoproduction. One will first note that the appearance 
of large momentum transfer makes the static approxi- 
mation much less reliable than in the case of photo- 
production. Indeed, due to the imaginary mass of the 
virtual photon, its momentum |k) in. the “center-of- 
mass’’ system can be large even if the final nucleon is 
produced in the resonance region. Quantitatively, 


k | = (A?+ ho?) ! SAL 2e1€2(1—cos#) }}, 
ko= (W?— M?—)?)/2W, 


where e; and ¢2 are the initial and final energies of the 
electron in the laboratory system and @ its scattering 


3K. Watson, Phys. Rev. 95, 228 (1954); K. Aizu, Proceedings 
of the International Conference on Theoretical Physics, Kyoto and 
Tokyo, September, 1953 (Science Council of Japan, Tokyo, 1954) ; 
E. Fermi, Suppl. Nuovo cimento 2, 58 (1955). 

‘R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957); 
quoted in the following as DY. 

5 R. B. Curtis, Phys. Rev. 104, 211 (1956). 

® W. Panofsky (private communication). 
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angle, M is the nucleon mass, and W=[—(p2+q)?]}} 
=[—(p:+k)*]! is the total energy of the meson and 
nucleon in their center-of-mass system. Thus for €:~500 
Mev and at large angles, |k| can easily be comparable 
with M, resulting in large nucleon recoil. 

In this paper we shall make use of the method of 
dispersion relations.’ This will enable us to take into 
account correctly the effects of large \ and to evaluate 
the most important recoil contributions. 

The dispersion relations in our case are similar to the 
ones given in B for photoproduction. A new feature is 
the appearance in the inhomogeneous terms of nucleon 
form factors, which depend on the invariant momentum 
transfer A*. The dispersion theory, which is believed to 
be valid under very general assumptions, shows that 
these form factors are exactly the same as the ones 
obtained by Hofstadter® in elastic electron-nucleon 
scattering. Since the electro-meson production process 
involves both the proton and neutron form-factor 
effects, it can offer an independent method, different 
from the electron-deuteron scattering, for determining 
the neutron form factors. 

The task of obtaining a scattering amplitude which 
satisfies both the dispersion relation and the final-state 
theorem is not easy unless nucleon recoils are neglected. 
We shall therefore obtain the first approximation by 
solving the dispersion relations in the static limit. This 
solution takes into account the important effects due 
to the form factors, which are mainly caused by the 
meson cloud around a nucleon, but neglects the appreci- 
able nucleon recoil contributions. For \2500 Mev, the 
solution cannot be trusted. 

To obtain an improved solution of the relativistic 
dispersion relation we shall proceed as follows: 

First, we shall prove that the imaginary part of the 
static solution multiplied by a A-dependent factor is 
still reliable even for large X. 

Then we shall insert this imaginary part in the right- 
hand side of the dispersion relations to generate a new 
real part. For large \ the new real part thus obtained 
will account for the more important recoil effects. It 
will be rather different from the real part obtained 
directly in the framework of the static approximation. 


2. RELATIVISTIC DISPERSION RELATIONS 


In this and in the next section we shall follow closely 
the method outlined in A and B, to which paper the 
reader is referred for all the details about the philosophy 
and the mathematical procedure. Unless explicitly stated 
otherwise, the notations used will be the same. Let us 
consider the product H-e=H,e,, where ¢, is an arbi- 
trary four-vector which at the end of the calculation 
will be identified with eitiy,u/k?. (We use the usual 
convention that repeated indices are summed.) Since 

7 Chew, Low, Goldberger, and Nambu, Phys. Rev. 106, 1337 
and 1345 (1957). These papers will be quoted as A and B, re- 
spectively. 

8 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). Other 
papers are quoted there. 
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k®0, and e, has longitudinal and scalar components, 
the number of the fundamental relativistic and gauge- 
invariant forms will be six. These are taken to be 

M a= divsly,7}, 

M p= 2i75{ Pq}, 

Mc=st7,9}; 

M p= 2ys({y,P} - HM {7,7}), 

M e=1y5{k,g}, 

M r=s{k,7}, 


where P=}(p:+2) and an abbreviation is used for 


the gauge-invariant combination 
{a,b} =a-eb-k—a-kb-e. (4’) 


The last two invariants were absent in the photo- 
production case. The signs in parentheses indicate the 
behavior under crossing of the nucleon lines. 

In terms of these invariant forms, H -e is written as 


H-e=M,4A+MpB+-:-+MeF. (5) 


Each of the invariant coefficients can further be decom- 
posed, as was done in B, according to the isotopic 
dependence : 


Ag=3{1a,73}Att+$[ 70,73 |A~+TaA’®, 


The 18 coefficients At, A-, 
the scalars 


v= —P-k/M, 


etc. (5’) 


.--F° are now functions of 


vp=q:k/2M, and =k. (6) 


These coefficients satisfy dispersion relations of the form 


1 1 
ReH ;(v,vp,\2) =Ci( r9nx)+R0)( —" ) 


y+vp 


ee 1 1 
+ f dy’ Imit(o,70X9( —-—— 7) 
sails v—v v'+y 


VB—v 


where »o=vg+1+1/2M,° the + sign depending on the 
crossing symmetry. The residues R; of the poles turn 
out to be 


R[AY-5]= — fe” 5(n2)/2, 
R[BY'5]= fe" 5(\°)/4M vp, 
RUCYS]=REDY'S]= fu" S(a2)/2, 

R(E]=R[F]=0, 
where 
eV S(\*) =e[Fy(°)+Fi"(\’) ], | — for V 
wu’ S(\?) =p’ F2?(N2)twnk2"(d”),! + for S 


AY=AtoraA, f?/4r ~0.08. 


(8’) 


AS=A®; etc. 
F, and F; are the form factors for charge and magnetic 
moment distributions, respectively, as were introduced 


® The pion mass is put equal to 1 throughout this paper. 
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by Hofstadter,® and u,’ is the anomalous part of the 
magnetic moment of the proton. 

It is interesting that the coefficients in Eq. (8) are 
identical with those for photoproduction except for the 
appearance of the form factors. The new invariants Mg 
and Mr do not have poles at v=-+vg. The terms C; 
in Eq. (7) are in general polynomials in the variable », 
which our dispersion relations leave arbitrary. In order 
to determine these terms we shall use perturbation 
theory as a guide. It is seen that H also contains a 
meson current contribution which is independent of », 
and which does not have the nucleon form factor.” 
If we assume that the same result as the perturbation 
series can be obtained by iteration starting from the 
inhomogeneous terms of the dispersion relation, these 
terms must then be of the form 


ysiy-qg feSt+rseY pw’ Strgy’? 
soe ee Ta Z — Cyrky 
2 pe : . 1 


7 


ry qYs 


eS+r3e" 
2 2pi-q+1 


V 


[ra,73] e(2q—k)-e eY—e 
+ ier : +— i). (9) 
2 . (2q—k)-k 


The first two terms are the nucleon current, and the 
third the meson current contributions. The last term has 
been formally inserted in order to preserve the over-all 
gauge invariance of the expression (9). Because of the 
continuity equation k,#y,u=0 for the electron, how- 
ever, this term does not have any effect on the electron- 
meson production matrix element. 

It is possible to understand Eq. (9) from a different 
point of view. As will be shown in Appendix I, a 
different representation may be given for H, leading to 
a new type of dispersion relations in which the relevant 
variable is vg. The bound-state contribution in these 
relations is just the meson current term in Eq. (9). 

The last auxiliary term in Eq. (9) is independent 
both of v and vz, so that neither of these representations 
can fix it. We think this is more than a coincidence. 

Concluding this discussion, the assumption (9) allows 
us to write for the C’s of Eq. (7) 


Ca=Cp=C=Cp=Cr=0, 


e" (2) 
serail 
qk 
One can easily see that in the limit A*->0 the equations 
for photoproduction are reproduced. 


Crt=Cz°=0, 


Tt should actually have other correction factors depending on 
vy; and X, but this will be neglected here. 


THEORY 


TREATMENT 
3. STATIC APPROXIMATION 


In order to give an explicit solution to Eqs. (7), it 
is necessary to use the connection with pion-nucleon 
scattering discussed in Appendix II. This can easily be 
done only in the “center-of-mass” system in which 
k+pi=q+p2=0. 

As already pointed out in DY it is sufficient to 
evaluate the matrix elements H for the case where the 
polarization vector « has only space components; the 
matrix element of the time component of the four- 
current can be obtained by using the continuity 
equation. In order to take advantage of the analogy 
with photoproduction, it is convenient to split ¢€ into 
a longitudinal and a transverse part: 


ep = (e-k)k/k’, (11) 


er=— €— €L. 


The transverse part of H can be expanded in terms 
of magnetic and electric multipoles in the same way as 
for photoproduction. The longitudinal part gives rise 
to new multipoles (longitudinal multipoles) which under 
space and time inversion behave like the corresponding 
electric amplitudes. Among the new terms, only the 
longitudinal quadrupole of the form 


i(30-kq -kK—k’o -q)k-2/k? (12) 
can lead to a final P; pion-nucleon resonant state. 

In order to solve the equations connecting the 
different amplitudes, we shall use the same procedure 
as in B. First we consider the equations obtained by 
neglecting all nucleon recoils. This static approximation 
allows the different multipoles to be essentially de- 
coupled (except the mixing of the /+} states of the 
same multipole) ." 

For the electric and magnetic amplitudes the results 
of B can be largely translated to our case by (1) re- 
placing « by er; (2) inserting the appropriate form 
factors in the terms generated by the nucleon current; 
and (3) using for Fg and Fy the expressions 


3 1 1 j 2M 1—wv 1-0 
NOS) 
Nw+nr2/ \ 2] lLe+M i tie 

lal74 2 

+ -( v— 

Ik}\3 » 


M 3 1 1-1-2 
ei a emma 
FAM) \ 208+) \ 2 2 1+9 


1 The form of the dispersion relations depends on the transfor- 
mation properties of the different multipoles under crossing. In 
our case (unlike pion-nucleon scattering) one can only consider a 
crossing of the nucleon lines, which involves a charge conjugation. 
The simplest way of obtaining the static limit of this operation 
has been suggested by G. Feldman and P. F. Matthews [Phys. 
Rev. 102, 1421 (1956) ]. One first applies a CPT transformation 
to the matrix elements, and then one goes to the static limit. 
The result is that the matrix element corresponding to —w is 
obtained from the one corresponding to +w by transforming 
o——¢, t>—*, k>—k, q>—q. 
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where 


v=2/q||k|/(2u’+X2), w=(1+q2)!, E=(M?+k?)! 


The only longitudinal amplitude for which corrections 
to the Born approximation are appreciable is the longi- 
tudinal quadrupole. The equation for this amplitude 
differs from the equation for the electric quadrupole 
only in the inhomogeneous term 


2—|kl»/lqlj—2M¢ 2 1-2 
in |. aww (4+ In— ) 
6(22+d2)2EFMN 140 


iq) yv—3 i-v 
+- -(6- —— |In— )}: (13’) 
ik| v v 1+0 
The procedure for solving the equation will, therefore, 
be the same as for the latter. 

The recoil corrections to the static solution will be 
computed to the first order in 1/M and only for the 
leading terms, i.e., the magnetic dipole and the Born 
approximation terms. This enables us to use, also in 
this connection, the results of B. 

Our results can be summarized in the following 
expression for the amplitude H. 

We define H+ and H° as 


(poq| H+ €| pi)= (2)-3(2w)-2| [44 70,73} H* 
+3L1a,7s|H~+1aH" || 1). 

=" (d2)+e(A2)/2M, 

3{2q-kXe+ie-2q-k—io-kq-e} 

x (3Lu" (WN?) / fq? + 4teF uh" sinds; 

— 3{io- erq-k+i0-kq: er} eF oie sind; 

— 4i{3e-kq-k—k’o- q} (k- e/k’)eF ,ie sinds; 

+ie"(d*)(o-qq-e/2Mw), (14) 


1 ¥ io: (k— q)( 2q- k)- 
H-/f=— e’ (\*)io- e-+e—— 
(k- 9)? +1 


Then, with pu (A°*) 
H+/f= 


1+w/M 
—4{2q-kXe+ie- eq: k—io-kq-e} 
X (4Le" (\*)/ fq? ]+-4ieF uw} e%* sinds; 
+h{ie-erq-k+io-kq- er} eF gie'* sinds; 
+2i{3e-kq-k—k’e- q} (k- ¢/k’)cF ,ie* sinds; 
o-q(qt+k)-e e'(\*)—e 
_ ieY (2) ia eeiomnalbanilgastiin 
x2 
ke ie: aX (kX) 
y— — 50) 
Ww 


Ww 


k- eio- (kK—q), 


H®/ f= —io- euS(d 
S ata 


+ie-qq-e——. 
2 


2Mw 


(14’) 
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Equation (14) is closely analogous to Eqs. (22.5)- 
(22.7) of B. As in that case, the resonant terms coming 
from the nucleon moments are much larger than the 
resonant terms coming from the meson current. Indeed 
the coefficients Fy, Fg, and /, decrease with increasing 
\ even more rapidly than the nucleon form factors.!* 
This means that here also the important terms are the 
electric dipole, the resonant magnetic dipole, and the 
Born approximation part of the meson current. Thus 
a simplified version of Eq. (14) is 


H* 
7 3{2q-kXe+ie- eq: k—io-kq: e} 


u’ (A?) 
——-eitss sind33, 

2f'¢ 

H- ig: *(k— a) (2q— k) 
> aides jio-e+e- a 


(15) 


N= 2k-g 

—}{2q-kXe+ie-eq-k—io-kq:e} 
mM "Q’) 

x— 
2h 


€'533 sindss, 
H°~0. 


The procedure followed in deriving Eq. (14) suffers 
from the same kind of limitations as in A and B. A 
Legendre polynomial expansion for unphysical values 
of the nucleon momentum transfer (p:— p2)?= (q—k)? 
has been carried out without a complete justification. 
Recoil effects are computed by assuming the conver- 
gence of a 1/M expansion. As already remarked in the 
Introduction, the k/M effects can become much more 
serious than in A and B. This situation can be illustrated 
by considering the difference between the “Breit 
system” (pi+ 2 is at rest), which is the natural system 
for the dispersion relations, and the “center-of-mass” 
system (f:+-k=p2+q is at rest), which is the proper 
system for the phase-shift relations.* As \ increases, 
this difference becomes more pronounced. The relative 
velocity of the two systems, which is a measure for this 
difference, can be obtained from the formula 


1 W "+ M*+3( \?— 1) 


(1B) 217 LMP+ 408-1 2M») 


where vg is the parameter defined in Eq. (6). 8 ranges 
approximately between (@,+82)/2, depending on the 
meson production angle, where 6; and {2 are the 
initial and final nucleon recoil velocities in the center- 
of-mass system. For large A, which means large (1, 8 
will also be large. 

Another trouble peculiar to the virtual photon arises 
when its time component kp vanishes.‘ According to 

12 With a ‘root mean square radius of 0.8 10~" cm, the corre- 


sponding form factor will be reduced to } for \~600 Mev. 
13 Of course the two systems coincide in the static limit. 
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Eq. (3) and the fact that W2>M-+1, this can happen 
for A?2>2M+1 or A2500 Mev. In such a case the 
longitudinal component of the nucleon current must 
vanish according to the continuity equation, but it is 
not satisfied by our static results where ko and go=w 
are not distinguishable. As ko becomes small, the time 
component becomes predominant over the longitudinal 
current in the ratio |k|/o so that it will not be ad- 
visable to compute the former from the latter by means 
of the continuity equation. Rather we should have 
calculated the charge component independently, and 
derive the longitudinal part from it. However, since 
the recoil correction is also large when this is necessary, 
it seems reasonable to limit the validity of our results 
to such regions where J is less than 500 Mev. 

The procedure outlined in the next section will enable 
us to drop this limitation, which is a very unpleasant 
one since the form factors do depend on just this 
quantity A. 


4. EVALUATION OF THE RECOIL EFFECTS FOR 
LARGE MOMENTUM TRANSFERS 


The previous discussion has shown that Eqs. (14) 
and (15) are not reliable for \2500 Mev because the 
high momentum of the initial ‘“photon’”’-nucleon state 
produces considerable higher multipoles. However, 
even in this case the final pion-nucleon state is still at 
low energy (in its center-of-mass system), and therefore 
is completely dominated by the 33 resonance. This 
means that the only amplitudes having an appreciable 
imaginary part are still the three multipoles leading to 
the resonant state. Thus if one introduces a multipole 
expansion in the dispersion relations, one will obtain 
three equations connecting the three amplitudes with 
themselves; the remaining equations give the real 
amplitudes of the other multipoles in terms of the 
imaginary parts of the resonant ones." 

Our procedure now will be as follows: first we solve 
the equations for the resonant amplitudes, then insert 
the imaginary part of the solution thus obtained into 
the right-hand side of the dispersion relation to create 
the real part of the whole scattering amplitude. This 
procedure is successful because the recoil is more 
effective in producing new multipoles than in any large 
change of the resonant amplitudes, which would only 
be of the order of 30%. 

Let us fix our attention on the equations for the 
resonant amplitudes. The effects of the recoil appear 
only in the crossed terms of the form 


ImH,(v’) 
f mona tt 
pity 


The contribution of the second term is very small in 
the static case because of the large denominator 


4 The main simplification in the case of the static approxi- 
mation was that only states of the same orbital angular momen- 
tum are coupled. Here this is not the case because of the large 
difference between the Breit and center-of-mass systems. 
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(compared to that for the uncrossed terms) and the 
factor § coming from the crossing matrix for the spin 
and isotopic spin operators. It is easy to verify that 
the situation does not change appreciably for large 
recoils. It follows then that each 33 amplitude is 
mainly coupled with itself and thus the only important 
sources of recoil are the terms which constitute the 
whole Born contribution to the 33 state. 

We will neglect here the resonant terms created by 
the meson current; they were evaluated in the last 
section, and their effect as compared to the nucleon 
magnetic dipole term was found to be even smaller for 
large \. The electric and longitudinal quadrupole terms 
generated by the nucleon current are purely recoil 
effects. A direct calculation shows that they are 
negligible as compared to the magnetic dipole. 

In solving the equation for the nucleon magnetic 
dipole term, the static approximation for the spinor 
matrix elements of A, B, C, and D does not introduce 
an appreciable error. The main source of deviation 
from the static approximation comes from the denomi- 
nator 


1 1 
— ~——————., a=|k| |q|/Fe, 
ve tv 2Ew(1+a cosé) 


the static limit of which was 1/2Mw. It is easy to take 
care of the ratio M/E since (to within 5%) one has 
2= (M?+k’)!~ (M?+)?)!, which is a pure parameter. 
The effect of the cos#@ term is more difficult to treat, 
since the coefficient 6 depends on g/w which can vary 
between 0 and 1. We shall here neglect this effect. 
This will introduce an error of the order 3a’, ranging 
from 10% for \=500 Mev to 25% for \=1 Bev. In 
this approximation the solution of the magnetic dipole 
amplitude will differ from the static limit only by a 
factor M/(M?+ ?)!. 

The imaginary part of the scattering amplitude in 
the c.m. system will be’® 


(6a3— 37a7T3) (3q-kXe—o-qo-kXe) 
<M (M?+)?)-tu" (X2)hk(w), (17) 
where 


w= (W?—M?)/2M~w, h(w)=sin’d33(w)/¢; 
w and g are known functions of W or w. 

In order to insert this expression in the right-hand 
side of Eq. (7), we express the spin dependence in the 
center-of-mass system in Eq. (17) in terms of the six 
relativistic invariants. We then get 

15 The covariant form of the Py projection operator in Eq. (17) 
is given by {3q’: (kX «€)’—q' -y(kXe)'-y} (—iP’-y+M)/2W, where 
P’=pitk=portq, P?=—W?, qy’=qu—P,'P’-q/P%, and (kXe),’ 
= —téyrpkveaP,’/M. Making use of the Dirac equation, the above 
operator may be transformed into a linear combination of the 
six invariants. In Eq. (18) only leading terms of the expansion 
of S; in |q|/M are kept. 
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ImH;=S;Mu" (\2)h(w)/(M2+22)!,  (i=1, «+ +16) 


a a(« ng ~ +6), 
—2S,-= -(1-— -) /m, 
3M vz 


By substituting Eqs. (17) and (18) into Eq. (7), we 
obtain for our scattering amplitude the final relativistic 


expression 


1 1 
He=CaosX®)+ RAW) (— lie ) 


Vp—v vpty 


M 
tea WD 
we 442 ve 


x(- 


As usual, for practical applications, the upper limit of 
integration has to be taken around 4u where the effects 
of the 33 resonance are no longer important. 


1 
Pf h(w’)S;(w’+ VR, VR, d?) 
T 14+1/2M 


1 1 
—+ 
+vp—v w't+vgty 





)+in(o—>e) . (19) 


5. DISCUSSION 


Our results show that experiments on electron-meson 
production for large electron angles can be very im- 
portant for a measurement of the nucleon form factors. 

More specifically, the terms e"(A*) and u'(A*) are 
linear combinations of the proton and neutron form 
factors. Experimental measurement of those factors can 
give an independent check of the neutron form factors 
obtained from deuteron experiments. 

An advantage of the method proposed here is the 
possibility of performing independent measurements of 
the form factors by looking at the energy spectrum of 
the final electron for different fixed scattering angles 
(or better, for different fixed ). 

In this way it is possible both to check experimentally 
the physical assumptions upon which our theory is 
built and to measure the charge and magnetic moment 
distributions of the neutron. For 4\<500 Mev, the 
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simple formula (15) shows only two main differences 
from the result of the Chew-Low theory: 


(1) The S-wave term is multiplied by a nucleon 
charge form factor. 

(2) The form factors are functions of the relativistic 
momentum transfer k? and not of k*. As already pointed 
out, at higher A important corrections of kinematic 
nature have to be taken into account. These corrections 
have the main effect of producing higher multipoles. 
The dynamics of the system, represented by the 33 
resonance in the final pion-nucleon state, is still un- 
changed. 
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APPENDIX I 


We shall provide in this Appendix a formal derivation 
of Eq. (1). The proof will be based on the Heisenberg 
representation technique developed by Lehmann, 
Symanzik, and Zimmermann.'* 

We can extend the definition given in LSZ for a 
boson field to the case of a fermion field: 


Yie(t)= ~if frapen, (Al) 


where fi.(x,t) is a negative frequency solution of the 
Dirac equation for the electron 


(y? -8/dx—m) f,.=0, 


with momentum & and spin s. The same definitions 
apply to incoming and outgoing fields, which turn out 
to be time-independent. 

Using the equation of motion, one can easily obtain 


Vi." =," — fimo x)d'x, (A2) 


Vie(0) = vat f faala)OCan —xy)d'x,  (A2’) 


Bs(0)= Vas f O(a) fala —x»)d'x, (A2’’) 
where 


O(x)=iey-A(x)p(x), O(a) =ieb(x)y-A (x), 


(+renormalization terms). 


(A3) 


‘6 Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955); quoted as LSZ hereafter. 
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Using Eq. (A2) and recalling that any incoming operator 
is connected to the corresponding outgoing operator by 
the transformation y°"t=Syi"S-!, we can write the 
matrix element for electropion production of pions in the 
form 


(poqse| T | piss) =1(pogse| 0(0) | piyu(si). (A4) 
Using Eq. (A2”) and the relation: 


(pagse| O(0) | pr)=(paq| [¥s2'",O(0) J. | pr), 


we obtain 


—i(pogs| T pisi)= f (oa [Ws2(x,0),0(0) ]| prdd?x 


+f fals(oag [O(x),0(0) ],n(— 2x0) | prdd'x. (A5) 


In the lowest order in the electromagnetic coupling 
constant only the equal-time commutator gives a 
contribution. Using Eqs. (A1) and (A3), this turns 
out to be 


(p2q| Lys2(x,0),0(0) J, | px) 


= —teti(S2)yApoq| Au(0) | pr). (A6) 


With the aid of the field equations, the matrix element 
(poq| A, (0) | ps) can be expressed in terms of the current 
ju generated by the nucleon and meson fields. We thus 
obtain 


(poqgse T psi) 


= —te(poq! ju| pr) (S2)yue(s1)/(Si— 52)”. (A7) 


The meson wave function in (p2q! j,| p1) may again be 
“taken out” by using equations similar to Eqs. (A2) 
for the meson fields ¢.: 


Hy=(p2q! ju pi) 
=i0a*(q) J {(p2| (x0) LJa(x),ju(O) J! prde'**d*x 


+(ps| [ba(x,0),j4(0) ]| prem*4*d3x}, (A8) 
where ja=(—O+u)ha and va(g) is the free-meson 
wave function. The first term is a causal amplitude of 
the familiar variety, whereas the second term, being 
an equal-time commutator, does not depend on the 
variable v used in dispersion relations. 

The second term is therefore part of the constant 
terms in the dispersion relations for H, and actually 
corresponds, apart from a renormalization constant, 
to the meson current contribution in the Born approxi- 
mation. 
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To determine the nature of the constant terms in the 
dispersion relations, it is helpful to give for H a different 
representation by taking out the final nucleon instead 
of the meson: 


H,=in( pe) { ((g)n(aLe(2),j4(0)] pide iP? *d4x 


—i(q| Lva(x,0),7.(0) ]| pide*P2*}, (A8’) 


where g(x)= (y-0/dx+M)y(x). The first term of Eq. 
(A8’) is a Fourier transform of a causal amplitude with 
a Fourier variable p2+k. This will allow a dispersion 
relation to be written down with respect to a variable 
different from v, and its unphysical (crossed) imaginary 
part will be related to the matrix element (q! j,|m), 
being any state with nucleon number zero. In particular, 
the contribution coming from the one-meson state 
gives rise to a pole which exactly corresponds to the 
meson current term in Eq. (7) with the correct re- 
normalized electric charge and mesonic coupling con- 
stant. 


APPENDIX II 


The theorem which we are going to prove in this 
Appendix is a general one of which the present case is a 
particular application. Naturally it also contains as a 
special case the theorem proved independently by 
Watson, Fermi, and Aizu,’ on the phases of the photo- 
production matrix elements. 

The proof is carried out most conveniently in the 
Heisenberg representation. In this representation, let 
A(x) be an operator, and ja") and /|8'") incoming 
states as defined, for instance, in LSZ. 

We shall make the following assumptions: 


(a) Hermitian character of the operator A (x) ; 

(b) unitarity of the S matrix; 

(c) the usual transformation properties under time 
reversal of operators and state vectors in the Heisenberg 


representation. 
Let us consider the matrix element 
Rin] 4())|qin\*¥— (,,0ut! , Q out) 
(g"| A (0) |ai®) ™ ai) Ber"), (A9) 
A,(0)=TA(0)T—. 


Here |a,°"*) and |8,°"*) are the time reversed states of 
lai") and |8i"), respectively; 7 is the Wigner time- 
reversal operator. 

Using the relation between “incoming” and “out- 


going’’ operators, 
Sginst= gor, 
we can write Eq. (A9) as 
(ait | A (0) | Bi")* = (a,i"| STA, (0)S| Bi"). (A100) 


Equation (A10) forms the basis of our theorem. 





336 FUBINI, 


We consider the case where |ai") is a state of one 
nucleon, |8'") a state of one nucleon and one meson, 
and A(x) the four-current operator j,(«) for which 


6,=1 for p=0 


p=1, 2, 3. 


ju'(0) =6,j4(0), (A11) 


y=—1 for 


Equation (A9) then becomes: 


(ai® jul) Bin)* 
=>) 2 9,(ar'" jul(O) nir)(nin < Bi"), 


where the |") are a complete set of “incoming” states. 
Retaining only those states |i") with one nucleon and 
one meson (which is certainly valid below many-meson 
thresholds), and choosing a representation in which J, 
I, and L are diagonal, we obtain 


(A12) 


(j’,m’,t"™| 7,(0) | j,m,i,l)* 
=(— ate 1 —m', in ju(0) fA —m, 1, 1) 


XK erit, (A413) 


Here we have made use of the fact that the S matrix 
for pion-nucleon scattering is diagonal in this repre- 
sentation, and that 


T | j,m,i)=(—1)™| j, —m, 1). 


5;: is the pion-nucleon scattering phase shift. 

It will be sufficient to evaluate Eq. (A12) for .=0 
and 3; the relation for the other components can be 
obtained by performing a rotation. In both cases the 
only nonvanishing matrix elements are for m=m’. 
Performing an inversion of the y axis in order to 
transform —m into +m, we finally obtain 


(j,m,t | jo(O) | 7,m,1,1)*=(j,m,1| jo(O) | j,m,i,])e?*s*, (A14) 


(j,m,t j3(0) jym,i,l)* 
= —(j,m,i| j3(0) | j,m,i,le?*,  (A14’) 


APPENDIX III 


In DY it is shown that the electropion production 
cross sections can be obtained in terms of ®,, defined as 


&,=4 Trl (—ipi-y+M)H,(—ipe-y+M)H, | 


xX (Gyy7-S oS, Ae), (A15) 


where 5,= (51+52),. The evaluation of , starting from 
our expression for H is not an easy task because of the 
interference terms between the different invariants. 
We want to propose here a method which could simplify 
such a calculation. 

Let us introduce the following definitions: 


A,= (pi-— p2),/2, N,= fot ais 
a=S—NS-N/N?=a,P+a.A+as3k, 
B=b,P+6.A+)3k, 


(A16) 


where €yypo is the Levi-Civita tensor and 
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SAk Sk 
a= (— )/™ ay= (-— )/*. 
PAk PAk 


The notation (c,c2¢3/d,dod3) means det | c;-d;|. 

It is easy to verify that a, 8, k, V form a complete 
orthogonal set of vectors and that 

a’=)? N?, = — A;bo+ dob}. (A17) 

We can now introduce the six new invariants: 
M,= 1758 *€, 
M,=y -NB °€é, 
M,.= YsyY ‘NN. €, 


M\=17;0°€, 
M;=y-Na-e, (A18) 

M;=iN -«, 
and consider the expansion of the matrix 7 in terms of 
those invariants: 


T= fiM,+ - . -foMs. (A19) 


The new coefficients f; are related to the older ones by 


fi =— —[- bsA +2(2b3+b2)A°B+M*b,C 
A*a? 
_- 26,A°E+ Mb,F |, 


N? 
fo= ———[— 3A +2(2a3+<2)A°B+M?a,C 
A’s? 
—2a,A°E+Ma,F], 


1 
fs=—({- Ma,A a (a,P-q+a2A-g)C 
Aa? 
A20) 
= 2a,A2D+ (a,P-k+a,A- k)F ], 


1 
a” ies + (b:P-q+b.A-q)C 
—_ 26,A2D+ (bP: k+boA , k)F |, 


1 
=——(A+2D), 
aa 


fe= MP-kA+P*q:-kC—2P-kA?D+\P°F J. 
qY 


: L 
N*P? 
Introducing (A18) into (A15), we obtain 


&,= | A’a?(1—a?/S?) | (frr-+ | N?| fs”) 
+ | A°6?| (f+ | N?| f2)+ | N?P?| (fo?+ | N?| fe). (A21) 
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Possible nonlocal effects in the theory of Fermi interactions are studied phenomenologically. Under cer- 
tain simple assumptions, an effective Hamiltonian is derived which reduces to the local V—A interaction 
in the limit in which the momentum transfer between the two pairs of Fermi particles is very small. For 
larger values of the momentum transfer, corrective terms appear which may account phenomenologically 
for the deviations of the p value and the ratio R= (x—e+v)/(x—>u+v) from the predictions of the local 
V—A theory. The pion and muon decays are analyzed in detail. Other weak processes are briefly discussed. 


1. INTRODUCTION 


ECENTLY, Feynman and Gell-Mann, and Sudar- 
shan and Marshak have proposed a universal 
vector minus axial vector (V—A) interaction for weak 
processes involving four fermions.'? This interaction can 
be expressed in the form 


H int= (8)'G (Way,abs) Weve) +H.c., (1) 


1, B, C, and D refer to the fermion 
and the conservation of 


where a= (1+¥5)/2, . 
fields under consideration 
leptonic charge is assumed. 
Several invariance and symmetry properties of this 
Hamiltonian have recently been stressed. Sudarshan 
and Marshak have observed the chirality invariance 
of Eq. (1). Sakurai has emphasized the fact that this 
Hamiltonian may be derived from the requirement of 
invariance under a special class of mass reversal trans- 
formations for every one of the fields y, separately, 
namely 
vomwis Vo-ns, (2) 
where the phase 7 is assumed to be the same for all the 


fields involved.’ Another interesting feature of Eq. (1) 
is that it satisfies the relations 


(AB) (CD) = (CB)(AD) = (AD) (CB), (3a) 


where 
(AB)(CD) =>. (Wal Wa | 
x [Wolo (got g0'¥5)Wv J+ Hc: 


is the general four-component Hamiltonian and the 
y’s have been regarded as anticommuting fields. It is 


(3b) 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

2 E. C. G. Sudarshan and R. E. Marshak, Padua-Venice Inter- 
national Conference on Mesons and Recently Discovered Par- 
ticles, (1957) (to be published). 

8 J. J. Sakurai (to be published). In the more general case in 
which the phases n; are not restricted a priori to be the same for all 
the fields, invariance under the transformation of Eq. (2) implies 
that the interaction is either a linear combination of S, T, and P 
(with |gs|=|gp|) or a linear combination of V and A (with 
|gv|=|ga|). In both cases the two component condition g;’ = g; 
(¢=1,2---5) or gi’ =—g; (i=1,2---5) follows. Of course, the 
relative sign of g;’ and g; must be determined from experiments. 


perhaps interesting to observe that the condition (3) 
imposed on the four-component Hamiltonian plus the 
requirements of the two-component theory of the 
neutrino [i.e., either g;=g,’ or gi= —g;’ (i=1, 2---5) ] 
determine uniquely the V—A interaction except for 
the relative sign of g,; and g,’.4 

As has been discussed in great detail in references 1 
and 2, this theory has had a number of very striking 
successes. Since then, it has received additional support 
from an important experiment on K capture followed 
by a y transition which indicates that the dominant 
G-T interaction is® A, from the new results on the asym- 
metry of electrons in neutron decay,® and from the 
experiments on the asymmetry of neutrons produced in 
the capture of polarized muons.’ Moreover, a re- 
examination of the He® recoil experiment which seemed 
to be one of the major obstacles against the V — A inter- 
action, indicates that the results of this experiment 
are not conclusive.* 

Thus, Eq. (1) is able to describe the low-energy 8- 
decay phenomena and it can also account for the gross 
features of the muon decay. This interaction, however, 
seems to present two cases of disagreement with 
experiment : 

(1) Ruderman and Finkelstein have found long ago 
that the ratio R of the transition probabilities of the 
m—e+v and m—>u+yr decays can be calculated for 
pure P and A couplings independently of the details of 
the strong interactions of the pion with the intermediate 
nucleon fields.* The theoretical value of R for the case 


‘This statement can be easily proved by a simple extension 
to the parity nonconserving case of the methods discussed in a 
paper by R. H. Good [Revs. Modern Phys. 27, 187 (1955), see 
Sec. VIIT]. Essentially the same result and its connection with a 
particular formulation of the universal theory has been empha- 
sized by R. E. Behrends, Phys. Rev. 109, 2217 (1958). 

5 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 
(1958). 

6 These results have been communicated to the author by Pro- 
fessor Lederman. 

7 Coffin, Sachs, and Tycko, Bull. Am. Phys. Soc. Ser. II, 3, 
52 (1958). 

8B. M. Rustad and S. L. Ruby, post-deadline paper presented 
at the New York Meeting of the American Physical Society, 
1958. 

9M. 
(1949). 
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of the A interaction is 


Me 2 m,e—mé 2 
r-(“*) (=~) ~13X10-, (4a) 
My m,”—m,2 


Experimentally no r—e+» have been found and'® 


Rexp= (—0.04-40.9) X 10-5. (4b) 
(2) Recent measurements indicate that the experi- 
mental value of the Michel parameter p is somewhat 
lower than the theoretical value p=? given by the 
two-component theory of the neutrino." 

Although at first sight the difficulties (1) and (2) 
seem to be of a very different nature, they have in 
common the fact that in both processes the momentum 
transfer is quite considerable in comparison with that 
involved in ordinary 8 decay. This suggests the possi- 
bility that corrections to the Hamiltonian of Eq. (1) 
may arise when the momentum transfer involved be- 
comes comparable with a certain unit of mass, charac- 
teristic of the weak interactions. 

Recently, Lee and Yang have suggested the idea that 
the deviations of the p parameter from the predictions 
of the two-component theory of the neutrino may be 
due to the fact that the interaction is not precisely 
local."* Thus, the usual Hamiltonian of Fermi processes 
in which the fermion fields are assumed to interact at 
the same point of space-time through momentum 
independent interactions may be a first approximation 
of the complete theory. Lee and Yang have restricted 
themselves to the consideration of a special class of 
nonlocal Lagrangians whose mathematical structure 
is suggested by the Lagrangian of processes in which a 
virtual boson is propagated between pairs of real 
fermions via local momentum independent interactions. 
In this case the nonlocal effects appear phenomeno- 
logically as momentum dependent corrections to the 
coupling constants of the uncorrected theory. 

In another recent paper, Bludman and Klein have 
discussed phenomenologically the deviations of the p 
value in muon decay on the basis of a wider class of 
nonlocalities in which, for example, the derivatives of 
the fields may appear linearly and, hence, the trans- 
formation properties in spin space of the perturbative 
terms may be different from those of the uncorrected 
interaction (for an illustration of this point see, for 
example, Sec. II of the present paper). These nonlocal 
interactions have a mathematical structure similar to 
that of a Hamiltonian describing processes in which 
intermediate fields, including fermions, are “virtually 


1H. L. Anderson and C. Lattes, Nuovo cimento 6, 1356 
(1957). 

1 K. Crowe, Bull. Am. Phys. Soc. Ser. IT, 2, 206 (1957). Crowe’s 
value is =0.68+0.02. 

21. R. Rosenson, Phys. Rev. 109, 958 (1958). Rosenson’s 
value is =0.67+0.05. 

13 T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957). 

4S, Bludman and A. Klein, Phys. Rev. 109, 550 (1958). 
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propagated” via local momentum independent inter- 
actions. 

We would like now to emphasize the fact that this 
wide class of nonlocalities may not only explain the 
deviations of the p value and other parameters which 
appear in the theory of muon decay, but may also 
account for the failure of the V—A interaction in the 
prediction of the ratio R. In fact, although the Ruder- 
man-Finkelstein calculation of R treats the strong 
interaction of the pion with the intermediate fields 
with great generality, it assumes that the leptons interact 
locally with the pion black box through momentum inde- 
pendent interactions. If this assumption is removed and 
use is made of a sufficiently wide class of nonlocal inter- 
actions, the failure of the uncorrected theory may be 
explained, at least phenomenologically. 

In Sec. II we proceed to construct an effective Hamil- 
tonian for the Fermi processes which may describe 
phenomenologically some of the possible nonlocal 
effects discussed above. In Sec. III we apply this 
Hamiltonian to the study of various weak processes. 


2. THE “EFFECTIVE” HAMILTONIAN 


In this section we proceed to construct an “effective” 
Hamiltonian for the weak interactions which may 
express some of the ideas explained in the Introduction. 
In doing so, we will make some assumptions in order to 
keep the structure of the Hamiltonian as simple as 
possible. 

We consider the Hamiltonian density 


_ A pr® 
Ain=D svar ~ Vy] 
i M M 
C pD 
x[ rori(— Vo] +H, (5a) 
M M 


where the operators I';(p,/M) are functions of the four 
momenta of the particles involved and M is a certain 
mass, characteristic of the weak interaction. In the limit 
pr/M-0 the operators I’;(p,/M) reduce to the ordinary 
Dirac interactions [; ((=S, V, T, A, P) of the local 
theory. We adopt the convention of coupling in the 
same covarient the field operators of the particles which 
lie at the same vertex of Puppi’s triangle [i.e., (ev), 
(uv), (NP) and possibly (AP), (ZN), etc.]. We will 
regard this as the natural order in the discussion of the 
universal Fermi interaction. 

(1) We assume that the particles which belong to the 
same pair interact essentially at the same point of 
space time. Under this assumption, it is clear that the 
operator connecting the fermions A and B will depend 
only on the four momentum P,=/~,2—p,4 which is 
transferred to the pair of particles A and B by the 
interaction with the other pair, i.e., 


pr4 pr® Py 
C's)"GG) 
M M M 


(Sb) 
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(2) We now postulate that in the limit of zero momen- 
tum transfer the local V — A interaction is exactly valid. 
This imples that 


gi=0 (i=S, T, P), 


Py 
lim tv(—) =n. 
P) M-—0 M 


(3) If we further assume that the condition of the two- 
component theory of the neutrino (i.e., g;’=g;) is valid 
in the nonlocal theory, Eq. (5c) and the requirement of 
Lorentz invariance tell us that the most general form 
of the covariant (AB) is 


and 


(5c) 


~ hy hy hy 
(A By=V,] ft P\+- Prt PP ave, (5d) 
M M M? 


where, in general, f and the /;; (i=1, 2, 3) are functions 
of P*/M*. (4) If the nonlocal interaction is strictly 
universal, then f and the /;; are universal functions of 
P?/M?, i.e., their dependence on P?/M? would be the 
same in all the Fermi processes. In that case, we arrive 
at the following Hamiltonian density for the weak 
interactions 


Hine= (AB), (CD) 


ms . hy hy hs 
=|] fot P\+ y+ PP, logs 
M M M 
. hy ho 
x {eq pr P,-—Pyy 
M M 


hy 
si PP,lopo} +H. (6) 
= 4 


A somewhat more general expression is 


P\P, 
Hiw= (AB) (db )icr», (6a) 
j 


9 


where & is a function of P?/M°. The effect of the term in 
»,P, is negligible in the problems discussed in this 
paper, and will not be considered in the next sections. 
In the construction of Eq. (6) we have restricted our- 
selves to the consideration of a “‘nonlocal Hamiltonian” 
which has a structure similar to that of a diagram de- 
scribing a process in which intermediate fields (including 
fermions) are “propagated”’ via local momentum inde- 
pendent interactions and such that it reduces to the 
local V—A theory in the limit P,/M-0. (As an illus- 
tration of a Feynman diagram that may bring about 
terms of the form indicated in Eq. (5d), see, for example, 
Fig. 1.) 
The assumptions (1) and (4) do not play a significant 
role in the present description of the failure of the local 
theory in the prediction of the ratio R. They are addi- 


POSSIBLE 


NONLOCAL EFFECTS 


(op 


Fic. 1. A Feynman diagram for 
pion decay whose mathematical 
structure (for the ev part of the 
matrix element) is similar to that 
indicated in Eq. (5c), even when 
the local interactions are momen- 
tum independent. The interactions 
between four fermions at A and B 
could be strictly local or ‘‘propa- 
gated” by intermediate fields 
(short wavy lines) of very large 
mass. The quantities g and p, are 
the four-momenta of the virtual 
fermion ‘and pion, respectively. 


WEAK 
INT. 














tional assumptions used to simplify the structure of the 


‘Hamiltonian and reduce the number of parameters of 


the nonlocal universal theory. The assumption (1) has 
the desirable consequence that the dynamical effects 
of the nonlocality vanish automatically in the case of 
processes involving very low momentum transfer, such 
as beta decay. The assumption (4) is, of course, of 
interest if one wishes to study possible nonlocal effects 
in all the Fermi interactions. If one interprets the 
nonlocal effects as an interaction propagated by inter- 
mediate fields, then assumption (4) is equivalent to 
postulating that the interaction between the leptons 
and the intermediate fields occurs through the same 
Feynman diagrams for the various Fermi processes. 
We now notice the following properties of Eq. (6): 


(a) The fact that the p value is not very different from 
the prediction of the local V—A theory suggests that 
the terms in 4; and the momentum dependence of f 
in Eq. (6) may be considered as small perturbations for 
a momentum transfer of the order of those involved in 
muon decay. 

(b) The term in hs plays no important role in the 
discussion of the next sections and has been included 
only for reasons of generality.'® As we will see in the 
next section, the terms in /; and /tz may be very im- 
portant in discussing the pion decay. The existence of 
at least one of them is necessary, from the point of 
view of this paper, to explain any large modifications 
in the predictions of the ratio R.T 

(c) It is important to notice that Eq. (6) does no 


18 For any particular Fermi interaction, the term in /; can, of 
course, be reduced to the form of the term in /;. We have pre- 
ferred to write the Hamiltonian in the form indicated in Eq. (6) 
in order not to destroy the universality of the function /,. 

t Note added in proof.—Of course, the deviations of R may be 
described alternatively by adding a small pseudoscalar term to 
the local interaction. In the present approach the terms in 4; may 
be conceived as dynamical byproducts of the fundamental inter- 
actions or as small nonlocal effects, an idea which may perhaps 
render more plausible the smallness of these terms and which is 
also able to describe deviations of the p value. Moreover, the 
interaction has now a definite chirality in the limit P,—0. 
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longer satisfy exactly any of the invariance and sym- 
metry properties briefly described in the introduction. 
From the point of view of this paper, these invariance 
and symmetry requirements may be regarded as limit 
theorems which are exactly valid in the case of zero 
momentum transfer. 


3. ANALYSIS OF VARIOUS WEAK PROCESSES 


In this section we proceed to analyze weak processes 
on the basis of Eq. (6). In the analysis of the pion and 
muon decay, we shall replace /; by the first term h,° in 
their expansion in powers of P?/M*. For reasons of 
generality we shall further write 


i)--§ 
— j= Of 1 +--+, 
an a 


fe V 8=G 


(7a) 


where 
(7b) 


is the 8-decay coupling constant. In this approximation, 
and neglecting the term in /; which plays no important 
role in the following discussions we may write Eq. (6) 
in the form 


(AB)(CD) = (8)'G 


me P P\ €9 
{| (149) ater ca Pr ov 
i M M 
- P €) €2 
Xx {yd (+6 —)n— a, ‘wim Pra ; (8a) 
M M M 


(8b) 


where 
B=f'/f? and 


e=h?/f°. 


(1) Pion decay.—Setting (A B)= (ev) and (CD) = (mm) 
(where n stands for the nucleon field in the black box) 
in Eq. (8a), we immediately obtain for R the result 


[Pe M?)+(ete)m, -| 


m,(1+6m,?/M*)+ (et+¢€)m?/M 





Remembering that the contributions of 8 are relatively 
small in pion decay (this is best seen in the analysis of 
muon decay) and comparing Eq. (9a) with Eq. (4b), 
we get 

(e:+€2) 


—mn,?~ — Me. 


M 


(9b) 


The fact that the small corrections indicated in 
Eqs. (8a) and (9b) may have such a drastic effect in 
pion decay can be understood physically as follows. 
The local V—A interaction almost forbids the r—e+ 7 
decay. In fact, this interaction tends to emit the electron 
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and antineutrino with opposite helicity. Because the 
m—e+p is a two-body decay, the conservation of 
angular momentum requires, however, that the e and i 
should have exactly the same helicity. Thus, the con- 
servation of angular momentum acts as a selection rule 
that decreases enormously the contribution of the local 
V —A interaction and, therefore, small perturbations in 
the Hamiltonian may change radically the predictions 
of the local theory.'® 

It is well known that in the local V—A interaction 
the theoretical value for R,= (r—e+i+7)/(r—-u+3) 
is less than the experimental upper limit.!7-"* It is clear 
that the inclusion of terms in €; and e€2 of the order of 
magnitude indicated in Eq. (9b) does not alter this 
satisfactory situation. 

(2) Muon decay.—We shall regard the terms in 8 
and ¢; as small perturbations for the momentum trans- 
fers involved in muon decay. Setting H int= (uv)' (ev) 
and neglecting terms of relative order m,/p (p=elec- 
tron momentum), and higher powers of 8 and ¢;, we 
get the following expression for the energy-angle dis- 
tribution of electrons from polarized muons": 


m,°G* 4 
dN (x0) =———"'dxdQ{ 3— 2x+-Bx(2—x)+é.x 
3X 2734 


(10a) 


+cos6[1—2x—Bx2—&x]}, 


where 


B=26m,2/M*; &=2em,/M. (10b) 


The quantity «= p/Pmax and 6 is the angle between the 
momenta of the electron and muon. With this definition 
of 6, Eq. (10a) is valid for the decays of w~ and ut. 
The corrections proportional to B are the same as those 
studied in case II of reference 13. The corrections pro- 
portional to é are of the general type indicated in 
reference 14. It is interesting to observe that the terms 
proportional to €; in Eq. (8a) contribute terms of order 
€:m,/p in muon decay and are thus negligible.” 

In the approximation explained above, the electrons 
in muon decay are completely polarized with negative 
helicity at all angles and energies. Thus, this important 


16 The V—A interaction would exactly forbid the pion decay if 
the electron had zero mass. 

17S, B. Treiman and H. W. Wyld, Phys. Rev. 101, 1552 (1956). 

18 FE. C. G. Sudarshan and R. E. Marshak, Bull. Am. Phys. Soc. 
Ser. I, 3, 20 (1958). 

19 To describe the absorption of a muon and the creation of a 
neutrino, we use the covariant (uv)' where (uv) is defined by 
setting A=y and B=» in Eq. (5d). 

% Tn our opinion, the analysis of the muon decay in reference 14 
has been overcomplicated to a certain extent. In fact, the con- 
tribution to the matrix element of muon decay of the third term 
of Eq. (3) of that paper is a linear combination of the contribu- 
tions of the first two terms. This observation is necessary in order 
to understand why we get a smaller number of independent 
parameters arising from those terms of the Hamiltonian which are 
linear in the derivatives of the fields. Moreover, our approach to 
the terms which are quadratic in the derivatives of the fields is 
different from that of reference 14 and is indicated by Eq. (8a) 
with the understanding that higher powers of the « and # are 
neglected in muon decay. 





PION DECAY AND 
prediction of the local V—A theory is not modified 
by the first-order nonlocal effects discussed here.”! 

If 80, the expression between curly brackets in 
Eq. (10a) is no longer a linear function of x and the 
momentum dependence cannot be described exactly 
by a single parameter. However, if 8 is small the spec- 
trum of Eq. (10a) can be described to a good approxi- 
mation by the Michel parameter p. We now require that 
the ratio of the values of the spectral distribution of 
Eq. (10a) at x=} and at x=1 should be equal to the 
same ratio calculated from the local four-component 
theory with the experimental value of p. In this manner 
we get the ‘“‘p condition”: 


Setting p=0.68, Eq. (10c) reduces to 


1.568+1.81@ = —0.31. (11b) 


The asymmetry parameter £ is given by 
1+ (6/5)B+3% 
1+ 38+ 


t= 
% 


1 
2€2 


The experimental value is” 


£xp=0.87+0.12. (12b) 


The V—A interaction predicts &=1. 

The parameters B and é are very sensitive to the 
value of ¢. Because of the large error in Eq. (12b) it is 
impossible to determine uniquely these parameters at 
the present time. However, one can make the following 
observations about the parameter £: 

(a) If & is of the same order of magnitude:as the 
quantity €,;+¢: which was determined in Eq. (9b), its 
effect on muon decay is negligible. From the “‘p condi- 
tion” [Eq. (11b) ] we get 

B= —0.20; 


Ea<B. (13) 


From Eq. (12a) we can calculate ¢ and we obtain, then, 
£=0.87 in good agreement with Eq. (12b).”° 
(b) Even if é is not negligible in muon decay, it is 


plausible to assume that 6 and & are relatively small 
in comparison with unity. In fact, if 8 were relatively 
large, the deviations from linearity in the expression 
between curly brackets in Eq. (10a) could be detected 
experimentally. If we arbitrarily assume that |8| <0.2, 


21Qn the other hand, a theorem relating the longitudinal 
olarization of the electrons to the asymmetry parameter ¢ 
Pr. Kinoshita and A. Sirlin, Phys. Rev. 106, 1110 (1957)] is no 
longer exactly valid when the nonlocal effects are included. 

22.-—. H. Wilkinson Nuovo cimento 6, 516 (1957). 

23 As was mentioned in Sec. II of reference 13, the negative sign 
of B in Eq. (13) indicates that the nonlocality cannot be in- 
terpreted as an interaction between the (ev) and (vu) pairs 
“propagated” by a single intermediate boson via a local momen- 
tum independent Lagrangian. It is interesting to remark that 
such a model would not only predict p>} but also &>1 in the 
framework of the V—A interaction. 
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Eqs. (11b) and (12a) tell us that é<0 and that &<0.87. 
If we further require that | é|<0.2 we get the result 
that 0.80< &<0.87. 

Thus, if the p value is indeed near 0.68, the present 
analysis suggests that & should be less than 1, the cor- 
rection being of the order of 10% to 20%. It would be 
very interesting to decrease the error in the experi- 
mental determination of £ to verify, at least, if its 
value is actually less than 1. 

Another effect of the nonlocal interactions discussed 
here is to make more rapid the increase of the integrated 
asymmetry a(x) with x, although the deviations from 
the predictions of the local theory are small if the study 
of a(x) is limited to the upper half of the spectrum. 
In this connection it would be desirable to have an 
accurate determination of the parameter 6 which meas- 
ures the momentum dependence of the asymmetry.” 

On the basis of Eq. (10a), we find that the lifetime 
of the muon is given by 


TI 


“1438+4a 


(14a) 


Tn.1 


where 7; is the result of the local theory. Assuming that 
the vector part of the coupling constant in 8 decay is 
not affected by the pion cloud, Feynman and Gell-Mann 
have found 


7,= (2.26+0.04) XK 10-6 sec, (14b) 


which is in very good agreement with the experimental 
value 

Texp= (2.22+0.02) K 10~ sec. (14c) 
However, if the p value is approximately equal to 0.68, 
any reasonable combination of the coefficients 8 and é 
which can explain the difference with p=0.75, would 
increase the value of rt by about 10% to 15% so that 
the accurate agreement with experiment would not 
hold any longer. The difference might be accounted for 
by considering the strong 7 coupling effects in 6 decay. 
As the muon lifetime calculated from Eqs. (14a) and 
(14b) would be about 10% to 15% larger than the 
experimental value of Eq. (14c), this suggests that the 
pion cloud in 8 decay may decrease the effective value 
of |gy|*? by about 10% to 15%, a fact which could 
partly account also for the experimental ratio =| ger’ 
>| gr|?=1.340.1. 

Several of the conclusions mentioned above are based 
on an experimental result p~0.68. Should this value 
change significantly, our conclusions must be altered 
accordingly. However, the discussion on the pion decay 
given above would not be significantly affected by a 
modification in the value of p. 

(3) K-Meson Decay.—In the spirit of this paper, we 
cannot predict the ratio Rx=(K—e+v)/(K—ut+r) 


* T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957). 
2 A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 
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from the value of €:+ 2 inferred from 2 decay, because 
the momentum transferred in K decay is considerably 
larger and higher powers of P?/M? in the expansion of 
the functions h; of Eq. (6) may become important. 
However, there exists the possibility that the nonlocal 
effects discussed here may increase the probability of 
the electron mode of decay. As an illustration of this 
point, if we make the naive assumption that the func- 
tions /; are independent of P?/M? and we use the values 
of €;+¢: determined from w decay and a reasonable 
value for 8 [we use the value of Eq. (13) ] we get 
1.3K 10-*< Rxe<3.6X10-* which is smaller than the 
present upper limit Rx exp<0.02,°* but considerably 
larger than the prediction of the local theory. 

The nonlocal effects discussed here do not significantly 
affect the ratio (K—+e+2+ v)/(K—u+2+ 1) because in 


26M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nu- 
clear Physics (Annual Reviews, Inc., Stanford, 1957), Vol. 7, 
p. 407. 
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these three-body decays the contribution of the local 
theory is relatively large [see discussion after Eq. (9b) ]. 

In conclusion, we would like to mention that these 
nonlocal effects may change somewhat the predictions 
of local theories on the lifetime of such processes as 
=—p+e+y. For example, if the function f(P?/M*) can 
still be represented by the two terms of Eq. (7a) for 
the range of energies involved in = decay and the value 
of Eq. (13) for B is used, then it is easily seen that the 
prediction for the lifetime, as compared to the lifetime 
obtained in calculations which treat the weak interac- 


tion locally, is increased by a factor ~ 3. 
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This paper gives the quantization of a recently proposed theory for particles of arbitrary spin and zero 
mass. An interesting result is that there is a connection between the spin and the statistics of the particles. 
It is found that the spinor components of a boson/fermion field with integral/half-integral spin commute/ 
anticommute off of the light cone whereas the spinor components of a boson/fermion field with half-integral/ 
integral spin do not. As in the unquantized theory, the two-component neutrino and the photon are special 


cases. 


I. INTRODUCTION 


ECENTLY a wave equation for massless particles 
was proposed! in which the Hamiltonian is? 


(1) 


(p being the operator —i#¥ and s being the angular 
momentum matrices for arbitrary spin s), and in which 
the wave function ¢ is related to the spin or components 
y of the field by 


H=(c/s)p-s 


(2) 


Also, as an auxiliary condition, only solutions with spin 
parallel or antiparallel to the momentum are retained. 
The purpose of this paper is to give the quantization 
of the theory. Since a uniform treatment of all spins is 
made, it is of interest to see how the spin and statistics 


y= |H/c| Ig, 


* This research was performed in the Ames Laboratory of the 
U. S. Atomic Energy Commission. 

1C, L. Hammer and R. H. Good, Jr., Phys. Rev. 108, 882 
(1957). 

2 The notation throughout the paper is the same as in reference 
i 


are related and to find operator assignments for the 
number of particles, energy, momentum, and angular 
momentum. 

The quantization process can be carried out in a 
straightforward way, using the coefficients of an ex- 
pansion in plane waves. It is found that the spinor 
components of a boson/fermion field with integral/ 
half-integral spin commute/anticommute off of the 
light cone, whereas the spinor components of a boson/ 
fermion field with half-integral/integral spin do not. 
Also the different statistics lead to different expressions 
for the operators when they are written in terms of 
the wave function. For example, with Fermi-Dirac 
statistics the quantized Hamiltonian corresponds to 
the expectation value of the unquantized Hamiltonian, 
whereas with Bose-Einstein statistics it corresponds to 
the expectation value of the unquantized energy operator. 

The equations for the spinor components wy are a 
special case of the general Dirac-Pauli-Fierz theory,’ 


3 See, for example, H. Umezawa, Quantum Field Theory (Inter- 
science Publishers, Inc., New York, 1956), Chap. IV, Sec. 3. 
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for which the quantization process was given by Fierz.‘ 
However, the connection between that general theory 
and the one considered here is complicated for arbitrary 
spin. Therefore, it is easier below to take advantage of 
the existence of a wave function and to quantize by 
using the coefficients of an expansion in the plane wave 
solutions. The connection between spin and statistics 
given in Sec. III is similar to the one given by Pauli® 
for bosons, but his argument for fermions does not 
apply here since the energy is positive definite for all 
spins. 


II. COMMUTATION RULES 


A convenient starting point is the expansion into 
plane waves of the solution of the wave equation and 
the auxiliary condition: 


(x) = (2rh) 1 fap a,(p)u,(p) explih—(p-x—cpt) ] 


+ (2m) f dp a_*(p)u_(p) 


(3) 


The relation between the expansion coefficients a,(p), 
a_*(p) and the quantities K.(p) of reference 1 is 


Xexplih-(p-x+cpt) ]. 


a,(p)=p'K,(p), a_*(p)=p-iK_(p). (4) 


To quantize the theory, one assigns a; and a_* to be 
the destruction and creation operators fulfilling the 
commutation or anticommutation rules® 


[as (p),a.*(q) ]=6(p—q), 

Lax (p),a+*(q) ]=0, 

[as (p),as(q) ]=0, 

[as(p),a+(q) ]=9, 
so that ¢(x) is the wave function operator for the field. 
The covariance of the wave equation, auxiliary 


condition, and commutation rules with respect to 
continuous Lorentz transformations, 


(5) 


(6) 
(7) 


Xa’ = dapXp, 
v(x’) =exp(i8-s)y(x), 
requires the transformation rule 
(8) 


where pa’ =dagps and ,(p) is some real function. To 
see that this is the correct transformation rule one first 


p’ta.' (p’) = exp[+ins(p) ]pta.(p), 


4M. Fierz, Helv. Phys. Acta 12, 3 (1939). 

5 W. Pauli, Phys. Rev. 58, 716 (1940). 

6 The superscript asterisk indicates the Hermitian conjugation 
of the creation and destruction operators. The symbols [ ]_, 
{ 4, £ ] denote the commutator, the anticommutator, and 
either the commutator or anticommutator, respectively. 
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considers space rotations. Since 
exp(—1$-s)s; exp(18-s) = ai;5;, 
for space rotations, it is seen that 
(c/s)s-p’ exp(i8-s)us(p)=-+cp’ exp(i3-s)u(p). 
The uniqueness of the eigenvectors except for a phase 
factor then implies that 
exp(73-s)us(p)=expLing (p) jus (p’). 

The generalization of this result to continuous Lorentz 
transformations is 

exp(i8-s)p*us(p)=expLina(p) |p’*wa(p’). (10) 


This equation is a consequence of the fact that a general 
Lorentz transformation can be written as products of 
space rotations and pure Lorentz transformations about 
the 3-axis, for which Eq. (10) holds with nz equal to 
zero.! The covariance of the wave equation and auxiliary 
condition then follows from Eqs. (8) and (10) by a 
proof similar to the one leading to Eq. (28) in reference 
1. Also the transformation rule of Eq. (8), together with 
the property of the delta function 


p'5(p’—q’) = p5(p—q), 


assures the covariance of the commutation rules, Eq. 
(5). With respect to the space and time reflections 


(12a) 
(12b) 


the covariance of the theory is assured if the spinor 
components transform according to 


¥'(x’)=[Cy(x) 
V(x’) =(Cp (a) ]°, 


and the operator relation is’ 


(11) 


age pte 
Xj=—-X;, xX =X, 


+. - +. - 
Xi =X, X= —- XM, 


(13a) 
(13b) 


(14a) 
(14b) 


a,’(p) = a (Pp), 

ax'(p)=a4°(—p). 
In summary, the wave equation, auxiliary conditions, 
and commutation rules are covariant with respect to 
the full Lorentz group uniformly for all spins and both 
statistics. 


The commutation rules for the wave function ¢(x) 
are determined from Eqs. (3) and (5) to be 


[m(X,t),6n(x’,t) ]4=0, 
[4m (X,) Pn* (x’,d) Jy 


= (2xh)-* f pl (14s) (tty) n° 


(15) 


 (u_)m(U_) n°] explih'p-(x—x’)], (16) 


7It is convenient to choose a representation in which a, is real 
except perhaps for a phase factor as introduced by Eq. (8). This 
means that a, differs from a, at most by a phase factor. 


> 
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where the plus signs apply for fermions and the minus 
for bosons. By operating as indicated by Eq. (2), one 
finds for bosons/fermions the commutation/anti- 
commutation rules for the spinor components (x) to be 


[Wm (x,t) Wn(x’,t) ]=0, (17) 
[Wm (X,l),Wn*(x’,t) ] 


=> {LH (x) Pe} m(2eh)* f dp 


X L(y) 2(ty) nO (u_)1(u_) n@ J 


Xexp[ia-'p-(x—x’) ], (18) 


where the plus sign applies for fermions with half- 
integral spin or bosons with integral spin, and the 
minus sign applies for fermions with integral spin or 
bosons with half-integral spin. These commutators can 
easily be found from the explicit formulas for (#1) m 
given in reference 1. , 

In the special case of spin } fermions, the us form a 
complete set and Eq. (18) reduces to 


[Ym (x,t), Wn* (x,t) J =Smnd(X—X’). (19) 


In the special case of spin 1 bosons the factor of H 
permits the zero-eigenvalue function to be added in, so 
there is again a complete set and the equation reduces 
to 

[Wm (x,t) ,Wn*(x’,t) |. =A (x)/c]mnd(x—x’). (20) 
One can see that this reduces to the usual commutators 
for the Maxwell field by specializing to the represen- 
tation® in which (s,)j;,=—7ej;, and by expressing y; in 
terms of Hermitian operators £;, B; according to 


(21) 
(22) 
(23) 


Vj= (8mc)—*(E;+7B;), 

E;=} (8c) (pjt+y;*), 

B;= — }i(8xc)}(y;—y,;*). 
Then it is easily verified that £;, B; fulfil Maxwell’s 
equations and so are to be identified with the operators 


of the electromagnetic field. From Eqs. (17) and (20) 
their commutation rules are found to be 


(E;(x,t),E;(x’,2) ]-=CB.(x,)),B;(x’,) -=0, 
[E.(x,t),B,(x’ 0) ]|-=4miche jx. (0/0x,')6(x—x’), 


in agreement with the usual treatment.’ 


III. CONNECTION BETWEEN SPIN AND STATISTICS 


To discuss the integrals in Eq. (18), it is convenient 
to choose the 3-axis of the coordinates in the x—x’ 
direction and to substitute for u;(p) from Eq. (10) of 


8 R. H. Good, Jr., Phys. Rev. 105, 1914 (1957). 
9 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1955), second edition, p. 377. 
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reference 1 using polar coordinates. One finds 
[Wm (X,t),Wn*(x’,t) ] 
1 dp = (2s) !(pitipe)*-"(pi—tpe)*" 
~ (ah) J ‘p 2L(s+m) \(s—m) (sn) \(s—n) 1} 
XL(pt+ps)"*"F (—pt+ps)"*"] 
Xexp[ih-'p- (x—x’) ] 


= 2 (21h) time ff sinOd6d p(2s) ! 


X [2?*(s-++m) !(s—m) |} p?*+!(sin’6)—-™ 
xX [(1+cos6)?"=F (—1)?"(1—cos#)?”" ] 
Xexp[lih-'p|x—x’| cos#] 


=Sen Dk c,.1(2s+1, R). (24) 


Here the minus sign applies for half-integral fermions 
or integral bosons and the plus sign otherwise. The 
integrals J are defined by 


1(2s+1, o-ff sin6déd p p***' cos*é 


Xexplihp|x—x’| cos6], (25) 
and the c, are numbers which can easily be found in 
any special case. It is seen that 2s+1 is even/odd for 
half-integral/integral spin, and that only even/odd 
values of & arise for Fermi/Bose statistics. When 2s+1 
and & are both even or both odd, the integrals have the 
value 


1(2s+1, k)= (—1)}@sH-*#) par: 


i* da 


2x d* (: d?s-* 
, 


bs sla), (26) 


a do?*-* 


and otherwise they have the value 


2 d* fi &-* /0(a) 
1(2s+1, k) =(—1)8@-) — — — —( ~)| (27) 


1* da‘La do*®**\ a 


where a is an abbreviation for #~!|x—x’| and Heitler’s 
notation” for the @ function is used. One sees, therefore, 
that [Wm(x,/),Wn*(x’,d)] is zero when xx’ for half- 
integral fermions and for integral bosons, and is not 
zero when xx’ for integral fermions and for half- 
integral bosons. Furthermore, for half-integral fermions 
and integral bosons, [Wm(x,/),Wn*(x’,t’) ] must be zero 
for any two space-like events because the commutation 
rules were assigned covariantly. Since 


[Ym (x,t) Wn*(x’,t’) J 


as a function of x, ¢ satisfies the wave equation, it 
follows from Huygens’ principle that the commutator 


1W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1954), third edition, Sec. 8. 





QUANTIZATION 


is zero for any two events x,/ and x’,/’ which are not on 
a light cone relative to each other. It is reasonable to 
assume that all physical theories will have the property 
that the commutator or anticommutator vanishes for 
points outside the light cone because it follows then 
that any local interaction which is linear in the spinor 
components of the interacting particles 


Hinc=Wavs: +> tWa*yn*:--, 


and which involves an even number of fermions, com- 
mutes with itself when evaluated for two spacelike 
events. 


IV. OPERATOR ASSIGNMENTS 


The assignments for the number of particles .V, the 
energy 5, and the momentum P; are 


v= f dpta.ta, ta_*a_], 


R= f cobra *a,+cpa_*a_], 


Pix f dptp.a,ta.+(—p )a_*a_]. 30) 


One finds the g-number energy and momentum assign- 
ments by summing the number of particles operator 
a*a times the eigenvalue of the c-number energy oper- 
ator (H/ H )H and momentum operator (/H/| H) )p;. 
From the transformation properties of the a, given in 
Sec. II, it is seen that .V is a scalar with respect to the 
full Lorentz group and that (P;,i/5C/c) is a four-vector 
(a pseudovector under time reflection). It is interesting 
that the states of negative eigenvalues of H are treated 
the same way for both statistics although a hole theory 
interpretation for the bosons is impossible. 
In contrast to the c-number theory, the energy oper- 
ator is also the Hamiltonian for the system since 
[o,5¢ ] = ihdg/ dt, (31) 
for both statistics. Also the momentum is the space 
displacement operator since 


[,P; |= —ihd/dx;. (32) 
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In terms of the wave function operator ¢, the operators 
above have the form 


v= faces, 


x= f dx ¢*(H/| | )H¢, 


(33) 
(34) 


P;= J dx o*(H/|H|) po, (35) 


for Bose statistics (infinite constants are disregarded 
and a sum on the spinor indices is understood). For 
Fermi statistics the anticommutation rules introduce 
and additional factor of (H/ H_) so that 


(36) 


v= fax ¢*(H/| H\)¢, 


= j dx ¢*H¢, (37) 


P;= fas d* pid. 


One can also define an angular momentum operator 
by using the c-number results as a guide. One finds 


(38) 


y= f aco H )(xXp+hs),¢, (39) 


for Bose statistics and a similar formula without the 
(H/\H_) factor for Fermi statistics. The quantity 
€:;¢Jx is the space-space part of 


0,.= -2f ap 5(ppp,) pia*(ps/ | ps!) 


X (pity put +hT,,) pia, (40) 
where 
when —ips>0, 


-_ 1ps<0. 


a(p,ps) = a, (p) 


=a_*(p) when 


This is a Lorentz tensor, regular under space reflection 
and a pseudotensor under time reflection. 
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Field Theory of Deuteron Exchange Currents* 
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The influence of pion exchange currents on the thermal capture process (n+p — d+y) is investigated 
field-theoretically. The Chew model is used for the pion-nucleon interaction, and perturbation and corre- 
sponding renormalization techniques are developed for treating a system containing two dynamic nucleons. 
The Fock-space state vector is related to the two-nucleon wave function, and the cross section is then calculated 
to order ef?. The observed cross section is known to be somewhat larger than that predicted neglecting 
explicit meson effects, and it is found here that the contribution of the exchange currents is too small and 


of the wrong sign to account for the discrepancy. 


I. INTRODUCTION 


HE non-field-theoretic analysis! of the capture of 
thermal neutrons by protons (n+p—d+y7) 
predicts a cross section of 0.306 barn, which is in definite 
disagreement with the experimentally’ observed value 
of 0.329+0.004 barn. The process is treated as a mag- 
netic dipole transition in which the spins flip from a 
singlet to a triplet state. The magnetic moments used 
are the observed (anomalous), static moments of the 
neutron and proton, and the explicit effect of mesons 
on the dynamics of the process is not considered. If, 
as is generally believed, the exchange of pi mesons 
among nucleons is primarily responsible for nuclear 
forces, there should be a current of charged pions 
present during an interaction of two nucleons. It has 
been suggested that this exchange current, as it is 
usually called, produces observable effects in the inter- 
action of a nuclear system with the electromagnetic 
field.-* Thus, it seems appropriate to investigate the 
influence of the exchange current on the capture process 
to find out whether or not it may be responsible for the 
apparent discrepancy. In order to do this it is necessary 
to specify a model for the pion-nucleon interaction. At 
low energies the most successful one to date has been 
the pseudevector Yukawa model with cutoff, as treated 
by Chew* and then by Chew and Low.’ This is the model 
which we shall use in the analysis below. 

Chew theory in its original form deals only with 
problems involving a single, static nucleon. Before the 
interaction with the electromagnetic field can be 
treated, it is necessary to generalize the theory, so that 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. This paper 
represents a portion of a dissertation submitted by the author to 
Cornell University in partial fulfillment of the requirements for 
the Ph.D. degree. 

+ Now at the Department of Physics and Astronomy, Ohio 
State University, Columbus, Ohio. 
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it describes two dynamic nucleons. The generalization 
can be resolved into two parts. The first part consists 
of modifying the model so as to allow the nucleons to 
move in configuration space. The second involves 
developing perturbation and renormalization pro- 
cedures for treating the fwo-nucleon problem. These 
procedures must yield the same value of the renor- 
malized coupling constant as that used in the one- 
nucleon formulation. In addition, since the final state 
of the capture process involves a deuteron, it is neces- 
sary to provide a field-theoretic description of a bound 
state. Although this must be in terms of a state vector 
in Fock-space, we might expect the ordinary wave 
function to play some role in view of its considerable 
value in describing low-energy nucleon-nucleon inter- 
actions. This is, in fact, the case, and much of the 
material below will be concerned with the relation 
between the wave function and the corresponding 
Fock-space vector both for the bound state and for 
low-energy scattering states. 

In the following treatment the nucleon field will not 
be second-quantized, so initially, the two nucleons must 
be considered distinguishable particles. They will be 
labeled a and b. The Pauli principle will eventually be 
taken into account by antisymmetrizing the state 
vector with respect to nucleon variables. The nucleon- 
meson interaction Hamiltonian is given by °° 


Hyu=)>;(40)'(fo 1) f dxp(x—x)) 0" Vox(0), 


where p(x—x;) is the source distribution function for 
nucleon j, and the ¢)(x) are the real field operators for 
the charged and scalar pion fields. In the static theory 
in which the nucleon position x; is fixed, the nucleons 
must be thought of as infinitely heavy to allow them 
to absorb momentum and yet not move. Mathe- 
matically, they are forced to remain motionless by the 
lack of a kinetic energy term for them in the Hamil- 
tonian. To convert to a theory describing dynamic 
nucleons, it is necessary only to introduce into the 
Hamiltonian a “‘bare’’ nucleon kinetic energy K’ given 
by K’=(pa?+p.")/2mo= —(Va?+V2")/2mo, where mo 


8 We use units in which h=c=1. 
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is the bare mass. We denote the pion free-field Hamil- 
tonian by Hom, so that the total Hamiltonian is 
H=K'+Hom+Hyum. 


Il. REDUCTION TO A NON-FIELD-THEORETIC 
SCHRODINGER EQUATION 


Consider the field-theoretic Schrédinger equation 
HV,=WWn, (1) 


in which the subscript designates either the bound 
(deuteron) state of two nucleons, or one of the con- 
tinuum of low-energy’ elastic scattering states. It will 
be demonstrated in this section that the solution of 
such an equation can be reduced in principle to the 
solution of a.non-field-theoretic, two-particle Schré- 
dinger equation for which the two-body potential can 
be derived from meson theory. 

First the total Hamiltonian H is divided into an 
unperturbed part Ho=K’+How, and a perturbation 
H’= Hy. Then (1) is written in the form 


(Hot A’) (VnotAV, )= W,(VnotAY,,), (2) 


where A is a projection operator off the meson vacuum, 
and Vo is the projection of V,, onto the meson vacuum. 
Operating from the left with A and collecting terms 
gives (W,—H o—AH')AV,,= H’V 0, so that 


V=V 0+ (W,— Ay—AH’) OHV 0. (3) 


Now operating on the left of (2) with Ag=1—A, and 
substituting for AV, from (3), we find 
K'W notAoH’ (W,— Ho— AB’) OHV no=Wailro. (4) 


Since Vo is an as yet undetermined linear combination 
of vacuum basis vectors, it has the form!® 


Yom f dxdxy Gal Sa Xb) | Be Se). 


Operating on the left of (4) with the bra (x,,x»_ results 
in 


K' on(Xa,X5)+ fasias "d 


X (xa,X0| H’(Wy—Ho— AH’) 7H | xa’,x0’) 
X ¢n(Xa Xs) = Wagn(Xa,Xs). (6) 


Equation (6) is the determining equation for the 
vacuum state weighting function ¢,. It is evident from 
(3) that, once ¢, is solved for, V, is in principle known." 
The expression involving the Dirac brackets can be 


9 By low energy we mean energy small compared to the rest 
energy of a pion. 

10 The state corresponding to the meson vacuum will be denoted 
by a Dirac ket of the form | x.,x;) with the symbol x; representing 
spin and isotopic spin as well as position. 

11 Tt can be seen from (3) that if ¢, is made antisymmetric with 
respect to the nucleon variables, then the entire state vector will 
be so, thus satisfying the Pauli principle. 
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Pb+k 


Fic. 1, Exchange of a pion of k> 
momentum k. ra 


evaluated by making a perturbation expansion of the 
energy denominator, 


(W,—Ho—AH’) "= (W,— Ao) 
+(W,— Ho) 1AM’ (W,—Ao)1+:::. (7) 


If (6) is written in a momentum space representation, 
it is possible to describe the various terms in the ex- 
pansion by diagrams of the type defined by Chew’; in 
this case there will always be two nucleon lines present 
instead of one. For example, in the lowest order term 
of the expansion, the Fock-space matrix element cor- 
responding to the exchange of a pion between the two 
nucleons (Fig. 1) is contained in 


f ¢o.tps0,(0.,p:)e Xag'Pb: Xb 


x fax foVx2e* LW ,— (pa—k)?/2mo 


—po?/2mo—wx | foVe*e-** ™, (8) 
where® 
(4)! ir)’o'-k 
slice race el 
(23) iu (2w,)! 


and the integration over k includes the summation over 
A. On(Pa,Ps) is the Fourier transform of ¢,(Xq,Xs), and 
the operator /dpadp» 6, (pa,ps)e'?**e'P’*> is common to 
all terms in the perturbation expansion. We shall be 
concerned here with the expressions which this operates 
on. These can be separated into two classes, the first 
consisting of all those terms corresponding to diagrams 
in which at least one pion is exchanged between the two 
nucleons. Contributions to this class depend on the 
nuclear separation X,—X», so that the total contribution 
acts like what is normally called a nonlocal potential. 
The presence of the projection operator A in (6) ensures 
that there are no intermediate vacuum states. Thus the 
H) in the denominator always has an expectation value 
of at least a meson mass yu in addition to the expectation 
value of the bare-nucleon kinetic energy K’. We shall 
make the assumption that for the bound state and for 
low-energy scattering states the adiabatic approxi- 
mation is valid, i.e., that in the denominators K’ and 
the variation with » of W, can always be neglected 
relative to Hoy. This assumption eliminates the only 
quantities which are nondiagonal in the nucleon position 
operators, so that we now have a local potential, which 
we donote by V (xa—Xzs). 

The second class consists of all terms for which each 
pion is absorbed by the nucleon that emitted it. For 
any given momentum pair, pa and ps, the total con- 
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tribution to this class is given by the function 


2(E,po,Ps) =(PaPo| H’(E—Ho—AH’)“H’ |pa,pr)ex (9) 


evaluated at E=W,,. The subscript “EX” means that 
terms involving exchanged pions are to be excluded. 
Equation (6) can now be written in terms of V and &, as 


f eoaip.cw.— K’—Q(W ,,pa,Ps) — V } 


X eta: Xae'Pb *6,,(Da,Po) = 0. (10) 


The relation of the function 2 to the self-energy can be 
seen in the following way. Consider a system of two 
nucleons which are infinitely separated, so that they 
do not interact and can be put into definite momentum 
states, p, and p». Such a situation can be simulated by 
excluding all pion exchange diagrams from the ex- 
pansion of the second term in (6). The energy is then 
given by 
W p= (Pa’t+ po") /2mot+ Ap, (11) 
where 
A,=2(W 5,pa,P). (12) 


If we expand A, in a Taylor series about zero momenta, 
we have for the energy, 


W >= (pa +p") 2mot+ 60+ (61 2m) (Ppar+Ppr") 


+52(pa,ps), (13) 


where 4. is at least of fourth order in the momentum. 
The observable energy of a free particle is proportional 
to the square of its momentum so that (13) defines the 
“real” mass and kinetic energy, K=(p.’+ps?)/2m 
=(1+6,)K’, as well as the self-energy, AE,=do 
+62(pa;Po). 

The Taylor expansion of Q(£,p.,p,) about E=W, 
(holding p, and p» constant) is given, then, by 


Q(E,pa,Ps) =Apt+a(pa,po)(E—W,)+--- 
where 


(14) 


te) 
a art eteated |E=Wp 


4 


= —(pa,p»|H'(W,—Ho—AH’)H’ | pa,Po)ex- (15) 
Within the context of the adiabatic approximation a is 
independent of momentum. If, now, in (10) we make 
the expansion (14), it is consistent with the adiabatic 
approximation (i.e., with the assumption that the 
nucleon momentum distribution is dominated by small 
momenta associated with energies close to W,) to drop 
the higher order terms in (W,,—W,), with the result 


J dpedpil (1—a)(W.—W,)-V] 
X e'Pa-XagiPs-*9,(pa,p,)=0. (16) 


Once again invoking the adiabatic approximation, we 
neglect the self-energy difference AE,—AE,, so that 
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W,—W,=E,—K, where E, is the observed energy. 
Finally, converting back to configuration space, we have 


(K+ VG) ¢n=Enegn, (17) 


where Vg=(1—a)"V. The potential Vg has already 
been evaluated by Gartenhaus.”” 

The results of this section suggest that at low 
energies the usual nonfield theoretic wave function is 
just the spin, isotopic spin, and configuration space 
weighting function for the bare nucleon projection of 
the total Fock-space vector. This interpretation will be 
further justified by the discussion below of nucleon- 
nucleon scattering. 


Ill. SCATTERING FORMALISM 


Consider the Hamiltonian H=H)+H’ discussed in 
Secs. I and II. The spectra of continuum eigenenergies 
and eigenstates of H and H» are defined by 


HV,=W,»Vm and H@,=K,’%,. 


We shall again restrict ourselves to the class of two- 
nucleon states for which the observable energy of the 
system K,=(1+46,)K,’ is considerably less than the 
rest energy of a pion. 

Each W, can be characterized by the ®, to which it 
reduces in the limit as the coupling constant is made to 
vanish. In this limit, the two physical nucleons reduce 
to noninteracting, bare nucleons. It will be convenient 
to have an unperturbed Hamiltonian having the same 
spectrum of continuum eigenvalues as the total 
Hamiltonian, so we define 


Hu=Hotdn ®,)A,(P,, 
=K+Hout>dn» ®, AE, (Py, , 
H,'=H'->., P, AAP, . 


(18) 


The Schrédinger equation, 
(Wm—Ho)Vn= AV, 
can be solved formally to give 
Vn) =6,4+ (Wr-—Autie AV, *, 
(Wm—Ho1)?,=0. 


(19a) 
(19b) 


The ‘‘constant of integration” ®,, must be chosen to 
satisfy the boundary conditions. Equation (19b) and 
the fact that W,,°*) > 4,, as H,’— 0 identify ®,, as 
the bare-nucleon plane wave state which characterizes 
V > ; ie., ®, is the plane wave part of V,,~’s vacuum 
projection. Using (18) and noting that the restriction 
K,<“&u guarantees that ®,, is strictly on the meson 
vacuum, we see that (19b) implies 

K®,,= KyPm. (19c) 


It is only necessary to operate on the left of (19c) with 
(Xa,X,| to see that &(Xa,X»), the configuration-space 


2S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
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weighting function of ®,,, satisfies a free-particle 
Schrédinger equation with eigenvalue equal to K,,, the 
observed energy of the state. Thus, é,, is the plane wave 
part of the complete scattering wave function ¢m 
defined by (5). Like the choice of ®,,, the evaluation of 
the poles of (W,,—Ho,)~! must be done so as to satisfy 
the boundary conditions. For example, the insertion of 
+ie makes the scattered part of V,,‘*) become asymp- 
totically a radially outgoing wave." 

W,,°~ can also be written in the so-called explicit 
form 


Vm) =Ont (Wr— Hie) 1H. (20) 


The equivalence of (19) and (20) can be seen by 
iterating the former and expanding the reciprocal 
operator in the latter. If we normalize the ®,, to unity 
and insert a normalization constant ,, it follows from 
(20) that 


Vn =NwlOn+ (Wn—Htie Hy On] 
+[(Wa—-H—ied'— (Wa—H+ie] 
X HON m 


=W,,°F)+ 2915 (W m— HA) Ay PaN m. (21) 


We have used the fact that the Dirac delta function 
can be represented formally by 


€ 
6(x— x0) = lim — ——— t 
£70 ¢ (x—xy)?+e 


The probability amplitude or S-matrix element for 
scattering from an initial incoming state i to a final 
outgoing state f is Sp;;=(Ws |V;), so that using 
(21) we obtain 

S i= 6;;— 2015 (W — Wy) (@,| Hy |¥)Ny. (22) 


Using the expression for V,;‘+ indicated by (3) results in 
g I y 


(P; Hi'\W>)= f dxdxs'dra &/(Xa’ Xe’) 


X[(xa’,x0" | H’(W— Ho—AH’)7H | x,,X3) 


—A5® (xq’—Xa)5® (x4’— Xo) ]ei(Xa,X0)Vi. (23) 
¢; is normalized to unity. Now if we apply (14) (no- 
ticing that all terms beyond the first vanish, because 
&; is a momentum eigenfunction corresponding to 
energy W,), and make the adiabatic approximation, 
we have 


(®,; | Ay |\¥)N;s= (Es|V | od NiNy. (24) 


Now consider the normalization constants, V; and V;. 
Since the W’s are scattering states, we would like them 


LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 157. 

“State vectors represented by wave functions will be dis- 
tinguished from those represented by Fock-space vectors by 
associating rounded Dirac brackets with the former and angular 
Dirac brackets with the latter. 
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to be normalized to unit incoming or outgoing flux. 
This means that the normalization must be with 
respect to the incoming plane wave part of V,*, and 
the outgoing plane wave part of V,;~. Thus we have 


1/N?=14+(4;| H’(W;— Ho— AH") 


X (W:— Ho— AH’) |®,)ex. (25) 


Since, as far as the normalization is concerned, the two 
nucleons are considered to be infinitely separated, we 
must simulate such a situation by excluding all pion 
exchange terms from (25), as indicated by the subscript 
“EX.” If we now neglect the variations in nucleon 
energies relative to meson energies in the denominators, 
the normalization constants will be independent of the 
state, and we can drop the subscripts. We see next from 
(25) and (15) that V?=(1—a)~', so that the S-matrix 
element is finally given by 


S :=8s;— 29i8(K,— K )(€,| Val ga). (26) 


This is the usual non-field-theoretic expression’® for 
scattering in a potential Vg, so we see that at low 
energies the elastic scattering of two nucleons can be 
treated by a Schrédinger equation containing Vg. 


IV. RENORMALIZATION 


In this section we shall discuss the summing of the 
perturbation expansions described in Sec. 2. We shall 
employ a renormalization procedure which is patterned 
after that used by Chew’ for the static, single-nucleon 
model, and the discussion below will be concerned only 
with the modifications of this procedure, which are 
necessitated by considerations of nucleon recoil and of 
a two-nucleon system. The notation of reference 6 will 
be very closely adhered to. 

Notice that the energy denominator in (8) depends 
upon the energies of both nucleons as well as of the 
meson field. This is a general feature of the energy 
denominators dealt with in the two-nucleon problem. 
Because of this fact the propagation functions, modified 
vertex operators, etc., must be system quantities. That 
is, we do not have propagators, etc., for individual 
particles, as in the interaction representation. Figures 
2 and 3 illustrate some of the diagrams corresponding, 
respectively, to 2(£) and to a modified pion vertex 
operator. Notice particularly Figs. 2(c) and 3(c) in 


Fic. 2. Lowest order 
diagrams for = (2). 


"18M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 





¢ 
/ 
A 
} 
/ 
b 


Fic. 3. Lowest order diagrams for a modified vertex. 


which an emission vertex for one nucleon is modified 
by the emission and absorption of a meson by the other 
nucleon. As in the one-nucleon formulation, the 
“modified” quantities 9, Z, and = are defined here as 
the “simple” quantities plus the sum of all modifi- 
cations, excluding, however, diagrams in which pions 
are exchanged between the two nucleons and diagrams 
in which there are two simultaneously bare nucleon 
lines. The first restriction prevents these quantities 
from being dependent on the nuclear separation. It is 
evident, though, from the form of the energy denomi- 
nators, as in (8), that the propagators, etc., depend 
explicitly on the momenta, p, and p», corresponding to 
the nucleon lines being modified. For notational con- 
venience we shall generally indicate only the functional 
dependence on the energy E, but the explicit mo- 
mentum dependence should be borne in mind. 

We shall make an additional deviation from Chew’s 
procedure by allowing the hypothetical, neutral, scalar 
meson to carry off a nonzero amount of energy; this 
will prove to be convenient when we treat the inter- 
action with the electromagnetic field. The modified 
vertex operator Ip will, consequently, have two energy 
arguments instead of one. 

The formal relations between the renormalized and 
unrenormalized quantities are the same as in reference 
6 except that in the boundary conditions the momenta 
must now be considered as well as the energy: 


S,/(E)-1/E, To(£,E)- 1, L,(E,E)— 1, 
as E, pa, po 0. (27) 


As in the single-nucleon formulation, the coupling 
constant and the renormalization constants always 
appear in the combination (Z2/Z;) fo. Therefore, we 
define the renormalized coupling constant, f= (Z2/Z;) fo. 

The application of the renormalization procedure to 
the scattering formalism lies wholly in the evaluation 
of the potential Vg. To discuss this we shall have to 
use the fact that for nucleons at rest |W|*=1/Z2, if the 
vacuum projection of V is normalized to unity. This 
can be easily seen by starting from the discussion of 
state vector normalization in Sec. III. First we notice 
that the perturbation expansion of the expression for 
|W |? generates all of the terms of a completely modified 
vertex function for emission of a hypothetical, neutral, 
scalar meson of zero energy. Then we need only make 
the substitution I'p,=Z2I'o, and apply (27) to obtain 
the desired result. If we neglect nucleon energies in the 
energy denominators of the expression (25) for N, it 
follows that Z2=N?=(1—a)—, so that Ve=Z2V. In 
each term in the perturbation series for V the number 
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of vertex operators is one greater than the number of 
propagators, so the extra factor of Z2 is just needed to 
make the renormalization and coupling constants 
always appear in the combination (Z;/Z:2) fo=f. As 
Figs. 2 and 3 indicate, the two-nucleon versions of 
S’(£) and L(£2,E;) contain many classes of diagrams 
which are foreign to the single-nucleon problem. 
Therefore, although we have used Chew’s notation for 
the renormalization constants, we have no reason to 
expect that the Z; and Z2 considered here are actually 
identical with their counterparts in the single-nucleon 
formulation. Consequently, it remains to be shown that 
the renormalized coupling constants are identical in 
the two cases. This will be done in the next section. 


V. IDENTITY OF THE COUPLING CONSTANTS 


We shall establish the identity of the coupling 
constants in the one-nucleon and two-nucleon formu- 
lations by evaluating a certain expectation value of 
foo*e* in both cases and comparing the results. In 
order to have identical physical situations in both 
cases, we consider in the two-nucleon formulation a 
system in which the nucleons are infinitely separated 
and, therefore, noninteracting. Such a system is mathe- 
matically equivalent to one in which each nucleon has 
its own private meson field, such that mesons belonging 
to nucleon @ cannot interact with nucleon 8, and vice 
versa. The latter system is describable by a sum of two 
commuting Hamiltonians H=H,+H,, each of which 
is of the type used to describe the one-nucleon problem. 
Since H, and H, commute, it is possible to write the 
state vector in a product form, ¥=V,V». For infinitely 
separated nucleons, then, the expectation value of 
foe** is given by 


(foo%2?)= (| foo*e?| ¥)/|¥|? 

=(Vq| foo*2*| Va) |Wa|*. (28) 
This is evidently just the expression for (foe*e*) as 
calculated in the one-nucleon formulation, so that the 
expectation values are seen to be numerically equal in 
both formulations. 

Let us now actually evaluate (foe*e*) for the case 
in which the nucleons are at rest. If we use renormalized 
quantities, this can be done exactly for both one and 
two nucleons. Utilizing (3) and the fact that for nucleons 
at rest |W|?=1/Z», we have 


(foo*e*) = ZXWVo| fow*e*+ HH’ (W—H)—AH’) 

X foo*e*(W — Hyp— AH’) A’ |). (29) 
If we compare foo*e* with the simple pion vertex 
operator, we see that it differs only by trivial factors. 
Let us also recall that in order to simulate a situation 
involving noninteracting nucleons we must exclude pion 
exchange terms from the above expression in the two- 
nucleon case. Now we can recognize that, except for 
constant factors, (29) is just the matrix element of a 
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modified pion vertex operator. In fact, we have 


(foo? t*) - ZXVo | foo*e*L (0,0) | Vo) 
= ZXVo| foo*2*Z1L,(0,0) | Wo) 


= (Z2/Z1) fo= f. (30) 


We have used the fact that the nucleons are at rest in 
setting L,(0,0)=1. Since (30) holds for either formu- 
lation, we conclude that the two renormalized coupling 
constants are identical. 

The single-nucleon formulation considered here 
differs slightly from that used by Chew in that the 
nucleon is not stationary. However, in the actual 
evaluation of f by comparison of Chew-theory pre- 
dictions with experiment, nucleon recoil has been taken 
into account.’ 


VI. INTERACTION WITH THE ELECTROMAGNETIC 
FIELD 

We shall be concerned with the process in which a 
neutron and a proton collide at thermal energy, form 
a deuteron, and radiate the excess energy. It will be 
assumed that the only intrinsic magnetic moment 
possessed by a nucleon is its Dirac moment, when it is 
in a proton state. The Hamiltonian for interaction of 


the nucleon Dirac moment with the photon field is® 
H,=>(-e ‘4m)(1+73/)o?- VXA, (j=a, b). (31) 


The so-called 3-field interaction is given by 


H3=Die(4x)}(fo 1) fas p(x—x;)o’- A(x)7,/ (x), 
: 
(j=a, 6;A=1, 2), 


(32) 


and the interaction of the meson field with the photon 
field is 


Hau=—e f dx A(x) -[V61(x)@2(x) —@1(x) Voo(x) ]. (33) 


For brevity of notation we can write the sum of the 
three interaction Hamiltonians in momentum space as 
H,= Sf dk h(k)-[at(k)+a(—k) ], where the at’s and 
a’s are photon creation and annihilation operators. 
Because the electromagnetic coupling constant is 
small, we shall treat the interaction only in the Born 
approximation. |Ws)Z.! denotes the normalized scat- 
tering state vector for a neutron and proton colliding 
at thermal energy, Er. The final state, consisting of a 
deuteron and of a photon having momentum kp and 
polarization in the direction of the unit vector e, is 
represented by (27)!e-at(ko)|Wp)Z.', with Wpo nor- 
malized to unity. Since there is no asymptotic part 
according to which a deuteron state vector is nor- 
malized, one should not really expect that the normali- 
zation constant should be taken to be Z;!, as is done for 
the scattering state vectors. However, the only effect 
of the normalization is to provide a factor in front of 
the entire expression for the cross section, so that it 
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does not affect the quantities we are primarily interested 
in, v1z., the relative sizes of the contributions from the 
exchange currents and from the magnetic moments. 
Using the above expressions, then, we see that the 
matrix element that we must evaluate is 


M= (2m) Wp :e@ h ( ko) \Ws)Zo. (34) 


If we substitute for Vp and Vs expressions of the type 
indicated by (3), the perturbation expansion will 
generate modifications of the photon emission vertex 
similar to those for pion emission. We would like to 
evaluate these modified vertices using the renormalized 
quantities discussed in Sec. V. Let us separate h into 
three parts corresponding to the three interaction 
Hamiltonians, h=h,+h;+hem. h; is proportional to 
for,o, and can be treated in the same way as the 
conventional pion vertex operator. That is, the modified 
operator is equal to the simple vertex operator multi- 
plied by L(4:,£;)=Z;"L,(F2,F;). By using the extra 
factor of Z2 shown explicitly in (34) we can, as usual, 
make the replacement f= (Z2/Z,) fo. h, is proportional 
to ¢+730 and has no influence on the meson variables. 
We shall be interested in a transition from a spin- 
singlet S state to a spin-triplet S state,! hence from a 
triplet to a singlet isotopic spin state. The term in h, 
proportional to @ is independent of isotopic spin, both 
mesonic and nucleonic, so its contribution vanishes due 
to the singlet-triplet orthogonality. The second term, 
which is proportional to 730, can like h; be treated in 
the same way as the pion vertex operator. However, 
h, does not contain an fo, so that, instead of f, there 
will be a factor of Z:/Z;= f/ fo. This quantity has been 
evaluated by Miyazawa,’® who found f/ fo=0.65. 
Because it is independent of + and @, hem is propor- 
tional to the emission operator for the hypothetical, 
neutral, scalar meson discussed in Sec. V. Consequently, 
each term involving hem will contain Io(F2,F;) 
=Zs"T,(E2,E,). The Z: will just cancel the extra 
Zz in (34) ; there will then be an equal number of vetrex 
operators and propagation functions, so that only the 
renormalized coupling constant f=(Z2/Z:)fo will 
appear. 
VII. CALCULATIONS 


The matrix element for the capture process will be 
evaluated to order f*. The appropriate diagrams are 
shown in Fig. 4. M2+M, is the lowest order contri- 
bution to the interaction of the static anomalous 
magnetic moment with the electromagnetic field. 
Since it is known that Chew theory comes close but is 
not exactly correct in predicting the value of the 
anomalous moment,'*.!? we cannot expect that M2+M, 
will give the correct result for the interaction of the 
magnetic moment with the photon field. However, 
M2+M is certainly of the right approximate magnitude 
and can, thus, be used as a standard with which we can 


16H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
17M. H. Friedman, Phys. Rev. 97, 1123 (1955). 
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Fic. 4. Contributions to the capture process to order /?. 


compare the correction terms. The term of primary 
interest is M,; this represents the interaction of the 
exchange current with the electromagnetic field. M; is 
a correction, due to pion exchange, of the influence of 
the magnetic moment. The contributions from H; are 
diagonal with respect to isotopic spin, so they vanish 
as a result of the singlet-triplet orthogonality. We shall 
use modified propagators and vertex operators which 
have been evaluated only to lowest order in the coupling 
constant, wz., L,(E2,F:)=1, Vo-(E2,#:)=1, and 
S,'(E)=1/E. We shall make the adiabatic approxi- 
mation and, consistent with this, we shall neglect the 
“observed” eigenenergies, Er and E7—ko, relative to 
the pion rest energy. For the renormalized coupling 
constant we take’ f?=0.08; for the cutoff function’ 
v(k) we use a spherically symmetric step function: 
unity for k< km, zero for k>km, with wm=(km2+u?)! 
=6yu. The wave functions, gp and ¢s corresponding, 
respectively, to Vpo and Vso are of the form 


ep=e'P-R (4) [a (1) + (1/84) Saw (r) Xo", 


35 
gs=t(r) 1 Xp", - 


where r is the internucleon distance, R is the radius 
vector of the neutron-proton center of mass before the 
collision, P is the momentum of the deuteron, X," and 
Xo° are triplet and singlet spin states, [," and f° are 
triplet and singlet isotopic spin states, and 


Sap=3e*-ro?-r/r’—o*-a°. 
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The collision takes place at thermal energy, so ¢s is 
taken to be only the S-wave part of the scattering wave 
function. /(r) has the asymptotic form 

t(r) — kp sin(krr+8), 


where kr is the magnitude of the momentum corre- 
sponding to thermal energy Er. The deuteron wave 
function is normalized so that fdr (u?+w*)=1. 
Adopting the notation (2r)*6®(P+ko){ )s for the 
matrix element for a transition to the deuteron S state, 
and (2)*%§®(P+ko)( )p for the D state, we have, 
after performing the angular integrations in k space, 


(M,)s=— (16/3) (2n)1A ys f dru(r)Fy(r)t(r), (36a) 
(M1)p= —¥(16n)!Akus f dr w(r)[F2(r) 


+4F,(r) |t(r), 
(M2)s= (16 3)(2n)!Ahy fae ‘w!) 2? 


(36b) 


x far u(r)t(r), (36c) 


(M3)s= a 2(2r)!A (f, ‘fo) (Ro m) pe 


x far u(r)G,(r)t(r), 


(M3)p=— 245A (f/ fo) (Ro mut far w(r) 


X[Go(r) +4G,(r) ji(r), (36e) 


(M 4)s= (f/ fo) (eho rm) 2h) fdr u(r)t(r), (36f) 
(M:)p=(M,)p=0. (36g) 


The constant A is given by!® A= (2m)-*(a/ko)*(f/u)’, 
and the dimensionless functions Ff), Fo, Gi, and G2 are 


F\(r) =wir f ak v(k®/w*) sinkr, (37a) 
Falr)=wirs f ak v(k/w*) (kr coskr—sinkr), (37b) 
Gin=r f dk v?(k®/w*) sinkr, (37c) 


G(r) =u fab v?(k/a*) (kr coskr—sinkr). (37d) 


TABLE I. Numerical values of the matrix elements. 








(M1)s 





Matrix element 





Value in units of kotX (fermi)®? x 10-* — 34.2 











18 q is the fine-structure constant. 
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These matrix elements apply to either of the two 
possible spin orientations of the deuteron, i.e., parallel 
or antiparallel to the direction of propagation of the 
photon. In order to perform the angular integrations, 
it was necessary in several places to replace the 
expressions w*(k+Ko) and o(k+ko) by w?(k) and 2(k). 
This amounts roughly to neglecting ko relative to u in 
the first case, and relative to km~6y in the second case. 
Also, the expression cos(ko:r/2) was replaced con- 
sistently by unity, the justification being the smallness 
of the quantity ko/2=5.6X10~ fermi“! (where 1 fermi 
= 10~-" cm). The double integrals in (36) were evaluated 
numerically” by using the Gartenhaus wave functions” 
for u(r) and w(r). The scattering wave function (f(r) 
is not so readily available, and was approximated by a 
square-well wave function. The integral /“u(r)t(r)dr 
was evaluated by using an approximate expression 
given by Bethe and Longmire.’ The results are shown 
in Table I. The quantity in which we are ultimately 
interested is the ratio of the correction terms to the 
static magnetic moment terms, 


(M1) s+(M1)p+(M3)s+(M)p 
(M2)st+(M4)s 


=—1.19X10~*. (38) 


Thus, the corrections are seen to be of the wrong sign 
and magnitude for explaining the discrepancy. They 
decrease the cross section by approximately 2.4%. 


VIII. CONCLUSIONS 


Much of the faith in the results of calculations to 
order f? is based on the r dependence of the functions 
Fj, F2, Gi, and G2 (Fig. 5). These are all rather strongly 
peaked at the origin, while the deuteron wave function 
vanishes there, which is the reason why the terms in- 
volving pion exchange are so much smaller than the 
nonexchange terms. This suggests strongly that higher 
order corrections from exchange diagrams may be very 
much inhibited owing to the combined influence of 
the expansion parameter f*, and the r dependence of 
the integrands. Higher order diagrams in which pions 
are not exchanged merely constitute corrections to the 
effect of the static magnetic moments, and these are 
already taken into account in full in the non-field- 


19 The numerical integrations were performed on the IBM 650 
computer at the Cornell Computing Center. 

” These wave functions were kindly provided by Dr. S. 
Gartenhaus. 
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Fic. 5. The dimensionless functions Fi(r) and Go(r). Fe(r) and 


G;(r) are similarly peaked at the origin. 


theoretic analysis! in which the measured values of the 
moments are used. 

At least two interpretations are consistent with the 
results above. One might consider them to indicate a 
failure of Chew theory in the very-low-energy region. 
Alternatively, one might feel that the qualitative success 
of the theory in other aspects of the low-energy pion- 
nucleon interaction makes it seem unlikely that it 
could be so far wrong qualitatively in this case, Le., 
that it could predict not only the wrong magnitude 
but also the wrong sign. This point of view leads to the 
conclusion that pion exchange currents are simply not 
responsible for the cross section discrepancy. In con- 
nection with either of these interpretations it is in- 
teresting to note that Lockett,” in attempting to 
explain the anomalous magnetic moments of H* and 
He’ in terms of exchange currents (using PS coupling) 
also found that the correction was too small. 
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We suppose that 8 decay and u capture are described by a universal vector and axial vector Lagrangian 
and we consider, via dispersion relation techniques, the properties of the corresponding S-matrix elements. 
Owing to the strong interactions of the nucleons, the structure of the S matrix is expected to be more com- 
plicated than that of the Lagrangian. In the former, vector and axial vector terms appear, but with coeffi- 
cients which in general depend on the invariant nucleon momentum transfer; they can be thought of as Fermi 
interaction form factors. Moreover, two additional kinds of terms can appear in the S-matrix elements: one 
which simulates a direct pseudoscalar coupling and one which simulates a direct coupling involving deriva- 
tives of the nucleon wave functions. The latter is probably too small to have any experimental significance. 
The former, though negligible in 8 decay, may be appreciable in w capture. We estimate the effective 
pseudoscalar coupling coefficient there to be about eight times as large as the axial vector coefficient. More 
generally, we investigate the structure of the various form factors; and we also reconsider, in further refine- 
ment, a recent quantitative discussion which we have given of r+» decay. 


I. INTRODUCTION 


HE validity of the two-component theory of the 
neutrino! and of the principle of lepton conserva- 
tion appears to be reasonably well established at the 
present time.? Beyond this, comparison of 8 decay and 
u decay discloses a remarkably detailed “universality” : 
in the standard way of describing such processes, both 
seem to be characterized by vector (V) and axial vector 
(A) couplings’; and in particular, the vector coupling 
coefficients in 8 decay and yw decay appear to be almost 
identical. As for the other well-known Fermi process, 
u-meson capture, one at present knows only that the 
dominant coupling coefficients must have about the 
same magnitude as in 8 decay,® although the types of 
coupling which occur are not yet established. It does not 
seem unreasonable to suppose that the universal V, A 
interaction extends also to the process of » capture. 
The similarity between 8 decay and yp decay, although 
very striking, is apparently not quite a precise one. In 
the latter process, the V and A coupling coefficients 
appear to be identical in magnitude—as they must be 
on the two-component neutrino theory. In 6 decay the 
axial vector coefficient is slightly larger than the vector 
coefficient.* This need not be surprising. Even if one 
assumes a V, A interaction Lagrangian which is truly 
universal, as between 8 decay and yu decay, there is a 


14. Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear 
Phys. 3, 127 (1957); T. D. Lee and C. N. Yang, Phys. Rev. 105, 
671 (1957). 

2 The experimental evidence comes from many sources. For a 
recent compilation see the forthcoming report of the /nternational 
Conference on Mesons and Recently Discovered Particles, Padua, 
1957 [Nuovo cimento (to be published) J. 

3 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015; 
Hermannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 641 
(1957). 

* This quantitative agreement, within the framework of the two- 
component neutrino theory, was first remarked by R. P. Feynman 
and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

5 See, for example, T. N. K. Godfrey, Princeton University 
thesis, 1954 (unpublished). 

6A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 


profound difference between the two processes. The 
point is that where some of the participating particles 
are strongly interacting—as is the case for the nucleons 
in 8 decay and yw capture—the S-matrix element may 
have a much more complicated structure than the 
Lagrangian. Indeed, what is surprising is that any kind 
of S-matrix universality can persist under such cir- 
cumstances. 

As regards the vector coupling, Feynman and Gell- 
Mann‘ have suggested that there may be operative a 
principle analogous to that of gauge invariance in 
electrodynamics, where all charged particles interact 
with static electric fields with the same coupling strength. 
One could in this way understand that even after 
“renormalization” the vector coupling coefficients are 
the same in uw decay and 6 decay (the nucleon mo- 
mentum transfer in the latter process is essentially zero; 
i.e., the situation is analogous to interaction of a charged 
particle with a static electric field). The slight dis- 
crepancy between the axial vector coupling coefficients 
in w decay and 6 decay would then be attributed to 
“renormalization” effects in the latter process. 

Even if these views are correct, the V and A coupling 
coefficients in the S-matrix element would in general be 
expected to be functions of the invariant nucleon 
momentum transfer. In analogy with the problem of 
nucleon electromagnetic structure, they could be 
thought of as Fermi interaction form factors. Thus, in 
the process of w capture, which involves a not inap- 
preciable momentum transfer, the V and A coefficients 
might be somewhat different than in 8 decay, though 
the variation is very likely small as we shall see in the 
present paper. 

What is more interesting, however, in connection 
with the role of the strong interactions in Fermi 
processes, is that coupling types not contained in the 
Lagrangian may appear in the S-matrix element. As we 
shall discuss, even if one starts with a Lagrangian which 
contains only V and A coupling terms, these can 
generate in the S-matrix element two additional kinds 
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of terms: a pseudoscalar coupling, generated by A ; and, 
generated by V, a term which simulates a direct 
interaction with derivatives of the nucleon wave func- 
tions. This latter coupling is in fact identical in structure 
with the anomalous magnetic-moment term in the 
nucleon electromagnetic current. Quantitatively it is of 
no consequence—it is probably too small to be detected 
in either 6 decay or uw capture.* The pseudoscalar term, 
however, though negligible in 8 decay, may be quite 
appreciable in w capture. In fact, we estimate that the 
effective pseudoscalar coupling in » capture is ~8 times 
larger than the axial vector coefficient that generates it. 
This estimate, and our quantitative discussion in 
general, is based on dispersion relation techniques of 
calculation. In the approximation actually adopted, the 
dispersion relation result concerning the pseudoscalar 
coefficient is equivalent to what one obtains’ in lowest 
order perturbation theory for the sequence p—>n+2*—n 
+y*+v, where the amplitude for the last step is ob- 
tained from the known rate of pion decay, and where the 
unrenormalized pion-nucleon coupling constant is re- 
placed by the renormalized one. We invoke the more 
elaborate dispersion relation methods to show to what 
extent the approximation is valid, not only for the 
momentum transfer involved in w capture—where the 
approximation is probably quite justified—but also for 
very large momentum transfers. The reason for our 
interest in the latter situation has to do with a quanti- 
tative discussion of r—yu+v decay which we have re- 
cently given.® In this problem the pseudoscalar term 
plays a decisive role; but in our earlier discussion, 
although very large momentum transfers are involved, 
we made use of results which are presumably only valid 
at small momentum transfer. We reconsider the problem 
here, taking into account additional relevant effects; 
and we find that our earlier result on pion decay is 
essentially unaltered. 


II. STRUCTURE OF THE S-MATRIX ELEMENT 
A 


We suppose that 6 decay and uw capture are described 
by a direct interaction Lagrangian of the Fermi type, 
with axial vector and vector couplings, 


L1=Zof Wriyrxys trys Ww pivr~vwn 
+Zofrbryn 1+ys)Prrbatc.c., (1) 


where f4 and fy are the unrenormalized coupling con- 
stants, Z2 is the nucleon wave-function renormalization 
constant (a corresponding constant for the lepton is set 


* Note added in proof.—It should be emphasized that this state- 
ment is based on the assumption that one is dealing with a con- 
ventional Fermi interaction theory, described, for example, by 
the Lagrangian of Eq. (1). In the theory of Feynman and Gell- 
Mann,‘ the presence of additional terms such as a direct pion- 
lepton interaction would cause the anomalous moment to be very 
much larger; experimental tests to detect it have been proposed 
by Gell-Mann, Phys. Rev. (to be published). 

7S. Weinberg, Phys. Rev. 106, 1301 (1957). 

5M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 
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equal to unity, since we will treat the weak interaction 
to lowest order and also neglect electromagnetic effects) ; 
y, is the electron or u-meson field. We shall consider the 


processes 
€ 
( ) +p-n-+». 
i 


To lowest order in the weak interaction, the S-matrix 
element is given by 
S=i(2r)5(n+p,—p—pi)M, (2) 
where n, p,, p, and p; are, respectively, the neutron, 
neutrino, proton, and electron (or » meson) four- 
momenta; and 
M=i,(1—Ys)tynysudn | :Pr(0)| p) 
+a,(1—ys)yxuin|V(0)| p); (3) 
|) and | p) are the physical neutron and proton states, 
and 
Py =Zof Wnt VrY¥ p, 
Vi=Zofvbarrwp- 
For simplicity, the lepton spinors are normalized ac- 
cording to 


(4) 


Ury4ui=Uyyau,=1. (5) 
If we were now to neglect the strong interactions of 
the nucleons, the matrixelements(n P| p)and (n| V,| p) 
would have exactly the same structure as the lepton 
covariants with which they are, respectively, contracted. 
The actual expressions, however, may be more com- 
plicated. Nevertheless, from general invariance prin- 
ciples which concern the strong interactions we know 
that the structure of the matrix elements must be given 
by 


2\3 
(n| Py »-(—) Un{aiyxys—b(p—m)xys}up; (6) 
Pono 


m> \3 
(n| V| p)= (~) lin{cy,—idor,(p—n),}up; (7) 
pono 

where m is the nucleon mass and the nucleon spinors 
have the invariant normalization #u=1. That the mo- 
mentum factors m and p appear above only in the com- 
bination (p—n) follows from charge independence and 
time-reversal invariance for the strong interactions. For 
the rest, the indicated structure of the matrix elements 
is determined by the requirement of Lorentz invariance. 
Finally, we note that the coefficients a, 6, c, and d may 
in general be functions of the invariant nucleon mo- 
mentum transfer (n— p). 

Collecting terms, and using the Dirac equation and 
momentum conservation to carry out reductions, we 
find for the matrix element M 


2\4 

m 

M= ( ~) {ati,(1—y5)tyx¥sU nt YrxY¥sUp 
pono 


+m bii, ( 1 —¥5)¥stUnY5Uptci,( 1 —5)¥xu WnYrUp 
tidti,(1—ys)yx(pi- Pr) steitnorytty. (8) 
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The functions a and c are evidently the usual axial 
vector and vector coupling coefficients and for zero 
value of the argument (n— p)* are to be identified with 
the coupling constants ga and gy of 8 decay; for p- 
capture the argument (n—>p)* has the value m,?. The 
second term in Eq. (8) has the form of a conventional 
pseudoscalar coupling, with effective pseudoscalar cou- 
pling coefficient m,b. The last term has the form which 
one would obtain with a direct interaction involving 
derivatives of the spinor fields. It is well known that 
terms of this type are not present to any appreciable 
extent in 8 decay. We shall indeed see in the follow- 
ing section that, although there is no theoretical 
reason to doubt the existence of such a term, the 
coefficient d is probably extremely small, of order 
(1/2m)(m,/2m)?(G?/4mr)gy, where G is the pion-nucleon 
coupling constant. On the other hand, the effective 
pseudoscalar coefficient m;b may well be appreciable in 
mw capture (m,=m,), though it is presumably quite 
negligible in 8 processes (m;=m,). 


B 


It may be of some interest to consider how the matters 
discussed above would apply in the case of Fermi 
interactions involving a hyperon. For ease of comparison 
with the foregoing, consider for example the process 


c 
( ) +2t—n-+ »v. 
un 


Suppose that such a process is described by a direct V, A 
Fermi interaction Lagrangian. In this case the matrix 
elements analogous to (m|P,|X) and (n|V |=) would 
again contain terms similar to those in (6) and (7), with 
the proton momentum #, of course, replaced by the 


hyperon momentum 2. But there can now appear 
additional terms, which before were ruled out by the 
principle of charge independence and the observation 
that p and m are members of a charge multiplet. In 
(n| P,|Z) there can appear a term @,1b'0,,(p+2Z) .¥suz; 
and in (n| V,|2) a term #,id’(2—n),uy. This latter term 
can be reduced, by use of the Dirac equation and mo- 
mentum conservation, to yield in the over-all S-matrix 
element a contribution which simulates a direct scalar 
coupling. We do not pursue the discussion of hyperon 8 
processes any further, however. There is as yet no 
experimental evidence for hyperon 6 decay.’ 


III. DISPERSION RELATION APPROACH 


A dispersion relation discussion of the Fermi inter- 
action form factors a, 6, c, and d of Eqs. (6) and (7) 
could be carried out in a manner similar to that for the 
electromagnetic form factors of the nucleon. For the 
latter problem there now exists considerable experi- 


9 J. Steinberger (private communication). The upper limit on 
beta decay of the A° is experimentally an order of magnitude below 
the rate expected if the Fermi couplings are the same as in nucleon 
beta decay. 
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mental information on the form factors over a wide 
range of momentum transfers, so that there is a strong 
motivation for detailed discussion. In the Fermi inter- 
action case one has experimental information only at 
zero momentum transfer (8 processes) and, to some 
extent, at the momentum transfer (n—p)*~m,? of u 
capture. It is only for processes where Fermi inter- 
actions play an intermediate role, as presumably in 
m—utv decay, that large momentum transfers are of 
significance. We shall then only indicate in outline how a 
dispersion relation treatment of the full problem could 
be carried out; but in detail we attempt only approxi- 
mate quantitative estimates. 


A 


We start with a discussion of the matrix element 
(n| P,| p). Following standard procedures," we write 


pono } Po ; 
“) (n| Py »-i(=) tn 
m* m 
x fave in-2(()| T(P)F(x))| p), (9) 


where T( ) denotes the Wick product and F(x) is the 
source of the neutron field, defined by 


0 
(1.—+m vata =F (x). 
OX, 


We have dropped an equal-time commutator term 
which would have ultimately yielded a constant addi- 
tion to our expression for the form factor a. This is 
permissible since we will eventually write down a dis- 
persion relation for a in which a constant is subtracted. 
The equal-time commutator contributes nothing to the 
coefficient 6, however, and for this coefficient we shall 
assume a dispersion relation with no subtraction. We 
now observe that 


T(P\F (x))=[Pa,F (x) 0(—x) +F (x) Py. 


(10) 


(11) 


The second term makes no contribution to the matrix 
element. In the first term @ is the step function. Thus, 
we have that 


ono } 
(- Join, p) 
m? 
po\} 
-(~) dy f atx e~**(0|[ Py, F(x) J0(—x)| p). (12) 
m 


We shall not discuss in detail the difficulties of giving 
a rigorous derivation of the desired dispersion relations 
for the form factors a and b. But we notice that the 
integral of Eq. (12) has the form of a Fourier transform 


10 Lehmann, Symanzik, and Zimmerman, Nuovo cimento 2, 425 
(1955). 
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of an advanced commutator—a structure which at least 
makes plausible that a and 6 are analytic functions of 
§=(n—p)* in the upper half & plane. At this point we 
simply state the dispersion relations which we shall use. 
For 6 we assume that no subtraction is necessary and 


we have 
1 7” Imd(-?#’) 
wy-- f dt'— 
wr J t’+i—ie 
where the instruction ‘‘—ie’’ shows how the function is 


defined for negative ~. For a we make one subtraction 
and write 


(13) 


Z f i Ima(— ¢’) 
a(t)=ga— d¢'—_—__——, 
salieas Tr 5 *e+E—id) 
where g4=a(Q). 

Our next task is to evaluate the imaginary parts of a 
and b. To do this we return to Eq. (12) and express the 
absorptive part, call it Ay, as a sum over states; A) is the 
coefficient of 47 in 10(— x9) =4i—4ie(xo). We find 


A),=r(po m)' >, u,0 Py s) 
X(s| F(0)| p)6(p.+n—p). 


The term with F and P) interchanged makes no contri- 
bution. The spatial part of the 6 function must, with our 
normalization, be regarded as a Kronecker 6 symbol. In 
order to maintain the proper reality conditions at all 
stages of approximation we shall understand, though we 
do not write it explicitly, that the sum over intermediate 
states is one-half the sum over “in” and “‘out”’ states. 

The states |s) which contribute must have zero 
nucleon number. For low-energy phenomena like 8 
decay and u capture the most significant states are ex- 
pected to be those of smallest mass. One can see this 
from Eqs. (13) and (14), where ¢’ represents the square 
of the mass of the intermediate states |s) in Eq. (12). 
The state of lowest mass is just the one-pion state. Next 
comes the three-pion state (the two-pion state is ruled 
out by charge independence and charge conjugation 
invariance). Ultimately one encounters nucleon-anti- 
nucleon states, hyperon pair states, etc. 

The one-pion state, as it turns out, contributes only 
to the coefficient b. Its contribution can be easily ex- 
pressed in terms of the renormalized pion-nucleon 
coupling constant and the experimental lifetime for 
m—ut+v decay. In the latter process we can write the 
S-matrix element, to lowest order in the weak-interac- 
tion Lagrangian of Eq. (1), in the form 


S=i(2r)'5(putpr— pr) 
X (my/Puo) ttyiyrxvs(1t-ys)u0| Py| 7). 


It is clear that (0| P|) must be proportional to (p,), 
and, in terms of our earlier notation,® we write 


(0| Pa|x)=—i(Pe)F(ps*)/(2Px0)', (17) 


where, of course, p,”= —m,’ for actual pion decay. The 
numerical value of F(—m,*) is known from the experi- 
mental pion lifetime. 


(14) 


(15) 


(16) 
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The other relevant matrix element is (x|F |p) and 
here, where (n—p)?=p,"=—m,’, we may express this 


as 
m\i 1 | 
u,(r| | p= (“) ————VZGi nt V5 p, 
Po (2p +0)! 


where G is the renormalized pion-nucleon coupling 
constant. We now substitute (17) and (18) into (15) 
and compare the result with the definition (6). We find, 
as regards the contribution from the one-pion state, 


(18) 


A,=rvV2GF (—m,’) 
X (p—n)xtinysu pb ((n— p)?+m,?); (19) 
and thus, with = (n— pp)’, 
Ima(é)=0, (20) 
Imd(£) = —xv2GF (—m,*)b(E+m,?). 
Since the next least massive state which can contribute 
is the three-pion state, our dispersion relations may now 
be written 


t H 

/ Ma / 

a &)=ga- f dé 
us 3m)? 


_ =—V2GF(—m,*) 1 ¢° Imd(— £’) 
t+m,? T (3m)? 


Ima(—?’) 


E'(#’+§—ie) 


’ 


—aemewnemn, (29) 
t’+é—ie 

We now want to obtain some idea of the contributions 
from states of higher mass than the one-pion state 
already considered. The next state which properly 
should be considered is the three-pion state, but this 
appears to be too difficult to treat in any meaningful 
way. Since in a perturbation expansion sense the Fermi 
interactions always proceed through direct couplings of 
leptons with nucleons, we instead turn directly to the 
nucleon-antinucleon intermediate state as representa- 
tive of the important higher mass states. 

It becomes convenient now to consider, in place of 
(n|P,\p), the matrix element (0|P,|7p), where 7 
denotes an antineutron. In terms of the coefficients aand 
b already defined in (6), we have 


(pPotto m?) KO Py np in) 


= Bal aiyxys— b( p+) rvs ]u Py (23) 


where 2 is the antiparticle spinor and the coefficients a 
and 6 are now regarded as functions of = (7+ p)*. For 
an “out” state one simply replaces a and 6 by their 
complex conjugates. We again form the absorptive part 
Ay, introduce a sum over intermediate states, and this 
time select the contribution from intermediate nucleon 
pair states |NP). We then have 


po\} a 
A=7(~) ¥ 6,(0| P,| NP) 


m Np 


X(NP|F|p)6(N+P—n—p), (24) 
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where as usual one-half the sum over “in” and “out” 
states is understood. 

Now the first factor, (0| P,| NP), can be expressed as 
in (23). The factor (NP|F| p), on the other hand, is— 
for |NP) an “out” state—just the matrix element for 
proton-antineutron scattering ; and the delta function in 
(24) is just such that we require this matrix element 
only for physical values of the momenta. In fact, by 
evaluating (24) in the center-of-mass system for the 
nucleon pair, one sees that only the *P; and 'Sp scat- 
tering amplitudes are relevant. The matrix element 
(0| P,|NP in) is proportional to the S-matrix element 
for production of a lepton pair by a nucleon pair. It 
turns out that the coefficient @ is proportional to the 
amplitude for production by a nucleon pair in the *P, 
state; and the combination {a—[(#+ )*/2m]b} is 
proportional to the 1S» amplitude. 

Let us denote by 6; the complex *P; phase shift and 
by 50 the complex So phase shift for 7, p scattering. We 
express (NP|F|p) in terms of these phase shifts and 
now carry out the operations implied in (24). 

For the nucleon pair contribution to Ima, we find 


(Ima) pair=[Im/; Ima+Re fi; Rea J0(—&—4m?), (25) 


where f,=e*!sind;. The left-hand side denotes the 
nucleon pair contribution to Ima; on the right-hand side 
the true coefficient a is involved. The step function is 
inserted to remind us that the pair state contributes 
only for values of £ corresponding to physical scattering: 
&< —4m’. In the present case, since the one-pion state 
considered earlier makes no contribution to Ima, we can 
write (Ima) pair= Ima, and therefore 


Ima(~)=tan¢g;(— £) Rea(£)@(—E—4m*), (26) 


where 
Ree‘! sind; 


tang:(—£)= (27) 


1—Ime**' sind; 


The argument of ¢; has been set equal to —é for later 
convenience. The phase shift 5; is to be regarded as a 
function of the center-of-mass wave number for 7, p 
scattering: k= (—}£—m?)!. 

Proceeding in the same way for the combination 
[a— (£/2m)b ] which is involved in 'Sp scattering, we find 


[im(o-5)] 
Im{ a——d 
2m pair 
g g 
= [ims Im(a-—s) +Ref Re(o-—s) 
2m 2m 


X0(—E—4m"), (28) 


where fo=e** sindo. For later reference we define 


Ree‘ sind 
tag —-§)=-———__—_. (29) 
1— Ime‘ sind 
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We can now substitute the nucleon-pair contributions 
into the dispersion relations (21) and (22) and, treating 
these as integral equations, solve for a and b. The solu- 
tions are readily obtained and one finds!” 


a ae ¢i(y) 
a(é)=ga exp| —— J dy aeiea ¥ 3 
T Y4m? y(y+é—te) 


1 
b(£) = —V2GF(—m,?)——— 
t+m,’ 


me+t\ pe ¢o(y) 
Xexp| -( —) f dy— : 
Tv 4m? (y—m,*)(y+&—ite) 


2m é 7 ¢1(y) 
+ "ealex| = f peed | 

g 7 “4m? yy &—te) 
¢o(y) | 


E x 
—exp -=f dy — —+f. (31) 
mT J 4m? y(y+t—ie)) 


To evaluate these at the momentum transfer =m,’ 
relevant for » capture, it is legitimate to expand in 
powers of £ and retain only the first nonvanishing terms. 
One finds 


ve ae 
9 
a(m,*) ~ga4\1—— 
Tv 4m? 


v2GF (—m,?) 
b(m,”) ee eager We = ie vee ani 
m,?+m,? 


m,+m,2 % 
x|1- (= yf dy 
Tv 4m? 


2mga <9 ¢o(y) —¢ i(y) 
+ : iy ieee, 
4m? y? 


(30) 


(32) 


¢o(y) 


(33) 


T 


We notice that the value of F(—m,’), as determined 
from the experimental pion-decay lifetime, can be 
represented by® 


F(—m,*) = —0.13V2Gmg4/(21’), (34) 


if we identify g4 with the Gamow-Teller coupling con- 
stant of 6 decay. (The algebraic sign follows from our 
earlier discussion of pion decay.) Now from the defini- 
tions (27) and (29) one sees that, provided there is 


11 These solutions are more easily obtained than might at first 
appear to be the case. Consider for example the form factor a(é). 
We know this is a function analytic in the complex ¢ plane, cut 
from —4m? to — ©. We also know from (26) that just above the 
cut _ Ima=tang; Rea; and we know that a(0)=ga. Finally, we 
demand that the dispersion integral (14) shall exist. These de- 
mands fully specify the solution given. One proceeds likewise to 
solve for the combination [a— (¢/2m)b], except that here there is 
an additional requirement : namely, } has an isolated singularity at 
t= —wm,’; that is, Imb must have the 6 function singularity indi- 
cated in (20). 

12 See also Federbush, Goldberger, and Treiman (to be pub- 
lished). 
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always some absorption in the nucleon-antinucleon 
interaction, the phase angles ¢1,9 are confined to the 
range — 3m to 3a. Furthermore, on physical grounds we 
expect ¢(4m’)=0. 

One sees then that at the momentum transfer of 
mw capture the contributions from the intermediate 
nucleon-pair state are of order (m,?+-m,")/m’ relative to 
the contribution from the one-pion state; i.e., the 
coefficients a and 6 are well approximated by the leading 
terms in (32) and (33). This result is not surprising. If 
the complex phase shifts 69 and 6; were better known 
than is the case we could, of course, compute the small 
corrections, but too little is known to justify any de- 
tailed calculations. 

The “effective” pseudoscalar coupling constant in 
u capture is just given by m,b(m,?)=‘‘gp”’. From (34), 


we find 
OS 7G mM, 
mw \4r m+m,” 


This is large enough so that the pseudoscalar contribu- 
tions to u-capture effects should be comparable to those 
coming from the axial vector and vector couplings. 


B 


One of the purposes of the present paper is to in- 
vestigate the validity of certain assumptions which we 
adopted in a recent quantitative discussion of t—y+y 
decay.* We pictured this process as occuring through 
pion dissociation into a nucleon pair, the latter anni- 
hilating to produce the leptons. Only the axial vector 
and pseudoscalar couplings in the Fermi interaction 
Lagrangian are relevant here and, as in the present 
discussion, we assumed that the Lagrangian contains no 
pseudoscalar coupling. However, as we have seen, the 
S-matrix element does contain a pseudoscalar term, as 
well as an axial vector term. In the discussion of pion 
decay, a knowledge of the form factors a(¢) and (£) is 
required for values of £< —4m*. Nevertheless, in our 
earlier discussion we adopted for these the expressions 
obtained in the one-pion intermediate state approxima- 
tion. What we want to show now is that our results on 
pion decay are essentially unaltered if we adopt the 
more complicated expressions (30) and (31), which 
include also the nucleon-pair contributions. These latter 
expressions are, of course, still not guaranteed to be 
accurate for large values of momentum transfer, since 
we are still neglecting a great many other intermediate 
states in computing a and 6. But we feel that the pion 
decay discussion can now be put on a more firm footing. 

In our work on pion decay we encountered an ex- 
pression 


g 
R=Re{K*(0[a(@)-—0(0)]}, (36) 


m 


where a and 8 are the same form factors considered in 
the present paper, and K(é) is related to the pion- 
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nucleon vertex function according to 
(np out | (m,?—[_})x| 0) 
m? \3 
-(—) UniystpK (n+p)? ]. (37) 
nopo 


In reference 8 both a and b were real in the approxima- 
tion considered there. In a certain approximation whose 
validity is not here under discussion, we found that 


+m,” 
K(@)=V2Gex| -( ) 
¢o(y) 


xf ay |, 8) 
amt (y—m,”) (y+ &—ie) 


where ¢o(y) is the same phase angle as in (29). 
Collecting all our present results we find for R the 
expression 


m,* E ¢0(y) 
R= E exp(™* f dy —) 
mw Sant y(y—m,’) 


. 
+—~2GF (—m,?) 
2m Ms 





2 


Jz (39) 


where 
D) 


——(¢+m,?)P 
T 


xf d 
4m? 


; (40 
ae - 


H(&)=v2G exp 


¥o (y) 


the symbol P denotes a principle value integration. The 
expression (39) differs in two respects from the one 
adopted in our earlier discussion, where we neglected the 
nucleon pair contribution to the form factors @ and 6: 
(1) The exponential which multiplies g4 in (39) was 
previously in effect set equal to unity; but the expo- 
nential is in fact not very different from unity, so this 
correction is quite insignificant. (2) The factor H(é) in 
(39) was earlier replaced simply by ReK(&). For the 
relevant values of £, namely §< —4m?, we have 


: nm §+m,’ 
ReK (£) =cos¢go(— £)V2G exp| - (—"*) 


T 


, ¢o(y) 
x f dy ——— 1. (41) 
amt (y—m,")(y+8) 

The two functions, H(£) and ReK (é), certainly differ 
significantly. But our final expression® for the pion 
decay rate involves a certain integral over H(£); in the 
earlier treatment, over ReK (é). Provided only that the 
value of this integral is large compared to (G?/2x*)“ 
~(0.1, the decay rate expression is in fact essentially 
independent of the value of the integral in question. In 
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our earlier discussion, in which H(£) was replaced by 
ReK(£), we showed that, for reasonable assumptions 
concerning the complex phase shift 59, this circumstance 
obtains. A similar discussion can be made to show that 
the same holds true if we use the more accurate expres- 
sion H(£). To summarize: in our earlier formula for the 
pion decay rate, ReK must be replaced by H; but the 
final answer—for reasonable behavior of 59—is inde- 
pendent of either. The numerical result quote’ earlier 
stands unchanged. 


C 


We now turn to a discussion of the form factors c 
and d defined in Eq. (7). There is no strong motivation 
here to make a very careful analysis, since we expect 
that the form factor d is in any case too small to be 
detected in 8 decay or uw capture and that the coefficient 
c does not differ appreciably in » capture from the value 
gv relevant in 8 decay. After briefly setting up the 
problem, we shall therefore resort to rather crude ap- 
proximations to estimate the magnitude of the effects 
involved. 

As in (12), we can write the matrix element (| V,| p) 
in the form 


pono! 
( . ) (n| Vy| p) 
m? 


0 ; 
-(*) ti, f dtx e~™=(0|[V,F (x) 0(—20) | p). (42) 


m 
The assumed dispersion relations are 


g Imc(— é’) 
ye 
rg E(t’ +£—ie) 


1 Imd(—#’) 
d(t)=- f de! 
T 


t’+i—ie 
where again we assume that no subtraction is required 
for the form factor d. In these expressions = (n— p)?, as 
before. 
The absorptive part of (42), call it B,, has the same 
structure as in (15), and with one half the sum of “‘in”’ 
and ‘‘out” states understood, we have that 


By=1(po/m)! >, %n(0| Va s)s|F| p)d(p.tn—p). 


In the present case, since V, transforms like a four- 
vector, the state s of lowest mass which can contribute 
is the two-pion state; and for the small momentum 
transfers relevant for 6 decay and uw capture we expect 
this lowest mass state to be the most significant one. To 
evaluate this two-pion contribution, we need to know 
the matrix elements (0| V,|%,q;) and (k,q;|F| p), where 
k and g denote the momenta of the two intermediate 
pions and the indices i and j are charge labels. 

The present situation is similar in structure to the one 


(43) 


(44) 


(45) 
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encountered in a study of the electromagnetic form 
factors for nucleons. The only difference is that V is 
there replaced by the isotopic vector part of the current 
density operator. The matrix element (&,g;| Fp) is an 
analytic continuation of the pion-nucleon scattering 
matrix element; in connection with the problem of 
nucleon electromagnetic structure it has been shown 
that it may, with sufficient accuracy, be treated in 
lowest order perturbation theory.”: We shall so treat it 
here. The vertex (0| V,|kjg;) may itself now be studied 
via dispersion relation techniques, again in analogy 
with our treatment in the electromagnetic structure 
problem. The only difference is that here we assume that 
there is no point interaction analogous to the direct 
production of a meson pair by a photon." The general 
structure of the matrix element is given by 


(4kogo)0| Vy | Rigs in) 
= (3)4e_, (q—k) WL (q+k)?], 


where €_, ;;= €1;;—1€2;;. We take for W(£) the dispersion 


relation 
é + s) 
dé 
WT (2m)? 


which is in line with our assumption that there is no 
direct interaction coupling two pions to a lepton pair. 

The absorptive part of (46), call it C,, can be obtained 
in the standard way and we find 


(46) 


ImW (—é’) 
quae —— 
t'(¢’+£—ie) 


m(2qo)! X , 
C= £0] Val sXs1Jsl8(Pe—- 9-4), (48) 
V 8 


where J; is the source of the pion field. We shall now 
content ourselves with evaluating this in lowest order 
perturbation theory, in which case the only relevant 
intermediate state is that consisting of a nucleon- 
antinucleon pair. 

To effect the evaluation of (48), we substitute for the 
matrix elements the following perturbation approxi- 
mations: 


(NoNo/m?)0| Vi| NN)=gvinyaxun, 
(NoNo F m*) “NN | J; qi) 


(49) 


—-G iy-(q—k) 
——4yit 747; — $11 
2 


~ (2g0)8 





| 0 


1 
x| . Dh contin 
(N—k)*+m? (N—q)*+m’ 


where V and N denote nucleon and antinucleon (the 
charges are not specified here since we are now including 


% Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 
110, 265 (1958). 

“In the model of Fermi interactions recently discussed by 
Feynman and Gell-Mann (reference 4), a direct point interaction 
is assumed to exist. This would imply in Eq. (47) an additive , 
constant, W (0), of known strength. 
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isotopic-spin variables in our sum over states). Carrying 
out the operations indicated in (48) and comparing the 
result with (46) we find, with neglect of terms of order 
(m,/m)’, 


§—4m’? 
ImV(-8)=—er(~ -)( “) ot 4m*). (51) 
4dr g 


From (47) we now find 


—2¢ /f? 4m? (1—£&/4m?)} 
ReW(—§)=— ( )er . {1-— - — 
4 £ 


mm,” é (¢ Am?) 


(¢/4m?)} 
xan oo —)|. (52) 
(1—£&/4m?)! 


We have introduced (f?/42) = (G*/ 4a) (m,?/ 4m’) ~0.08. 
The above result holds for §<4m*. For &>4m? the arc 
tangent is to be replaced by a logarithm. We now have 
from (46) and (52) the matrix element (0 V,' &,q;) 
required for evaluation of the two-pion contribution to 
By, in (45). For the other matrix element, (&,9;| Fp), we 
adopt the perturbation result, which, except for trivial 
changes, is given by (50). We now evaluate B, and 
hence Imc and Imd. Finally the form factors ¢ and d are 
obtained from the dispersion relations (43) and (44). 
Although in these dispersion integrals the variable ¢ 
runs from (2m,)’ all the way to infinity, the important 
contributions come from values of & near the lower limit 
(2m,)*. We therefore approximate the complicated ex- 
pression (52) by evaluating W at = (2m,)* and treating 
it as a constant in the dispersion oe Furthermore, 
the behavior of ReW(—é) for large & is undoubtedly 
given incorrectly by our perturbation approach: it goes 
as Ing instead of to zero as one would expect. 

If one makes the above replacement of RelW (—&) by 
its value at = (2m,)’, the problem is reduced to exactly 
the one that. has already been treated for the electro- 
magnetic structure.’ One needs only replace in the 
isotopic vector charge and magnetization density form 
factors, at the appropriate places, the charge e by 
2 ReW(—4m,’*). The factor of two arises from the 
differences in isotopic-spin structure. We record here for 
convenience the electromagnetic form factors as com- 
puted from perturbation theory, calling F; the charge 
density and F; the magnetization density : 


e (0.24) 
F\(é)~-— 
2 12 m,* 
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Making the replacement e——2(8/3m)(f?/4r)gv, we 


find 
47f é 
c()=ar| 1+ ( )00.29 +] 
On \ 4 m,” 
: 16 i he £ 
d(§)=1.7—X— (- [1-219 +] (54b) 
; 2m 3n\4r mM,” 


We see that for the values of € of interest in 8 decay and 
u capture, c(t)~gy and d(£)~d(0). Further, the value 
of d(0) is exceedingly small. Reference to Eq. (8) shows 
that d(0) is multiplied by lepton momenta which even 
in w-capture are no larger than m,. Hence m,d(0) 
1/100, which is far too small to have any measurable 
effects. 

It is our feeling that in spite of the crudity of these 
estimates they are not in error by the several orders of 
magnitude which would be required to make the effects 
significant, 


(54a) 


D 


We return here briefly to the basic dispersion relation 
(14) for the form factor a. If one supposes that a 
subtraction is not required, then the previously neg- 
lected contribution from the equal time commutator 
must be taken into account and one would have that 


Ima( (—£') 
)=fat- ~ far ssa 
t-te 


(14’) 


However, there still remains the possibility of an addi- 
tional additive constant in the above equation, even if 
Ima(—¢£’) approaches zero as t’++ ~. The presence or 
absence of such a constant cannot be argued. If, for 
example, one says that both the real and imaginary 
parts of a approach zero at infinity, the constant must, 
of course, be precisely — f4. If Ima alone is supposed to 
approach zero, but Rea is allowed to approach a con- 
stant, then, unless this limiting value is specified, the 
problem of an additive constant above is still unsettled. 

If one were to conjecture that Rea—/,4 as E>, the 
solution of (14’) would be, in our approximation of 
taking into account only the one-pion and the nucleon- 
pair intermediate states, 


= gilt’) 
a(t)=fa exp f Mihincrtone, 
4m? t’+&—-ie 


For our practical purposes we have avoided these 
speculations by using the subtracted dispersion relation 
(14). We have therefore made no attempt to evaluate, 
in any sense, the renormalized coupling constant in 
terms of the unrenormalized f 4. 


(14’’) 
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An experiment is proposed to test the theory recently advanced by Feynman and Gell-Mann on the 
vector interaction in 8 decay. According to the theory, the Fermi coupling constant is not appreciably 
altered by renormalization, in agreement with experiment. A further property of the theory is exploited 
here, that analogous y and 8 transitions in light nuclei have proportional matrix elements, as far as the V 
interaction is concerned. In particular, the V interaction gives rise to “weak magnetism” analogous to the 
magnetic effects that induce the emission of M1 photons. This “weak magnetism” obeys Gamow-Teller 
selection rules and interferes with the A coupling, distorting the spectra of high-energy 8 transitions with 


AJ=1 (no). 


It is suggested that the 8 spectra of B"* and N® be measured accurately and compared. Departure from 
linearity of the Kurie plot should be noticed in each case; the ratio of the spectra can be calculated with con- 
fidence on the basis of the theory, which predicts a 20% effect. The measured y-ray width of the 15.11-Mev 


state in C is used in the calculation. 


I. THE PROBLEM OF THE VECTOR INTERACTION 


T has been proposed!” on theoretical grounds that 

the weak interactions possess a universal vector- 
axial vector form as well as a universal strength.* 
Recent experimental evidence*~* has tended to confirm 
this assertion. In particular, it appears that the inter- 
action in nuclear 8 decay is of the type V—A, with a 
left-handed longitudinal neutrino. The effective coup- 
ling may be written, in an obvious notation, as follows: 


1+75 
Lino] ey, =, |+-Herm, conj. (1) 
V 


The positive sign of \ (corresponding to the negative 
sign in V—A) is determined by the results of reference 
5. The magnitude of \ is the ratio of Gamow-Teller 
and Fermi coupling strengths and is found by studying 
the ft values of 8 transitions in light nuclei where 
matrix elements are known. The value |\|=1.14 is 
quoted by Winther and Kofoed-Hansen.’ 

The Fermi constant G may be compared with the 
corresponding constant G, in the muon-decay coupling: 


1+75 ; 
G,Livy(1 yaa ere] + Herm, conj. (2) 
V 


It was pointed out in reference 1 that G=G, to within 


* Work supported by the Alfred P. Sloan Foundation, Inc., and 
by the U. S. Atomic Energy Commission. 

1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

2R. E. Marshak and E. C. G. Sudarshan, Nuovo cimento (to 
be published). 

*For the original hypothesis of universality, see G. Puppi, 
Nuovo cimento 5, 505 (1948); O. Klein, Nature 161, 897 (1948); 
Lee, Rosenbluth, and Yang, Phys. Rev. 75, 905 (1949); J. Tiomno 
and J. A. Wheeler, Revs. Modern Phys. 21, 144 (1949). 

*F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958). 
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the one- or two-percent accuracy of present experi- 
ments. This is of course in excellent agreement with the 
notion of universality, except possibly for one important 
point. The muon seems to possess no strong couplings, 
while the nucleon is strongly coupled to pions and to 
strange particles. If the universality applies, as we are 
accustomed to thinking it does, to the bare particles, 
then we would expect a considerable renormalization 
of G in the case of the dressed nucleon. 

A possible explanation of the equality G=G, was 
given in reference 1. (See also earlier work by Gershtein 
and Zeldovich.*) The starting point is the realization 
that in electrodynamics the universality of coupling 
strength is not affected by renormalization, since the 
current density j, obeys the conservation law 0j,/0x, 
=0. It is then suggested that for the vector interaction 
in 8 decay a similar principle holds: the vector quantity 
that is coupled is not merely py,n, but a conserved 
quantity of which this is one term. We make use of the 
charge independence of the strong interactions and 
consider the total isotopic-spin current 


3.=}iNey,N+2X (dx/dx,)+- °°. (3) 


Apart from small electromagnetic corrections, we have 
the conservation law 


0% ,,/dx,=0. (4) 


The following replacement is then made for the vector 
part of the weak interaction: 


(5) 


With the new coupling, the equality G=G, is un- 
affected by renormalization, except for electromagnetic 
corrections. 

For the axial vector interaction, no scheme has been 
invented that prevents the coupling strength from being 
altered by renormalization. Presumably, then, the 


ipy.n— Sor™ Sst Say: 


8S. S. Gershtein and J. B. Zeldovich, Zhur. Eksptl. i Teort. 
Fiz. U.S.S.R. 29, 698 (1955) [translation: Soviet Phys. JETP 2, 
576 (1957) ]. 
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parameter \, estimated experimentally as 1.14, is the 
renormalization constant. It is not understood why the 
constant should be so close to unity, nor why it should 
exceed unity. (In the static form of meson theory, for 
example, it is always <1.) The somewhat mysterious 
nature of this situation for the axial vector interaction 
makes it especially desirable to check on whether the 
vector interaction is correctly described by the theory 
referred to above. In what follows, we shall describe a 
possible experiment to test the theory. 


II, ANALOGY WITH ELECTROMAGNETISM 


We begin by remarking that the electromagnetic 
interaction Hamiltonian density may be written as the 
sum of an isotopic scalar part ,;° and an isotopic 
vector part 3(.)", where 


He” = —eX,2A,. (6) 


But according to our theory the vector part of the 
B-decay interaction is given by the coupling Hamil- 
tonian density 


1+75 . ‘ 
—GXu47{ ey,— ; r) -+Herm. con]. (7) 
v2 


From (6) and (7) we see immediately that any electro- 
magnetic interaction of a nuclear system has its analog 
in a weak vector interaction with leptons, and that the 
matrix elements for the two are strictly proportional 
insofar as charge independence holds. We must make 


the replacements 
7 1+75 
v2 


for 8 decay. For 8+ decay we have to take the Her- 
mitian conjugate expressions. 

Let us expand the electromagnetic interaction of a 
nuclear system in powers of the momentum or energy 
transferred to the field. We shall ignore the recoil of 
the nucleus as a whole. In zeroth order, we have just 
the static interaction of the nucleus with a constant 
static potential. The isotopic vector part of the coupling 
Hamiltonian is just 


Sus Sots A,— 


el ,Ao, (9) 


where I is the total isotopic spin vector and Ao is the 
scalar potential of the electromagnetic field evaluated 
at the nucleus. Let us now make use of the instructions 
given in Eq. (8) in order to find the effective Hamil- 
tonian in vector 6~ decay to zeroth order in the mo- 
mentum transferred to the leptons. We obtain 


( 1+75 ) 
GI,{ eb —— }, 
v2 


where 7,=J,+iI, and e' is the Hermitian conjugate 
of e as distinct from the Dirac adjoint é. Again the 
field operators are evaluated at the nucleus. For §* 


(10) 


decay we obtain, of course, 


1+75 
a(y —"e). 
v2 


The results (10), (11) are rigorous apart from cor- 
rections to charge independence and they have already 
been given in reference 1. It was, in fact, suggested 
that (11) be tested for the decay r+— 7°+e*+», the 
matrix element of /_ being v2 for this case. Such an 
experiment? is unfortunately very difficult, because of 
the slowness of this decay compared to r+ — ut+». 

Equations (10) and (11) have, of course, been tested 
for nuclei, especially for 0* — 0* transitions in which 
the axial vector coupling plays no role. The trouble is 
that for a nucleus the relations (10) and (11) are not 
an incisive test of the theory. They follow in practically 
any theory of 6 decay if the nucleus is regarded as a 
collection of dressed nucleons, each with its meson 
cloud undisturbed by its neighbors. The success of (10) 
and (11) for 8 decay of nuclei might be regarded, there- 
fore, merely as a test of such a nuclear model. 

To find an experiment in nuclear physics that really 
tests the new theory of the vector interaction, we must 
look beyond the “allowed” approximation in which the 
momentum and energy transferred to the leptons are 
neglected. Let us go on to first order in these quantities. 
For electromagnetism this corresponds to considering 
electric or magnetic dipole interactions, depending on 
whether the nuclear system changes its parity or not. 
For electric dipole interactions, practically the same 
objection is encountered as for monopole interactions, 
namely that the predictions for 8 decay are ones that 
would also have followed from a simple theory of the 
nucleus. We therefore take up the magnetic dipole case. 

Consider, for example, a transition from a J=1*, J=1 
level in a self-conjugate nucleus to one with J/=0*, /=0. 
(Here / is total angular momentum and /7 is total 
isotopic spin.) For simplicity let us take the J,=0 com- 
ponent of the initial state. Then the effective Hamil- 
tonian for electromagnetic interaction, to first order in 
the momentum radiated, is 


(11) 


me 
—l[vxA],, (12) 

2 
where u is the transition magnetic moment in units of 
the proton Bohr magneton e/2M and where ¥ XA is, 
of course, evaluated at the nucleus. Since J changes by 
one in the transition, only the isotopic vector part of 
the current contributes. Now suppose the J/=1+, 7=1 
level is the ground state of the isobar with 7,=—1, so 
that @- decay takes place from this level to the state 
with J=0*, 1=0. This 8- decay obeys Gamow-Teller 
selection rules and is dominated by the allowed axial 
vector interaction. There is, however, also a contribu- 


*E. Feenberg and H. Primakoff (to be published). 
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tion from the vector interaction, and we may calculate 
it from (12) by using the instructions given in (8). We 
note that the matrix element of 3,, from the J/,=—1 
state is equal to v2 times that of (¥,, from the /,=0 
state. For the effective Hamiltonian in 8 decay, we 


thus obtain 
1+7; 
ea Or Pant 
v2M v2 J, 


as the contribution from the vector interaction. 

The effect described by (13) bears the same relation 
to the allowed Fermi coupling that magnetism bears 
to electricity. We might refer to it as “weak magnetism.” 
It is by means of this effect that we propose to test 
the new theory of the vector interaction. We note that 
the transition magnetic moment yu contains not only 
contributions from Dirac and orbital magnetic moments 
of the nucleons but also larger contributions from their 
anomalous magnetic moments. All of these are taken 
over into 8 decay according to (13). Now in a conven- 
tional theory of 8 decay the meson cloud is not coupled 
to leptons and the large “anomalous moment” con- 
tributions would be lacking in the analog of (13). Thus 
weak magnetism, if it can be measured experimentally, 
will serve to distinguish the new theory from the old one. 


(13) 


Ill. EFFECT OF WEAK MAGNETISM ON 6 SPECTRA 


In a @ transition such as we have been discussing, 
the leading term in the decay amplitude is supplied 
by the allowed axial vector interaction, which gives an 
effective Hamiltonian 


(14) 


1+75 
—GAM| e'o—— | , 
a. J, 


where SW is the Gamow-Teller matrix element, the z 
component of the quantity often written as fo. We 
wish to consider, however, corrections of first order in 
the gradient of the lepton fields and we must therefore 
expand the axial vector as well as the vector interaction 
to this order. The only possible terms of first order are 


1+75 
ial v( etys— 9) 
v2 " 

re) 1+75 
ic (eo _ ’)| : 
at v2 ‘ 


The coefficients B and C are required to be real by CP 
invariance. 

By contrast with the vector interaction, there has 
been no suggestion that the axial vector coupling in- 
volves the meson cloud. The mechanism that makes the 
term (13) large is thus absent for (15) and (16). 
Nevertheless, we shall take these terms into account 
in our calculations. They are, of course, not predictable 
in magnitude since there is no analogy with electro- 
magnetism in the case of the axial vector coupling. 


(15) 


(16) 


GELL-MANN 


The term (16) may be regarded merely as providing 
a numerical correction to the allowed Gamow-Teller 
amplitude given in (14), since 0/d/ merely brings down 
a factor iko, where ko is the total energy transferred to 
the leptons and equals the energy difference between 
initial and final nuclear states. Since the matrix ele- 
ment SW cannot in any case be predicted with high 
accuracy, we may ignore the term (16) from now on. 

The total effective Hamiltonian out to first order in 
gradients is thus given by the sum of (13), (14), and 
(15). The gradient may be replaced by —ik, where k 
is the momentum given to the leptons. Let us set 


"a | 
qg=—-~ - (17) 
v2M AM 


B 


b=-—., 
GAT 


(18) 
Then we have 


1+75 
Har —Gaa| ee iakXe— bys) : 5 | (19) 
\ 


We may now use (19) to calculate first-order cor- 
rections to the spectrum and 8-v angular correlation of 
the 8 transition. The angular correlation comes out 


1p 
1—— — cos0{1+8a(E—}ko)—2bko}, (20) 
3E 


4 


where p and E are the momentum and energy of the 
electron, respectively. The maximum value of &, is, 
of course, ko. 

The spectrum is far more suitable for a crucial experi- 
ment since it is much easier to measure. The transition 
probability is proportional to 


p?(ko— E)*dp 


8 1m’ \ 2 m* 
| 1+ o( Ets )+ 6(A- ‘i. (21) 

3 2E 3 E 
The terms 3k) and —4ako are constant and give no 
first-order change in the spectrum. The terms in m?®/E 


become very small for a high-energy @ transition, for 
which the correction factor in the spectrum reduces to 


1+ (8/3)ak, (22) 
not involving 6. 

So far we have considered the 8 transition only. 
Let us now turn to the analogous 8* decay. Everything 
must of course be the same except possibly for the sign 
of the effect. We are dealing with an interference effect 
between the V and A couplings and we know that the 
interaction V—A looks like V+A if it is written in 
terms of positrons and antineutrinos instead of elec- 
trons and neutrinos. It is clear, therefore, that the 
correction term in (22) due to weak magnetism changes 
sign as we go from 8 to B* decay. This is of the highest 
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importance for a possible experiment, since many 
systematic errors (and corrections such as are dis- 
cussed below) can be eliminated by comparing 8 and 
8* spectra for analogous transitions. In the ratio, more- 
“over, the effect is doubled. 

Let us now discuss in detail the calculation of a from 
the rate of the analogous y transition. Using the coup- 
ling (13), we obtain for the rate 


ve oF 
D ioamenttens, 
3(137) M? 


(23) 


where w is the energy of the y ray (roughly equal to ko, 
of course). The rate of the 6 decay is controlled (to 
zeroth order) by the quantity AIN and can be used to 
determine it. The simplest formula makes use of a 
comparison with O"", which is a pure Fermi transition 
and has a known matrix element of v2, as Eq. (11) 
indicates. We have, then, 


(ft)os/ ft=VmM?/2. (24) 


Using (23), (24), and the definition (17) of a, we get 


(= ft ] 
|a| =- —— }|———_|. 
wl4 w oe 
Before making use of experimental data on an in- 
dividual transition, let us make a rough theoretical 
estimate of a. If we treat the transition magnetic mo- 
ment as if it were due entirely to the intrinsic moments 
of the nucleons, ignoring orbital moments and more 
complicated effects such as exchange currents, then the 
the transition moment yu is simply proportional to fo, 
as is the Gamow-Teller amplitude AM in nonrelativistic 
approximation. The properties of the nucleus thus 
cancel out in the determination of a and we find 


(25) 


Mp—Hn 4.70 2 
az ————_— > — - 


2M 228M M 


(26) 


This estimate should give the sign of @ correctly and 
the magnitude of a roughly unless we are dealing with a 
transition in which /@ is unusually small (as in the 
cases of C and P®), when a may be much larger, but 
the test of the theory much poorer. 

Perhaps the best example for our purposes is pro- 
vided by the 8 and 8* decays of B” and N®, respec- 
tively, to the ground state of C”. The analogous y ray 
is emitted by the 15.11-Mev level in C”. The y-ray 
width has been measured by Fuller and Hayward” 


with the result 
r',= (0.69+0.07) (79+16 ev) (0.96) =53+11 ev. (27) 


0, Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 
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The factor 0.96 is the fraction of y rays to the ground 
state as determined by Waddell.!! The ft value of B” 


is quoted experimentally” as 


(28) 


Inff=4.1+0.05 or ft=12000+600. 


For O" we have the experimental value” 
ft= 3088456. (29) 


Combining these and substituting into formula (25) 
for a, we obtain 


a! = (0.039+0.004) /w= (2.34+0.25)/M. (30) 


This agrees so well with the estimate of Eq. (26) that . 
the sign of a@ is virtually certain to be plus. The total 
effect in the ratio of the B” to the N” spectrum is seen 
from (22) to be a variation of amount (16/3)ako 
= (16/3)aw~20% over the spectrum. This should be 
large enough to measure. 

In the actual comparison of the spectra, the differ- 
ence in end-point energies should, of course, be allowed 
for by factoring out the Fermi spectrum in each case 
and then taking the ratio as a function of electron en- 
ergy. This ratio should be proportional to 1+ (16/3)aE. 

We have restricted ourselves to corrections of first 
order in the lepton momenta. For a high-energy transi- 
tion, however, second-order effects may also be im- 
portant. These arise in the ordinary way from the 
retardation expansion of the Gamow-Teller coupling. 
It is significant, however, that they do not involve 
interference between the vector and the axial vector 
couplings and therefore they do not change sign as we 
go from 8 to 8*. In a comparison of the spectra of B® 
and N®, second-order effects must cancel out. The 
same applies to the small b term of Eq. (21). 

According to the theory, then, the ratio of B® and 
N®” spectra is changed by weak magnetism by an 
appreciable and calculable amount. It can be seen, 
however, from Eq. (21) that the ratio of ft values is 
negligibly affected. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the value of con- 
versations with F. Boehm, R. P. Feynman, W. A. 
Fowler, Thos. Lauritsen, B. Stech, and especially 
A. Wattenberg, who asked a question that sparked this 
investigation. 


uC. N. Waddell, Ph.D. dissertation (1957), University of 
California, Berkeley. 

2 Weighted mean including results of E. Norbeck, Jr., Bull. 
Am. Phys. Soc. Ser. II, 1, 329 (1956), quoted by Cook, Fowler, 
Lauritsen, and Lauritsen, Phys. Rev. 107, 508 (1957). 

3 Bromley, Almquist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 




















